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Abstract
In this paper, the second-order hydrodynamic force on fixed and floating tandem cylinders has been calcu-
lated and different parameters have been taken into consideration. An incident wave is diffracted by the fixed 
cylinder, and as a result low-frequency waves radiate toward the floating cylinder and cause low-frequency 
second-order hydrodynamic forces to act on the surface of the floating cylinder. The interactions between 
the fixed and floating cylinders have been investigated by changing the distance between them, as well as the 
draft and radius of the floating cylinder. By employing perturbation series analysis over the wetted surface, the 
second-order wave excitation force has been calculated. The maximum force applied on the floating cylinder 
becomes non-dimensional when considering it with and without the fixed cylinder. The results showed the 
effect that the existence of the fixed cylinder had on the increase in the second-order forces is quite evident 
where, for a significant parameter of the floating cylinder, the force in the heave direction was enhanced by up 
to 1.55 times.

Introduction

The forces from second-order and low-frequency 
waves exert an important influence on the dynamics 
of floating objects. These forces are recognized as 
wave drift forces, which result in a slow and steady 
drift motion in the direction of the wave. Although 
the forces from the first-order wave involve a sig-
nificant portion of body excitation, second-order 
theories are important in some surrounding circum-
stances in order to calculate the nonlinear effects of 
the wave. In these theories, the condition of flow 
impermeability into the object on the wetted surface 
is considered to be more precise. In the solving pro-
cedure of second-order equations, all of the terms 
related to velocity potential function, fluid pressure 
and wave forces, which have a linear relationship 
with wave amplitude and the second power of the 

wave amplitude, are considered. Furthermore, the 
nonlinear velocity effects of fluid particles on the 
free surface are also considered. Second-order equa-
tions include moderate forces and oscillating forces 
with frequencies greater or less than the frequency 
of the wave.

Direct or indirect methods for solving equations 
including second-order potentials have been adopt-
ed in various studies (Chau & Eatock Taylor, 1992; 
Huang & Eatock Taylor, 1996; Teng & Kato, 1999). 
Vazquez (Vazquez, 1997) combined BEM and the 
indirect method to develop a method for calculating 
second-order hydrodynamic loads on marine struc-
tures caused by multi-directional waves. Renaud et 
al. (Renaud et al., 2008) developed mid-field for-
mulas for multi-directional collisions of waves and 
carried out calculations for the progressive wave 
forces and low-frequency forces of a liquefied 
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natural gas (LNG) carrier ship. Lupton and Langley 
(Lupton & Langley, 2017) investigated the scaling 
of small drift motions with regard to platform size 
including mooring characteristics and wave con-
ditions. They also developed a frequency-domain 
model of a flexible floating wind turbine structure 
with first and second-order hydrodynamic loading. 
Lim and Kim (Lim & Kim, 2018) designed a new 
wave method to estimate the extreme slow-drift 
motion of moored offshore platforms. The accura-
cy and applicability of this new method were tested 
through a series of simulations using a semi-sub-
mersible model. Pegalajar-Jurado and Bredmose 
(Pegalajar-Jurado & Bredmose, 2019) investigat-
ed a numerical model that includes both inviscid 
slow-drift forcing through full quadratic transfer 
functions (QTFs) and viscous forcing. The damp-
ing ratios estimated by Operational Modal Analysis 
were found to be similar to the calibrated values for 
mild pink-noise sea states, while significant differ-
ences exist for the stronger Pierson-Moskowitz sea 
states. Abyn et al. (Abyn et al., 2016) investigated 
the hydrodynamic interaction between a tension 
leg platform (TLP) and a semi-submersible (Ten-
der Assisted Drilling) for regular waves. A floating 
production storage and offloading unit (FPSO) and 
a semisubmersible platform’s interactions in regular 
waves were investigated by Ghafari et al. (Ghafari 
et al., 2019) using the BEM in the ANSYS/AQWA 
software. The mean and slowly varying wave drift 
forces on a moored semi-submersible platform 

were investigated by Hu and Zhou (Hu & Zhou, 
2017). The hydrodynamic interaction between sev-
eral floating cylinders was investigated by Ali and 
Khalil (Ali & Khalil, 2005) through the applica-
tion of a 3D source-sink method. Based on a vis-
cous computational fluid dynamics (CFD) model, 
a framework analysis was developed to determine 
the behavior of a partially-entrapped volume of 
water between two floating bodies (Chua, Eatock 
Taylor & Choo, 2018). Jin et al. (Jin et al., 2018) 
investigated the interactions between two ships in 
regular waves by using the viscous unsteady Reyn-
olds-Averaged Navier-Stokes (URANS) method. 
The focus of the presented study was the changes 
in the second-order forces related to the different 
parametric aspects of two cylinders when consid-
ering the effect of wave diffraction and comparing 
the results with the single cylinder case. Zhang et 
al. (Zhang et al., 2013) studied the low-frequency 
horizontal motions of a multi-point moored FPSO 
unit and the second-order wave drift forces.

In the open ocean, low-frequency second-order 
forces result in the excitation and subsequent drift 
of objects, such as ships, wave energy converter 
devices, mooring lines, oil slicks and even ice flows. 
To make the importance of second-order forces 
clear using an example; in offshore wave energy 
converter farms, the existence of several elements 
side by side will cause a depression in wave ener-
gy and, eventually, high-frequencies wave energies; 
these are gradually converted to low-frequency 

Figure 1. Floating and fixed tandem cylinders under the effect of an incident wave
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wave energies: so-called second-order hydrody-
namic forces. In fact, the converters will become 
second-order wave energy converters. In all the 
research into second-order hydrodynamic forces, 
the interaction of the wave and a structure, when 
considering low-frequency second-order wave forc-
es, especially for parametric multi-structure inter-
action, has rarely been studied. This paper has pre-
sented the effect of the variation in the parameters of 
a floating cylinder (such as draft) and the interaction 
of the distance between two fixed and floating cyl-
inders. Low-frequency second-order hydrodynam-
ic wave forces were applied to a floating cylinder, 
caused by wave diffraction. Figure 1 has shown the 
floating and fixed cylinders under the effect of an 
incident wave. The distance between the two cylin-
ders (L), the draft (D) and the radius (R) have been 
shown in this figure.

Governing equations

Potential theory

Considering the Laplace equation as the govern-
ing equation, the velocity potential of the fluid flow 
field that surrounds a floating object, can be defined 
as follows (Barltrop, 1998):

     ti
w XatX   e,


 

 

 (1)

where, aw and ω are the incident wave’s amplitude 
and the wave’s frequency respectively, and the 
expression  X  

 

 is composed of three components 
that include the first-order incident wave potential 
(φI) with unit wave amplitude, the corresponding 
diffracted wave potential (φd) and the radiation wave 
potential (φrj) due to the j-th motion with unit motion 
amplitude. Therefore, the velocity potential equation 
can be written as follows (Barltrop, 1998):
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By considering an incompressible, non-viscous 
and irrational flow, the velocity potential function 
can be obtained from the solution to the Laplace 
equation in the entire fluid domain as follows:
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The behavior of the fluid-structure interac-
tion is described by the following set of boundary 
conditions:
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The boundary integration method is used to solve 
the fluid velocity potential function which is sat-
isfied by the boundary conditions. In this method, 
the frequency domain pulsating Green’s function 
in water of finite depth is introduced; this obeys the 
boundary conditions defined in Eq. (4). More details 
of the methodology and computational implementa-
tion can be found in the literature (Ghafari & Dardel, 
2018).

Second-order wave force

The second-order wave excitation force concept 
can be explained by considering the hydrodynamic 
responses supposition of a fixed or floating body sur-
rounded by an incompressible, irrotational, homo-
geneous and inviscid fluid. Furthermore, in this 
hypothesis, both the body’s motion response ampli-
tude and the wave’s amplitude are assumed to be 
small. With these assumptions, the velocity potential 
function can be used to characterize the surrounding 
fluid. The second-order wave excitation force and 
moment can be calculated in the following manner 
(Pinkster, 1980):
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where, S0 is the mean wetted surface,  
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 is the relative wave elevation 
along the mean undisturbed water line and )1(F
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 are the total fi rst order fl uid force and the 
moment, respectively.

Equations of motion

Through the interaction of the body (Figure 2) 
with the frequency dependent hydrodynamic coef-
fi cients, a set of linear motion equations can be 
derived as follows:

      jjhysease FxKCiMM  2  

 

 (7)

In Eq. (7), Ms is a 6×6 structural mass matrix, 
Ma = [Ajk] and C = [Bjk], are the hydrodynamic add-
ed mass and damping matrices which include the 
interaction coupling terms between two structures, 
the stiff ness matrix (Khys) is a combined hydrostatic 
stiff ness matrix and Fj denotes the total forces and 
moments.

Figure 2. Motion of the fl oating cylinder

Validation

For verifi cation purposes, the experimental test 
results of a restrained cylinder body were used to 
represent a vertical cylinder (Fonseca, 2011). The 
experimental work for the restrained body was car-
ried out at an off shore shallow water wave basin 
belonging to the Danish Hydraulic Institute (DHI). 
This basin is 3 m deep, 30 m long and 20 m wide 
and has a hydraulic fl ap wave maker. The applied 
mean drift forces in the heave and surge directions 
were measured using the radiation of a monochro-
matic wave. Table 1 presents the characteristics of 
the waves that were tested (Fonseca et al., 2011).

Figure 3 has shown a comparison of the non-di-
mensional drift force coeffi  cients (F2nd) and the 
heave and the surge drift forces versus the wave 
period. The forces were non-dimensionalized as: 
F2nd/(ρgA2l), where g, ρ and A are acceleration due 
to gravity, fl uid density and wave amplitude, respec-
tively. l was defi ned as the characteristic length and 
was considered to be equal to 1 m. A comparison of 
the results of the numerical and experimental drift 

  
 

0.00

0.04

0.08

0.12

0.16

0.20

0.24

0.28

0.0 0.4 0.8 1.2 1.6 2.0 2.4

D
rif

t F
or

ce
 (n

on
-d

im
.)

Period (s)

Surge

Experimental

Numerical

  
 

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.0 0.4 0.8 1.2 1.6 2.0 2.4

D
rif

t F
or

ce
 (n

on
-d

im
.)

Period (s)

Heave

Experimental

Numerical

 (a) (b)

Figure 3. Comparison of the non-dimensional drift force for the surge (a) and heave (b) motions of the wave
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of a restrained cylinder body in both the surge and 
heave directions has been shown in Figure 3. As can 
be seen in the fi gures, there is relatively good agree-
ment between the numerical results and the experi-
mental data.

Results and discussion

In this section, the eff ect of the distance between 
two fi xed and fl oating cylinders on the drift force 
acting on the fl oating cylinder has been investigated. 
The incident wave is diff racted by the fi xed cylinder, 

and as a result, low-frequency waves are radiated 
by the fl oating cylinder. The wave patterns for dif-
ferent wave frequencies have been shown in Figure 
4. Under this excitation, the unrestrained fl oating 
cylinder will drift away and move in a slow steady 
drift motion along the direction of the incident wave. 
The drift forces were calculated using the varying 
three parameters of distance and draft (L and D). 
The non-dimensional parameters of L/R, D/R and 
(F – F0)/F0 were defi ned, where F and F0 denote 
the maximum force applied to the fl oating cylinder 
with and without considering the existence of the 
fi xed cylinder, respectively. In all of the analyses, 
the fi xed and fl oating cylinders had radiuses of 2 m 
and 1 m, respectively. The fl ow cylinder draft varied 
between 2, 3 and 4 m and the distance between the 
two cylinders was changed from 4 m up to 40 m with 
an interval of 1 m. Therefore, D/R had three cases 
(D/R = 2, 3 and 4) and L/R had 37 cases (L/R = 4 up 
to 40). Hence, the total calculation cases were 37×3, 
which is equal to 111 cases. In this analyzed case, the 
incident wave frequency was set as 2.51 rad/s with 
a phase angle of 0–2π.

The numerical results from (F – F0)/F0 ver-
sus L/R for diff erent values of D/R (= 2, 3 and 4) 
have been shown in Figure 5. As the value of L/R 

Table 1. Characteristics of the tested monochromatic wave 

Wave index Period (s) Amplitude (cm)
1 0.70 1.1
2 0.90 1.6
3 1.10 2.2
4 1.15 2.3
5 1.35 2.9
6 1.75 4.0
7 1.90 4.4
8 2.00 4.7
9 2.20 4.8
10 1.55 3.4

a) Incident wave with a frequency of 0.628 rad/s b) Incident wave with a frequency of 0.82 rad/s

c) Incident wave with a frequency of 0.967 rad/s d) Incident wave with a frequency of 1.063 rad/s

Figure 4. Wave patterns for diff erent wave frequencies
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increased, all of the drift forces (surge, heave, and 
pitch) had a regular sinusoidal and transient trend 
and the rate of damping in the intensity of the inter-
action decreased because of the three-dimensional 

wave propagation and hence the decrease in the 
wave-energy density per unit area on the free surface 
and eventually, the amplitude of the force operator 
was diminished. The eff ect of the fi xed cylinder in 
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Figure 5. Numerical results of (F – F0)/F0 versus L/R under diff erent values of D/R
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increasing the second-order forces is quite evident 
in which, at D/R = 3, the force in the heave direction 
was enhanced by up to 1.55 times. By enhancing 
D/R, in each of the surge, heave and pitch motions, 
the number of force response cycles decreased and 
the distance between two adjacent crests (λ) of the 
drift force trend also increased.

The maximum values of (F – F0)/F0 and the dis-
tance between the adjacent peaks (λ) for different 
values of D/R for the three motions of surge, heave 
and pitch have been compared in Table 2. As can 
be seen in Table 2, the maximum reduction between 
the first and last peak of (F – F0)/F0 in surge, heave 
and pitch for D/R = 2 was 14.38%, 18.40% and 
14.17%, respectively, while these values decreased 
by 14.06%, 16.12% and 14.06% for D/R = 3. For 
D/R = 4 the amount of decline was less, about 5.2%, 
6.6% and 5.2% for surge, heave and pitch, respec-
tively. Hence, it can be concluded that the greatest 
reduction occurred for D/R = 2 for the heave motion, 
while the smallest changes occurred in the surge and 
pitch motion directions when D/R = 4.

In order to compare the drift force and L/R, the 
maximum values of the drift force which were acting 
on the floating cylinder at D/R=2 and for different 
values of L/R, have been shown in Figure 6. As can 
be seen, by placing the floating cylinder at a distance 

of 4 m from the fixed cylinder, the floating cylinder 
was located in the lee area of the rigid fixed cylin-
der. Therefore, the cylinder was positioned in a safe 
area with the least amount of applied force. As the 
distance of the floating cylinder to the fixed cylin-
der increased, the floating cylinder was gradually 
exposed to waves with greater amplitude; hence it 
was subjected to the most energy at a distance of 
9 m. Beyond the 9 m distance, the floating cylinder 
was exposed to both induced first-order and low-fre-
quency drift wave forces. As the distance between 
the two cylinders increased, the wave diffraction 
was slightly decreased. As shown in Figure 6, as L/R 
increased, the drift force ratio for the surge motion 
showed more fluctuation than the pitch and heave 
motions. It should be noted that the maximum and 
minimum force ratios occurred with the placement 
of the floating cylinder on the peak and trough of 
the incident wavelength, respectively. For all of the 
three motions, the maximum and minimum force 
ratios occurred at identical values of L/R.

Conclusions

In this paper, the drift forces exerted in the case 
of two fixed and floating cylinders and the interac-
tions for three different drafts and distances between 
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Table 2. Comparison of the maximum values of (F – F0)/F0 for different values of D/R

The n-th Crest
The Three Motions

Surge Heave Pitch
D/R = 2 D/R = 3 D/R = 4 D/R = 2 D/R = 3 D/R = 4 D/R = 2 D/R = 3 D/R = 4

1st 1.46 1.28 1.16 1.25 1.55 1.36 1.27 1.28 1.16
2nd 1.33 1.15 1.10 1.10 1.36 1.27 1.16 1.15 1.10
3th 1.28 1.10 – 1.05 1.30 – 1.11 1.10 –
4th 1.25 – – 1.02 – – 1.09 – –

Distance between peaks (λ) 8 m 12 m 16 m 8 m 12 m 16 m 8 m 12 m 16 m
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them has been investigated. The main results of 
these analyses are as follows:
• When the distance between the two cylinders was 

increased, the drift forces displayed a sinusoidal 
damped and transient property.

• With increasing values of L/R, the drift force ratio 
for the surge motion showed more fluctuations 
than the pitch and heave motions.

• As the value of D/R was enhanced, the response 
fluctuations of the drift forces were reduced.

• By increasing the value of D/R, the maximum val-
ues of (F – F0)/F0 occurred for higher values of 
L/R.

• With increasing values of D/R, the maximum 
amount of drift force decreased in the surge 
direction.

• Depending on the position of the floating cylinder, 
the presence of the fixed cylinder can have a pos-
itive or negative effect on the enhancement of the 
drift force.
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