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MULTI-ROBOT TASK ALLOCATION FOR MULTI-
PRODUCT JOB SHOP

Abstract

Constraint Programming (CP) is an emergent softwaechnology for
declarative description and effective solving ofgka combinatorial problems
especially in the area of integrated productionmiang. In that context, CP can
be considered as an appropriate framework for dgwelent of decision making
software supporting scheduling of multi-robot imailti-product flow shop. The
paper deals with multi-resource problem in which rendhan one shared
renewable resource type may be required by manufagt operation and the
availability of each type is time-windows limitdthe problem belongs to a class
of NP-complete ones. The aim of the paper is tegirea knowledge based and
CLP-driven approach to multi-robot task allocatidramework providing a
prompt service to a set of routine queries stateith lin straight and reverse way.
Provided example concentrates on the first casingaknto account both an
accurate and an uncertain specification of robgiem@tion time..

1. INTRODUCTION

Some industrial processes simultaneously produdfereit products using the same
production resources. For example in recycling stdes, different items are recovered
simultaneously from the recycled products. The comcharacteristic in these industries is that
items are produced simultaneously with specifigdyariable, productions. The distribution of
the cumulative demand for each item is known ot a finite planning horizon and all
unsatisfied demand is fully backlogged [15].

An optimal assignment of available resources talpcton steps in a multi-product job shop
is often economically indispensable. The goal igenerate a plan/schedule of production orders
for a given period of time while minimizing the tdisat is equivalent to maximization of profit.

In that context executives want to know how mugbagticular production order will cost,
what resources are needed, what resources alloczdio guarantee due time production order
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completion, and so on [2]. So, a dispatcher’s nesight be formulated in a form of standard,
routine questions, such as: Does the productioeraran be completed before an arbitrary given
deadline? What is the production completion timio¥ang assumed robots operation time? Is it
possible to undertake a new production order urmgieen (constrained in time) resources
availability while guaranteeing disturbance-free@xtion of the already executed orders? What
values and of what variables guarantee the pramtuctider will completed following assumed
set of performance indexes?

Because the most companies have to manage variodigction orders which share a pool of
constrained resources and taking into accountwsuabjectives at the same time the above stated
guestions can be reformulated in the multi-proglototshop context, i.e., the job shop producing
simultaneously different kind of items. From thain of view the problems standing behind of
the quoted questions belong to the class of sedatoject scheduling ones. In turn, project
scheduling can be defined as the process of alhgcatarce resources to activities over a period
of time to perform a set of activities in a wayitakinto account a given performance measure.
Such problems belong to NP-complete ones. Therefine new methods and techniques
addressing the impact of real-life constraints @ tlecision making is of great importance,
especially for interactive and task oriented DS&sghing [3].

Several technigues have been proposed in theiftastefars, including Mixed Integer Linear
Programming [9], Branch-and-Bound [5] or more reigeArtificial Intelligence. The last sort of
techniques concentrate mostly on fuzzy set theon/ @nstraint programming frameworks.
Constraint Programming/Constraint Logic Programn{i@g§/CLP) languages [4], [15] seems to
be well suited for modeling of real-life and dayday decision-making processes in an enterprise
[2].

In turn, applications of fuzzy set theory in protion management [16] shows that most of
the research on project scheduling has been foausddzzy PERT and fuzzy CPM. The most
popular solutions came from the formalism of fugeys numbers [7], and are then implemented
in fuzzy CPM, and fuzzy PERT [8].

In this context, the contribution covers variowsuiss of decision making while employing the
knowledge and CP based framework. The proposedagqipprovides the framework allowing
one to take into account both: distinct (pointediid imprecise (fuzzy) data, in a unified way and
treated in a unified form of discrete constrairtis§action problem (CSP) [3]. The approach
proposed concerns of the logic-algebraic metho@dasnd CP-driven methodology aimed at
interactive decision making based on distinct angréecise data. The paper can be seen as
continuation of our former works concerning praggaprtfolio prototyping [2], [6] and CP-based
approach to the project-driven manufacturing.

We first provide an illustrative example of the lplem considered, see the Section 2, and then
we present some details of the modeling framewsdumed, in particular we describe the
reference model employed, see the Section 3. IB&letion 4, the problem statement is provided,
and then its CSP implementation is provided, sbe Section 5. The logic-algebraic based
approach to CSP resolution is discussed in thadde@f and then an illustrative example of the
possible application of the approach developelisisussed, see the Section 7. We conclude with
some results and lesson learned in the Section 8.

2. ILLUSTRATIVE EXAMPLE OF DECISION PROBLEM

Consider the Job shop composed of 10 work statidrese from the two semi-produdts,
K,, two productsV, andW, are manufactured following the production roBie see the Fig.
1. On the work stations three kinds of manufactuoperations are considered: decomposition,
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e.g. disassembly,d; 5, Oy 4, composition, e.g. assembly{s, O1 9 O;1q and processing,
e.g. milling {014, O1 3, Oy O17 O1 . The work stations are serviced by three robats (o,,
ros) and two workersrf,, ros). Two robots and/or workers can be allocatedechQ;;, see

the Tablel

K, P, ST s s mmmmmmmmmmme > o
L - - - i O11 L. < O O15 //d N O1s
Ke | ro4| ros - | ro4| ros roz| ros 71 ros| ro, $
0 ehid 01,2 = - 't 01,4 [ ' O17 01,1( \ﬁll
»| roz| ros | ro; Jros — 7| ros| ros ros| ros >
7
Ol,G a 01,9
ros| ro, ro| ros
O . . Ki K
rok|"1r0| - the work station where the activity 4 O - raw materials
Q;; is executed byro,andro, — » -production route fox\,
d Wi sAgW, - products ———+ -production route foW\,

Fig. 1. Job shop following the production rokte
Given are operations times as well as associatethents of the relevant resources
allocation. Such kind of decision variables, egemtion times executed by robots or workers,
can be specified either as distinct or impreciseson

Table 1. Robots and workers allocation to produrctouteP; activities.

O11 ] 012 | O13| 014 | O15 | O16 | O17 | O1g | O19 | Orso
ro; 1 0 1 0 0 0 0 1 0 0
robots | ro, | O 1 0 1 1 0 0 1 1 0
ros 0 0 0 1 0 1 1 0 0 1
roy 1 0 0 0 1 1 0 0 1 0

workers
ros 0 1 1 0 0 0 1 0 0 1

Note that, since an amount of common shared ressugdimited, hence their allocation to
simultaneously executed activities has to avoid@urrence of closed loop resources request,
i.e. the deadlocks. Also, an imprecise natureegfsion variables implies an imprecise (fuzzy)
character of the performance evaluating criteriapleged, e.g., an imprecise value of
completion time concerning produdfé, and W,. Moreover, because the constraints linking
imprecise variables are also imprecise the reler@rhbership function grades, assumed to be
involved in decision making, should be taken intocunt.

In that context, the problem of multi-robot taskoeation in a multi-product job shop
reduces to a class of the dispatcher’s routinetiuess such as: Does a given way of resources
allocation guarantee the production orders compietime do not exceed the deadliH@
Does there exist a way of resources allocation sh@hproduction orders completion time not
exceeding the deadlin¢ is guaranteed?
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3. REFERENCE MODEL

Let us consider the reference model of a deciproblem concerning of multi-robot task
allocation in a multi-product job shop assuming liegise character of decision variables. The
model specifies both the job shop capability amtpction orders requirement in an unified
way, i.e., through the description of determinihgrh sets of variables and sets of constraints
restricting domains of discrete variables. Someali@mns concerning the routine questions are
included in the set of constraints. That meansasecsuch conditions hold the response to
associated questions is positive. Of course, irerd avoid confusion the constraints
guaranteeing the responses DO NOT KNOW are notvell are also taken into account. In
that context, the reference model is aimed at meugjuestions such as: Does a given job shop
capabilities and a given way of resources allocaguarantee the assumed makespan of
production orders do not exceed the deadHfie

Decision variables Given amountlz of renewable discrete resources (for instance
robots and workersdpecified by the sequené® = (ro,, ro,, ..., ro,), and the sequence of
resources availabilit¢o = (zo,,20,,...,20,); zq—the availability of the-th resource, assumed to
be constant within the discrete time horizénwhere: {0,1,...h,...,H}, h O N. Given a set of
production route® = {P;,P,,...P;;}. Each thei-th routeP; is specified by the set composed of
lo; activities, i.e.P; = {0;1,0i2,03,-..,0i0i}, Where:

Gij= (%, tij, TR, T2, Dpyj), (1)

X,j— means the starting time of the activy, i.e., the time counted from the beginning of the
time horizonH,

t; — the duration of th®;;-th activity,

Tp,; = (Pij1, P2 -, tPij1) — the sequence of time moments the acti@fy requires new
amounts of renewable resourcgs; — the time counted since the momentof thedp; «
amount of thek-th resource allocation to the activi; That means a resource is allotted
to an activity during its execution periods@p;;«< tj; k= 1,...)z.

Tz; = (tz1, tz2, ... ,17),) — the sequence of moments the activity releases the subsequent
resourcesizj, — the time counted since the momeytthe dp;x amount of thek-th
renewable resource was released by the actjity That is assumed a resource is released
by activity during its execution: 0 &< tj; k= 1,2,...1z, andtp;jx < tz;«; k=1, 2, ...,

Iz

Dpi; = (dp,1, dpj2....,dpjiz) — the sequence of theth resource amountp ; are allocated to
the activityQ;j, i.e.,dp;x — the amount of th&-th resource allocated to the actividy;.
That assumes: 9 dpj« < za; k=1, 2, ...z
Consequently, each activit®;; = (x, tj, Tp,, TZ;, Dp;;) is specified by the following

sequences of;
 starting times of activities in the roufe;

Xi= (X1 X2 X )y 0 %< hy i1=1,2,...lp; j=1,2,... o,

» duration of activities in the rouf: Ti:(ti,liti,Zi---iti,Ioi ),

 starting times the j-th resource is allocated tokith activity in the route P;:
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TR = (tPi1js - tPikjs-- Wi 1o, )

» starting times th@th resource is released by #h activity in theP;:
TZ= @z Z 2 tZi 1o, ) )

« amounts of th¢-th resources allotted to theth activity in the routeP;:
DPij = (dp.1j, dp2js--- AR o, )-

Assume some of chosen execution times are defiretsely, however a few of them are
known roughly i.e., are treated as fuzzy varialsiescified by fuzzy sets. In case of imprecise

decision variables such as operation tiries (ﬂ,l,ﬂ,z,...,fuoi )where fi,j denotes execution

time of the operatio,;, and starting times of activitieX; =(X,1.%,2:-% lo; ) » Where X

denotes starting time of activi;;. Therefore, the activitp,;=( , ,Tpj, Tz, Dp;) is
specified by the following sequences of:
 starting times of activities in the roufe;

Xi = (%1% 2% oy ) 2)
» duration of activities in the rouf:

T =@ abi20tii), ®3)
where: >2i — is a fuzzy set determining the operati@pstarting time,

T, — is a fuzzy set specifying the operation time,
Tp;, Tz;, Dpi; — the sequences defined as in formulae (1).

Considered fuzzy variables are specified by fuzzig slescribed by convex membership
function [12]. Since, that distinct decision vatedbcan be seen as a special case of imprecise
ones, hence all the further considerations are sfetuon the imprecise (fuzzy) kind of
variables.

Activities order constraints: Let us consider a set of production roescomposed offo;
precedence and resource constrained, non-preemptatilvities that require renewable
resources. Assumdz renewable discrete resources are available andieeegsr; =
(rog,ro,,...,rog), i = 1,...Jo;, determines fixed discrete resource requiremeitsed-th activity.
The total number of units of the discrete resoyrgel,..., Iz, is limited byzq. The resource
can be allotted (and constant within activity opieratime) to activities in arbitrary amount
from the set {1,..zq9}. The resources allotted to tli¢h activity have to be available at the
momentsTp;, Ts;.

The production route®; are represented by activity-on-node networks, etemtivities
state for nodes and arcs determine an order ofitéesi execution. Consequently, the following
activities order constraints are considered:

 the k-th activity follows thé-th one :
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% i j <%k, (4)

» thek-th activity follows other activities:

%t S X% e Hh o1 S X e X jan T jan < Xk (5)

» the k-th activity is followed by other activities:

%t S Xken %, TS Kike2e X TS Kokens (6)

The relevant fuzzy arithmetic operatiofs,< are defined in the Appendix. Due to the
formulas (8), (12), see the Appendix, any fuzzystmintC; (e.g. V; <V ) can be characterized
by the logic valueE(C)), E(C)O[0,1]. In turn, valuesE(C) allow to determine the level of
uncertainty DE of reference model's constraints satisfaction, eekind of uncertainty
threshold. For instanc®E = 1 means the all constraints hold, @ = 0,8 means that they
are almost satisfied. The leMeE is defined due to the formulae (7):

DE = min{E(C;)}, (7)
i=12,...Jo¢

where:lo. — a number of reference model constraints.

Resource conflict constraints:In order to avoid deadlocks the constraints pragdi
conflicts resolution, i.e., avoiding the occurrenoé closed loop resources request, are
considered. The constraints guarantee the sumledated amounts of a given resource do not
exceed its current availabiliga, at any moment within the assumed time horizon {0,,H}.

So, for each thk-th resource the following inequalities hold (8)at/ timeg (I {0,1,... H},

Ip loj

ZZ[dn,j,k E-l(g-xi,j B X, T K]S 29 (8)
i=1j=1

where: Ip —a number of projectk); — a number of activities contained by tké project,
dp,;x — an amount of thie-th resource allocated 16y;,

1(g,a,b)=1(g —a)-1(g —b) — theunit stepfunction of the resource allocation where
1(a) - is a unit step function.

In case of fuzzy constraints design one has toitekeaccount fuzzy variable§;, Tp; Tz
as well as a fuzzynit stepfunction of the resource allocation (9):
1(g.a,b,E;)=1(g,8,E;)-1(4,b, Ey) . 9
where: a,b — fuzzy numbers (in the case variables are precse bare singletons.
Consider the following fuzzynit stepfunction of the resource allocation (10):

_Ej-E(g=a)

1(,a,E-)=1
@a.8&) 1-2E(g=a)

(10)
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Where:i(g,é, E;)0{0,1}, E; 0[0,1] — means the fuzzy logic value.

Due to constraints following (8), the sum of redadsresources is calculated only at
moments corresponding to the ongs+ tp;j, when resources are allocated to subsequent
activities. Therefore, an amount of available resources maggghavithin the time horizoHl.

So, in order to avoid the number of allocated resesi exceeds the amount of available
resources (similarly to (8)) the constraints (1t iatroduced.

Ip loj - - - o
ZZ[dn,j,k (%1 +tPy1k: %,j +Bj ko X, j +tzi,j,k’Ei,i,j,1)]S 2
i=1j=1
Ip loj -
ZZ[dn,j,k (X 10, +tPLioy kX, j TR,k X, +t4,j,kai,i,j,|ol)]5 Z&
S
blo, (12)
ZZ[dn,j,k (X1 +tPo1k: X, ) FUBj ko K, j jfta,j,kai,i,j,|ol+1)]5 2Q
i=1j=1
Ip lo -
> D 1R,k Apio, *Ppiog k%, F1P, ko, +t4,j,k’Ei,i,j,|01+|02+_,,+lo|p)}SZq<
i=1j=1
fork=1,2, ...,z

where:lz — a number of renewable resources
= ia~ uncertainty threshold of théj —th fuzzyunit stepfunction of the resource

allocation.

Due to (7) the logic valu&(Co,) of the particular constrain€o, from the set (11) is
calculated as follows (12):

DE= min {min{Eiijq}} -
i=12,...]p j=12,...)o;

where: Ip — a number of production routds, — activities number in the i-th production route.

Note that in the course of decision making suppbiig constraints defined on fuzzy
variables the relevant uncertainty thresholds (@Ilpwing an operation’s experience) should
be assumed. That means, in order to guaranteetwtivia interpretation of decision making
the manager should be able to decide about the emship functions of the decision variables
used as well as uncertainty thresholds of fuzzytaimts employed.

4. PROBLEM STATEMENT

The introduced model provides the formal framewenabling one to state the problem
considered. Given the time horizon {OH}, the set of production orders (specified by the set
of production routeslp, the set of resources and their availabili#eswithin {0,...,H}. Given
are distinct and imprecise decision variables ¢gats fuzzy numbers, i.e. the sequeﬁpes
TR, .72 j . The following questions should be answered:
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Does a given resources allocation guarantee thduption orders makespan do not exceed
the deadlineH? Response to this question results in determimatb the sequences:

Xp, X0 Xip

Does there exists such resources allocation gueeigt the production orders makespan do
not exceed the deadlim#? Response to this question results in determimaticghe sequences:

X1 X X

The following remarks should be stated:
» the problems considered are formulated in ternthefeference model proposed,
» the questions stated above correspond to the Istraigd reverse problems of multi-
product scheduling.

5. CONSTRAINT SATISFACTION PROBLEM

Constraint programmingCP) is an emergent software technology for declaeativ
description and effective solving of large combimat! problems, especially in the areas of
integrated production planning. Since a constreamt be treated as a logical relation among
several variables, each one taking a value in engfusually discrete) domain, the ideaCét
is to solve problems by stating the requirementsigtraints) that specify a problem at hand,
and then finding a solution satisfying all the doaisits [4]. Because of its declarative nature,
it is particularly useful for applications whereist enough to statevhat has to be solved
insteadhow to solve it [4]. More formally,CP is a framework for solving combinatorial
problems specified by pairssa set of variables and associated domains, a set o
constraints restricting the possible combinations fothe values of the variables>So, the
constraint satisfaction probler@8B [4] is defined as follows:

CS=((A D), C) (13)

where:A = {&,, &,...a4} — a finite set of discrete decision variables,
D={Di|Di={dsd> ...d} ..,d} i =1,..g}—a family of finite variable domains
and the finite set of constraints
C={Gi=1,...L} — afinite set of constraints limiting the varlab domain.

The solution to th&€Sis a vectord,, da ..., thj) such that the entry assignments satisfy
all the constraint€. So, the task is to find the values of variabk$sying all the constraints,
i.e., a feasible valuation.

The inference engine consists of the following teonponents: constraint propagation and
variable distribution. Constraints propagation usesstraints actively to prune the search
space. The aim of propagation techniques, i.eal loansistency checking, is to reach a certain
level of consistency in order to accelerate seprobedures by drastically reducing the size of
the search tree [3]. The constraints propagati@tges almost immediately. What limits the
size of the problem in practical terms is the Jaegadistribution phase, which employs the
backtracking-based search and is very time conguasra result.

The declarative character ofEP languages and their high efficiency in solving
combinatorial problems offer an attractive alteivatto the currently available DSSs that
employ operation research techniques.
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6. KNOWLEDGE BASE

Logic-algebraic methodL@M) [6] based inference engine in tB® environment permits
to obtain a solution more efficiently, either inres of the solution time or the scale of the
problem. The idea behind the introduction of theM formalism consists in the assumption
that response of the type DO NOT KNOW is not alldwe

It is assumed that the knowledge bag® describing a system (e.g. an enterprise) is
presented in the form of the sétsW, Y, that define the domains of some system proparties
y, w (at the qualitative level). The variableglescribing the input properties of the system are
called the input variables, the variablesdescribing the output properties of the systeen ar
called the output variables, and the variablesare called the auxiliary variables. The
knowledge specifying the properties of the systewhen consideration is described in the form
of the set of fact&(u,wy). The factd(u,w,y) are propositions encompassing, the relationships
(i.e., constraints) occurring between individualiaalesu,w,y.

The decision problem can be then formulated infellewing way. Given are sets of input
variables U={uj,u,,...,u}, output variables Y={y;Vo...ym}, auxiliary variables
W={wy,W,,.... W, with the variableay;, y;, andw; defined in domain®,;, Dy;, D, and sets of
constraints (propertiedy(U), F(Y) linking the variables from different sets. Thecidén
problem consists in finding such a relatiBril UxYxW for which the input propert§(U)
implies the satisfaction of the conditiéifU) = F(Y). The solution can be easily fouhdsed
on theLAM theory [6]:

R,=Su\ Se (14)
Su= {(U): W(F(U,Y,W)) = 1,wF(Y)) = 1} (15)
Si2= {(V): w(F(U,Y,W)) =1, wmF(Y)) = 0} (16)
where:
_ [1if F(.)holds
wF ()= {o if F(.)holds

The setS;; consists of those elementsldffor which all facts of sets(U,Y,W), F(Y) hold.
The setS,,, in turn, consists of those elementsWfvalues for which all facts of the set
F(U,Y,W) hold true, and at least one fact from the&f does not hold trueR,=[ denotes
the lack of answer to the question asked.

Consequently, th€SPconsidered results in the following form:

CS= ((U.Y:W), D), {w(F(U,Y.W)) = 1}) 7

whereD = {Dy, Dy} - Dy is a set of input variables valués Dy is a set of the output
variable value¥,
w(F(U,Y,W)) = 1 notes a set of factsf{F;(U,Y,W))=1,...w(Fx(U,Y,W)) = 1}.
Solving the decision problem (i.e., determinatidrihe relationR) - in the context oCSP
formalism -requires solving the following two problems:

CSur((U,Y,W),D) {w(F(U,Y,W)=1w(F(Y))=1}) (18)
CSsu=((U,Y,W),D) { w(F(U,Y,W)=1w(F(Y))=0}) (19)

SetR= §,;\ S», where set§,;, S;» are the solutions to the above problems, includes
group of alternative solutions for which the implion F(U) = F(Y) holds. The inference

26



engine applied in theAM is easily implementable in commercially availabtmstraint logic
programming languages, such as Oz/Mozart [13], [1dg.

7. ILLUSTRATIVE EXAMPLE

For illustration of the reference model based apghoproposed let us consider the
production routeP; composedof 10 activities (see Fig.1). Two products are nfacired
simultaneouslyW,; andW, respectively. The operation times are treated zsyfuariables and

determined by z-cutsfy = (f; 1,8 2,--,110)
fl,l ={{[1,3],[2,3],[3,3]}.{0;0,5;1}} (see Fig. 1 in theAppendix)
t12={{[2,6].[2,5].[1,1] }.{0;0,5;1}}, t13={{[5.5].[5,5].[5,5]},{0:0,5;1}},
t1.4={{[3,51.[3,4].[3,3]},{0;0,5;1}}, t15={{[2,4].[3.,4],[4,41},{0:0,5;1}},
t16={{[2,41,[2,3],12,2] }{0;0,5;1}}, t17={{[1,5].[2,4],[2,2]},{0;0,5;1}},
t10={{12,2],[2,2],[2,2]},{0;0,5;1}}, t110={{[2,4].[3,4].[4,4]},{0;0,5;1}}.

Five different renewable resources, ro,, ros, ros, rosare used. The resources’ allocation
follows the Table 1. Therefore:

DPl,l: (11 01 11 O! Oa 01 O! 11 01 1| @Pl,z: (01 11 01 11 11 01 01 11 11 11 O)y
DP1,3= (01 01 01 1| 01 11 11 01 01 11 mpl,ﬂr: (11 Oy 01 01 11 11 01 O! 11 11 0)1
DP;s=(0,1,1,0,0,0,1,0,0,1,1).

That is assumed the moments of resources’ allatatm release follow the moments of
operation’s beginning and completion. Therefof®,; = TP, = TPz = TPi4 =
T»s<= (0, 0, O, O, O, O, O, O, O, 0). Assumed are tolowing sequences:

TZy1=T215,=T213=T214=T2;5 =T, as well aZo = (z0,, 20y, 203, 2@, z0;) such thatzo,

=20, =z = z0;, = zo=1. Given the discrete time horizdh = [0, 20],H O N, and the
uncertainty threshol®E > 0,8.
The question considered: Does there exists a ptimuschedule makespan of which do

not exceeds a given deadlir€® concerns ofX; = (X115 X1 2,--,X1 10) @SSUMIng the moments

are fuzzy numbers with triangle membership furnrctio

The activities order (4), (5), (6) and resource flicin (11) constraints have been
implemented in OzMozart [13].

First sufficient solution )21:(21’1,?1’2,...,21,10) (see Fig. 2) was obtained within three
minutes (AMD Athlon(tm)XP 2500 + 1.85 GHz, RAM 1,GB):

%1 ={{[0,01,[0,01,[0,01},{0:0,5:1}}, %, =({[0.01,[0,01,[0,01},{0:0,5:1}}
%,3=({[2.41.[3.41,[4.41}{0:05:1}}, %14 =({[2,41.[3,4],[4,41},{0:0,5:1}}

% 5 ={{[7.91,[8,91,[9,91}.{0:0,5:1}}, %46 ={{[5.71,[6,71,[7.71}.{0:0,5:1}

%7 ={{[7.91,[8,91,[9,91}.{0:0,5:1}}, %0 =({[12,14],[12,13],[12,12]},{0;0,5:1}},
)A(1,8 ={{[11,13],[11,12],[11,11] },{0;0,5;1}},

%1.10={{[13,15],[14,15],[15,15] },{0;0,5;1}}.
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Requirements following intuitive decision makingpiy the transformation of the fuzzy
schedule obtained (see Fig.2) into the crispy-tike, e.g. providing results with the grasle
0.5 (see Fig.3).That means, assuming the uncertdireshold valu®E > 0,8, the completion
time of productW, does not exceed 15 units of time, and 19 unitsnoé in case of product
Wi

o015 /%/ /%

o014

o013 /%

o1

o1
i M A
T2 4“5 6 7 8 9 10 11 12 13 14 15 16 17 18 18 20 21 2 2 24 2%

Fig. 3. Crispy-like at the grade 0.5 of memberdbipction schedule for production rouRe.

8. CONCLUDING REMARKS

Proposed approach to multi-robot task allocationmwilti-product job shop provides the
framework allowing one to take into account bothaight and reverse problem statement. This
advantage can be seen as a possibility to resgfbasiles of standard questions: Is it possible
to complete a given set of production orders atheeduled project deadline?) to the questions
like: What values and of what variables guaranbteeproduction orders will completed due to
assumed values of set of performance indexes? d&rddxample illustrates possibility of the
straight implementation of the reference modehia ¢onstraint programming environment as
well as capabilities of their usage in reverse faabsolution.
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Moreover the proposed approach provides the framealtowing one to take into account
both: the sufficient conditions (guaranteeing tbdengsible solutions there exist) and choosing
the best solution on the basis of chosen evaluatideria. It can also be considered as a
contribution to project-driven production flow masanent applied in make-to-order
manufacturing as well as for prototyping of thewéd organization structures.
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APPENDIX

Imprecise variables specified by fuzzy sets andrd@hed by convex membership function
can be characterized lay- cuts [12], and then defined by pairs (al):

{A, a} (al)

where: A ={A; 1,A; 5,...A; |} finite set of so called - cuts,
aij={a1, Gia..., G} —is a SetAz 1, Az 2. Az 1o of values corresponding ®- cuts at
levelsaij, 1z — a number ofz-cuts. And

Az k= [k bidn (a2)

where: gy, bk — is the smallest and the highest value okttle o - cut, &, b;x ON
The z-cut can be seen as a discretized form ofatheut, i.e. Ay = Ay,  n (NLI0) see

Fig.3.

a) b)
2#(v) 5 #(v)
7] dlooooos iil_ - _‘;Igul ________ =1 1 i =1
:—45(3,2 2= 0,63 a;2=0,63
““““ Tt i g
' 14, 3! a3=0,33 :> 54 i =033
----- T
04 L L 1o, : i 4 > 0 : 14
0123 45161789 v 0123 4511678 9 v
a3 Ay biy bis iz dip by bis

7 = ({[18]g, [2.7]5 [3.6] 8 [4.4]r}.{0; 0,33;0,63; 1)) ¥ = ({[1.8]x. [2.7]x.[3.6] . [4.4]x}.{0;0,33;0,63; 1})

Fig. 1 Fuzzy set; specified bya) a - cuts,b) discretizedr - cuts, i.e., z-cuts.

Note, that under assumed specification the distiaktes are represented by singletons.
Imprecise character of decision variables, e, , f,J implies imprecise character of

employing them constraints, which in turn can bensidered as a consequence of
implementation of assumed operations. Thereforasider the set of fuzzy operations=~,
“<”, >" encompassing standard algebraic operations sueh As<, >,2, <. Of course, the
considered fuzzy operations linking two fuzzy vakesv, ,v; have to follow the condition
(a3):

E(V <v)+E(V =%)+E(v >v) =1 (a3)

where: E(a) — the fuzzy logic value of the propositianE(a) O [0,1].
In order to define fuzzy operations used for dexdienn of the deadlock avoidance conditions

(al0) the following auxiliary setsg", vi*, viPand Y L v|*, Vi P are defined as well as the

concept of a size of fuzzy variable 5; - the size of subset§ L S P S L S P S, of S.
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For each pair of fuzzy variableg ,v; defined by {¢(v), v )},0v O K;, where:K; is the
domain of the variabley; , the following sets can be distinguisheq!‘, vi*, viPandv|L,

v|*, v P For instance, for the set  the following subsets be determined:

Vi L _ the set composed of elemewtseing less (smaller) than all elements frgim

vi'j* — the set of elements shared with

V|P — the set composed of elemewntbeing greater (bigger) than all elements from he T

P

* .
setsvi", Vi , Vi are defined as follows:

Vi = {(4- (), V)L, Ov DK, (a4)

where:
1) = H (V)= (V) if (V) 2 24 (V), V< Wipin
! 0 it 24 (V)= 44 (V), V< Wgin OF V= Winin

Wnin = min{KW}! KV\/:{V:VD Ki! M(V):l}
v = {4 W), V)L OvOK;, (a5)

where: £ (v) = min{g(v), 4(v) }

Vi = {(47 (), v}, OvOK;, (a6)
Loy [ HO =AW T 402 (), V< Vi
a 0 it 26(V) 2 44 (V), V<Wrpax O V= Wyax

Winax = Max{Ky}, Ky={v:vO K;, £4(v)=1}
Corresponding to the fuzzy variablesubsetsv, L vi*, Vi P are defined in the same way.

To each fuzzy variable; , v, and the corresponding subsglr, vi*, viP, v|L, v|*, V|P
an associated size value can be determined. Fanies the size valu&§ corresponding to
the fuzzy variabley; , and specified in terms afcuts can be defined as (a7):

S =Y. @)
k=1

where: “AZi ,k“— a number of elements of the s&f .

In the similar way the size values§, SL, Sl*, SP, SL, S*, S,P, corresponding to the

* * .
setsvi",vi ,viP, v,", Vi ,v,P are defined.
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In the case considered because the decision vesiap] V; concern of the time domain
the equationS* = S* holds, for the givenvi*, v|*. Therefore, for the sake of simplicity in
further considerations the sizés*, S*, will be denoted by the same symtfgl.

Given fuzzy variablesv, ,v; Consider algebraic-like fuzzy operations followirilge
condition (a3). Fuzzy logic value of the propositiq = v, is defined by (a8):

28
S+§

where:S — the size ofv; , S — the size ofy|

E(vi =v)=

(a8)

S’ — the size of the common part of s&{sy
Fuzzy logic value of the proposition; < V; is defined by (a9):

L P
_ +
E(\7I <y ) = u (a9)
S+
where:S — the size o , S — the size ofy; ,
SL— the size ofvi", SP - the size ofviP,
Fuzzy logic value of the proposition; >V is defined by (a10):

P, oL
EG 5V) :% (a10)

Fuzzy logic value of the proposition > v, is defined by (a1l):

28 +57+gt
§+S

E(V 2V) = (all)

8
IN)
<)
&
o
0]

=h
>

[¢°]

o
O
<

—~
Q

[N
N
~

Fuzzy logic value of the propositi

(a12)

Formulaeg(a8), (a9), (al10), (all), (al2) allow one to designstraints describing basic
relations among two fuzzy variables, such as etylddiss than, greater than, less or equal, and
greater or equal. In order to allow one to consigiber constraints, e.g., taking into acount
distinct variables, the fuzzy operations such agyuwaddition and fuzzy subtraction have to be
employed as well. The relevant operatigrs”, , =” can be found in [6].
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