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ACCELERATED DEGRADATION ANALYSIS BASED ON A RANDOM-EFFECT WIENER
PROCESS WITH ONE-ORDER AUTOREGRESSIVE ERRORS

PRZYSPIESZONA ANALIZA DEGRADACJI W OPARCIU O PROCES WIENERA
Z EFEKTEM LOSOWYM Z BLEDAMI AUTOREGRESYJNYMI PIERWSZEGO RZEDU

For highly reliable and long-life products, accelerated degradation test (ADT) is often an effective and attractive way to assess
the reliability. To analyze the accelerated degradation data, it has been well recognized that it is necessary to incorporate three
sources of variability including the temporal variability, the unit-to-unit variability and measurement errors into the ADT model.
The temporal variability can be properly described by the Wiener process. However, the randomness of the initial degradation
level, which is an important part of the unit-to-unit variability, has been often neglected. In addition, regarding the measurement
errors, current ADT models often assumed them to follow a mutually independent normal distribution and ignored the autocor-
relation that may probably exist in them. These problems lead to a poor accuracy for rveliability evaluation in some situation.
Thus, a random-effect Wiener process-based ADT model considering one-order autoregressive (AR(1)) errors is proposed. Then
closed-form expressions for the failure time distribution (FTD) is derived based on the concept of first hitting time (FHT). A sta-
tistical inference method is adopted to estimate unknown parameters. Finally, a comprehensive simulation study and a practical
application are given to demonstrate the rationality and effectiveness of the proposed model.

Keywords: reliability evaluation, accelerated degradation modeling, Wiener process, unit-to-unit variability,
measurement errors.

W przypadku wysoce niezawodnych produktow o dlugim cyklu zycia, przyspieszone badanie degradacji (ADT) czesto stanowi
skuteczny i atrakcyjny sposob oceny niezawodnosci. Jak wiadomo, analiza danych z przyspieszonej degradacji wymaga wigczenia
do modelu ADT trzech zZrédel zmiennosci, w tym zmiennosci czasowej, zmiennosci miedzy jednostkami i bledow pomiarowych.
Zmiennos¢ czasowq mozna odpowiednio opisac za pomocq procesu Wienera. Jednak losowosé poczgtkowego poziomu degra-
dacji, ktory stanowi wazng czes¢ zmiennosci migdzy jednostkami, jest czesto w badaniach pomijana. Ponadto, w odniesieniu do
bledow pomiaru, obecne modele ADT czesto zakladajg, Ze majg one wzajemnie niezalezne rozktady normalne, ignorujgc mozliwg
autokorelacje. Problemy te prowadzq w niektorych sytuacjach do niskiej trafnosci oceny niezawodnosci. W zwiqzku z powyzszym,
zaproponowano model ADT oparty na procesie Wienera z efektem losowym, w ktorym uwzgledniono bledy autoregresyjne pierw-
szego rzedu (AR (1)). Nastepnie, w oparciu o pojecie pierwszego czasu przejscia, wyprowadzono wyrazenia w postaci zamknigtej
dla rozkladu czasu uszkodzenia (FTD). Do oszacowania nieznanych parametréw przyjeto metode wnioskowania statystycznego.
Na koniec przedstawiono kompleksowe studium symulacyjne i wskazano praktyczne zastosowanie modelu w celu wykazania jego
racjonalnosci i skutecznosci.

Stowa kluczowe: ocena niezawodnosci, przyspieszone modelowanie degradacji, proces Wienera, zmiennos¢
miedzy jednostkami, bledy pomiaru.

1. Introduction

With increasing requirements from customers, more and more
products are requested to have long life and high reliability. For prod-
ucts with these features, degradation data has been recognized as a
valuable life information source and has been commonly adopted in
reliability assessment [1, 26]. To guarantee the analysis accuracy, it
is necessary to construct a reasonable degradation model. In the lit-
erature, many real applications suggest that degradation of a batch
of products is usually affected by three types of variability including
temporal variability (also defined as time-correlated structure), unit-
to-unit variability and measurement errors. The temporal variability
is referred to as the inherent variation of the degradation process over
time. The unit-to-unit variability describes the heterogeneity among
the degradation paths of multiple items. Measurement errors are usu-

ally created during the degradation investigation process due to im-
perfect measurements. For example, the imperfect measuring tool, the
randomness of environmental factors and lower-skilled technicians
may all result in imperfect measurements, especially when the data
are obtained in an indirect way [19, 27, 28].

There is considerable interest on the part of the scientists and
engineers in understanding and modeling the degradation process
of products and components. Simultaneously considering the three
types of variability, Peng and Tseng [19] proposed a general linear
degradation model, Ye et al. [31] presented a well-adopted Wiener
process degradation model and Li et al. [6] constructed a generalized
nonlinear Wiener process-based degradation model. Meanwhile, Pan
et al. [19] developed a reliability estimation approach based on EM
algorithm for Wiener process degradation model by simultaneously
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considering the variabilities. Moreover, degradation models adopted
for the remaining useful life prediction that simultaneously consider-
ing the above three types of variability can be seen in [22, 23, 35].

In practical engineering, ADT has been recognized as an effective
way to obtain degradation information quickly and efficiently within
a reasonable time span and budget [31]. For accelerated degradation
processes, temporal variability, unit-to-unit variability and meas-
urement errors have also been recognized as three main uncertainty
sources. Therefore, it is necessary to incorporate the three types of
variability simultaneously for reasonable ADT modeling. Since the
temporal variability of a degradation process can be properly de-
scribed by a stochastic process via its the stochastic characteristics,
stochastic process-based models including Wiener process, Gamma
process and Inverse Gaussian Process have been in favor with many
researchers in ADT analysis [11]. Among them, due to the attractive
mathematical properties and physical interpretations, Wiener process
and its various variants have been extensively developed and applied
for accelerated degradation analysis of products [33-34]. Whitmore
and Schenkelberg [30] adopted a Wiener process with one time scale
transformation to model a constant stress ADT (CSADT).Liao and
Tseng [10] provided an optimal step-stress ADT (SSADT) plan based
on a Wiener process through a time transformation. Lim and Yum
[11] developed an optimal ADT plan by assuming that the degradation
characteristic follows a Wiener process.

Regarding unit-to-unit variability in ADT modeling, the degrada-
tion rate has been considered as a unit specific property. Then the drift
coefficient (denoting the degradation rate) in Wiener process models
is usually supposed to be random variable to describe the heterogenei-
ty among test specimens. Tang et al. [25] proposed a nonlinear Wiener
process to model ADT where the variability of an individual specimen
was considered by assuming the drift coefficient as a random vari-
able. Sun et al. [24] considered the individual variation by regarding
the drift parameter as random in the Wiener process ADT model. Liu
et al. [14] proposed a general Wiener process ADT model consider-
ing the unit-to-unit uncertainty. Meanwhile, measurement errors have
been incorporated in Wiener process ADT modeling [4, 7].

According to the literature review, although a few Wiener proc-
ess models have considered three types of variability into the ADT
modeling, multiple problems have to be settled to enhance the model
reasonability and the analysis accuracy. According to the best of our
knowledge, it is a standard assumption for Wiener process-based ADT
models that all measurement error terms are mutually independent and
follow a normal distribution with zero mean and equal variance in the
current literature. In practice, however, it is an oversimplification to
suppose measurement errors are mutually independent. Degradation
measurements (comprising the true degradation and measurement er-
rors) are observed on a unit over time, and then it is reasonable to con-
sider the degradation observation sequence and its measurement error
dataset as time series [3, 17]. It is well known that time series datasets
usually exhibit autocorrelation because of modeling errors or cyclic
changes in ambient conditions (e.g., temperature)[5, 13]. Therefore,
autocorrelation may probably exist in measurement errors, and it may
be nonnegligible in many practical situations. It is further worth notic-
ing that the autocorrelation may become stronger when the inspection
time interval is relatively short. A Wiener process degradation model
with AR(1) measurement errors for general degradation analysis was
proposed in our previous work [9]. However, regarding accelerated
degradation reliability analysis, the issue has not been reported in the
literature. Thus, the first main objective of this paper is to extend the
degradation model subject to autoregressive measurement errors in
[9] to the case of accelerated degradation analysis.

On the other hand, in ADT modeling literature, the drift param-
eter has been usually supposed as a random variable to consider the
unit-to-unit variability, while the initial degradation value has been
always assumed or transformed as zero or a constant for most current

Wiener process models [14, 25]. In real applications, however, the
initial degradation level may probably not be a fixed value across all
items, and may show unit-to-unit variabilities [4]. For example, the
difference of the initial degradation level may be caused by the variant
properties of material, the geometry differences of products, and so
on. Therefore, it is necessary to incorporate unit-to-unit variabilities
of both degradation rate and initial degradation level into the ADT
modeling procedure to enhance its reasonability. That is the second
objective of the current study.

In addition, it is well known that FHT of a standard Wiener pro-
cess follows an inverse Gaussian distribution, and this is very use-
ful for reliability analysis and maintenance decision-making [2]. For
general degradation model and ADT model based on Wiener process,
closed- form FTD expressions have been derived for situations when
unit-to-unit variability regarding degradation rate is considered in the
literature. As previously discussed, it is necessary for a reasonable
ADT model to consider the unit specific variability caused by initial
degradation level simultaneously. Considering the degradation mod-
els subject to measurement errors, most studies assume that a product
is considered as been failed when its true degradation level first hits a
predefined critical level [19, 35]. Therefore, the current study derives
the closed-form ADT expressions along this line.

The remainder of the paper is organized as follows. Section 2 in-
troduces an improved Wiener process ADT model which can consider
the autoregressive measurement errors and the unit specific properties
of both degradation rate and initial degradation level. The lifetime
distribution is derived based on the FHT concept. Section 3 discusses
MLESs for model parameters and an initial guesses method for optimi-
zation algorithm is given. In Section 4, the efficiency and reasonabil-
ity of the established methodology is validated via a comprehensive
Monte Carlo simulation study. In Section 5, the proposed approach
is illustrated by a real application involving an electronic transistor
ADT and comparative results are given. A summary and conclusion
is given in Section 6.

2. ADT modeling

According to stress loading modes, there are mainly three
ADT types including CSADT, SSADT and progressive stress ADT
(PSADT). In real applications, comparing with SSADT and PSADT,
CSADT has been recognized as the most commonly adopted type be-
cause of its simplicity and conveniences. Therefore, CSADT is fo-
cused in the current study.

2.1. Model formulation

A random-effect Wiener process-based ADT model considering
autoregressive errors can be given by:

Y(t)=X(1)+¢(1)
X(t)=Xo+0(S,B)A(1,0)+0B(A(1,6))

y4
e(t;)=2 ope(tig)+e, k<i
k=1

where Y (t) and X (t) respectively denote the degradation inspection
and the true performance degradation value at time ¢ ; Xo=X(0)
is the true initial degradation level, U(S ,B) is the drift coefficient;
S is the stress, and B is the unknown parameter vector in v (S, )
; A(1,8) called transformed time scale is a positive non-decreasing
function and @ is the unknown parameter vector in A(t,O); For

convenience, let A =A(#,0); B(-) is a standard Wiener process and
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0 >0 denotes the diffusion coefficient; € (t) is the measurement er-
ror term at time ¢ ; P denotes the order of the autoregressive process;

iid
@ is the autocorrelation coefficient; e¢; ~ N (O, 0'3) is the normally

distributed and mutually independent. The improved ADT model ex-
pressed by Eq.(1) shows the following main properties:

1. The true performance degradation X (t) under stress level §
is assumed to be characterized by a Wiener process B (A (1.6 ))
and a drift coefficient v (S,B ) along with the diffusion coef-

ficient G and the true initial degradation level X . v (S ,B)
is adopted to describe the accelerated relationship between the

degradation rate and the stress S .

2. The accelerated model U(S,B) can be constructed as

V(S,B )=Bor(S.B;), where B =(Bg.B;) is unknown pa-
rameter vector; k(S, Bl) is a function that depends on stress

S and can be obtained based on the acceleration relationship.
Currently, commonly adopted acceleration models include the
power rule model, Arrhenius model and Eyring model. For
example, when Arrhenius model is considered as the accelera-
tion model, the acceleration relationship can be supposed as

A (S,B;)=exp(—B;/S); While for the power rule model, one

has K(S ,B1 )=SBl . In ADT analysis, to analyze the reliability
at a use condition, the above accelerated models are usually
utilized to describe the relation between the degradation rate
and the stress [4, 7, 10-12, 14, 25].

3. The measurement error term & (t) in the accelerated degra-
dation model is considered as a p -order autoregressive time

)4
series process € (ti)= Z(Pkﬁ (l[,k)+ ¢; , where |(pk| <1;ie.,
k=1
AR( p). In practical engineering, it has been recognized that
for longitudinal data or degradation data, an one-order autore-
gressive model can usually effectively describe the autocorre-
lation in the within-individual measurement errors [3, 9, 13].

Meanwhile, for the ADT model with P -order autoregressive
error, the complex model increases the difficulties of the solv-
ing process and it is difficult to acquire the estimation of the
unknown parameters. Thus, in this paper, the situation that the
measurement error term € (t) is a one-order autoregressive
time series process is focused, that is € (1, )=e (t;_ )+e¢; -

4. To consider the unit specific variant properties cause by the
product-to-product differences, both the parameter B in the
drift coefficient v (S,B ) and the initial degradation level X
are assumed to be normally distributed random variables; i.e.

XO~N(yO,0'§), ﬁO~N(yb,o-§). Moreover, X, By,

B(A(1,8)) and & () are assumed to be mutually independent
of each other.

As described above, the proposed ADT model in Eq. (1) can de-
pict the uncertainties from the temporal variability, the unit-to-unit
variability (69 #0 or 6, #0) and measurement errors (G, #0)
incorporated in accelerated degradation processes, and is applicable
for linear and nonlinear degradation processes. In addition, the pro-
posed ADT model can cover several commonly Wiener process-based
ADT models as its limiting cases, for example, if 6, =0, 6, =0 and
¢, =0, k=1,2,...,p, the proposed ADT model can be simplified to
the existing widely used Wiener process-based ADT model [24, 25].

2.2. Derivation of lifetime distribution

To assess the product reliability at a use condition, it is necessary
to derive FTD based on the proposed CSADT model. Without loss of
generality, we first assume the degradation to be an increasing pro-
cedure over time, and a product is deemed to be failed when its true
degradation first exceeds a predefined failure threshold. As discussed
above, in some cases, it is necessary to incorporate the randomness of

the initial degradation level X|, into the ADT modeling procedure.
To derive the lifetime distribution, first let D; denote the failure

threshold when the initial true degradation level X, is considered as

0;i.e., Xg=0.According to the FHT concept, it is natural to define

life T based on the true degradation path X (7) as:

Tixy-o =inf{r: X (1)2 D} | X, =0} )

In this situation, life 7' follows an inverse Gaussian distribution
under the concept of FHT for a Wiener process according to the lit-
erature [2]. When the initial degradation level and the drift coefficient
are supposed as X =0 and v(S,B)~ N(uu,af) , the probability
distribution function (PDF) and the cumulative distribution function

(CDF) of life T for the Wiener process given in Eq. (1) can be ex-
pressed as [25]:

Dy (0] - MUA)Z dA
\/2nA3 (0'3/\+0'2) 2A(03A+62) at

fr(t|X =0) )

A-Dy
Ho S|y exp
[on

2,uUD; 205 (D; )2 o GszA + (ZcrgA + GZ)D’;
\/03A2 +o2A

FT(’X0=O)=®[ 2 o Gz\/azAerczA
v

4)

where CD() is the distribution function of a standard normal dis-
tribution. For the proposed CSADT model, p, =p,A(S,B;) and

GU =Gb7\,(S,B]).
Then, further considering the randomness of the initial deg-

radation level X, let Df denote the failure threshold, life 7' re-
garding the true degradation path X (t ) can be defined as:

T=inf{t: X (1)2 Dy | Xy <Dy} (5)

where the failure threshold Dy =Xy + D; . Then D; =D, -X,
can be considered as a random variable with a normal distribution

D; ~ N(Df - ,uo,crg) . To this end, a proposition, which can signifi-
cantly simplify the CDF and PDF derivation procedure, is given as
follows:

Proposition 1: Let X~N(,u,0'2) and a, b, ¢, d eR, then

the following constructions hold:

EX|:CD(a+bX):'=®((a+b,u)/\/1+b262) (6)
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1 2/.1(a+b;1)+a262

S 2(1-20?)

Ey |:exp(aX +5X2)D(c+ dx)} -

c+du +(ad 72bc)0'2

\/(1 - 2b02)(1 —2bs? d202)

x D

(M

The proof is given in the Appendix A. Then based on Proposi-
tion 1, Eq. (6) and Eq. (7), CDF and PDF of life T for the proposed
model can be obtained via the total probability law. It is shown in the
following Proposition 2.

Proposition 2: When the initial degradation level is considered as

anormal random variable X, ~ N ( Ho»00 ) PDF and the CDF of life
T for the proposed model can be expressed as:

fr(t)= (65A+02)(Df _HO)+'uU:g exps—
\/27[(0‘3A2 +0‘2A+0'g)

(Df —Ho _.uvA)z dA
2(0’3A2 +02A+0'3) dr

®)

A-D 2
FT(t) ® Ho + Ky 'y c
\/0'2/\2+(72/\+(70 \/0' —40 0

@ _,uU(GZA+20'§)+(20'3A+0'2)(D/~—yo) ©)
\/(0' —4o, 0'0)( 2A2+0'2A+0'0)

{(Df - ,uo)[Z/JUO'2 +203(Df —,ug)]v- 2/430'02

ot - 40305

The proof is given in the Appendix B. Then, the mean time to
failure (MTTF) t,,777 can be approximately obtained by:

D_fuo]

-1
tyrrr = A ( o

(10)

3. Parameter estimation

In a CSADT, let S, be a use stress level and S; <S5, <,...,< S,
denote L higher stress levels. Suppose m1; units are tested under
stress level S, and the corresponding performance degradation of
the ith unit is measured at #;; test time points ;) <f;;5 <,...,
[=12,...,L,i=12,...m

< tlinli >

3.1. MLE for unknown parameters

For simplicity, let y;; =Y (thj) denote the degradation in-
spection for unit ;i at time #; under stress level S;, and suppose

Ay =A(y) and N =A(S.By). I=12.0L. i=12,.,m

J=L2,....m; Meanwhile, further define Ay= (Alil’Alib""Alinli )

, Yi = (ylilayliZ""ﬁylinli ), Y = (yn,yzz,- > Vimy ) and
y:(y],yz,...,yL). Then, y, can be concluded to follow a mul-

tivariate normal distribution with mean pgl; +ppAA,; and co-
variance £, =04 1yl + G0 AyAy +67Q; +YoQy . Where
Yo =G§/(l—(p2), 1;; :(1,1,...,1) is an p; dimensional column

vector, and:

A N A
At Njp o A
i = : : .. :
Ajt A liny
Ny Xny; and
_ , .
1 ® o @
1 0 @i 2
Qli = (pz (p 1 (Pl’lli—3
_(P"Ii_l QiT2 @i L. 1 D

Moreover, to facilitate the estimation and inference, the

parameters are re-parameterize as Gp 5 =0} / o;, 62 =02/ 63 ,

- 2 & 2 -
0="10/0¢ and £, =%;/05 . ©= (uo,co,ub,db,Bl,e,dz,yo,(p)
is further defined as a vector involving all unknown parameters in the

proposed model. Then the log-likelihood function (Log- LF) of ©
can be expressed as:

(@©y)=-= [1n(21t)+1n6()}——221n|2h|

I=li=1
L m

—7220711 Mol —

e
WAy ) 2y (s =~ Moly; —
26 01 1i=1

uphyA ) (1D

L m

where N=3>>"n; .
I=1i=1

Taking the first derivative of Z(@| y) in Eq. (11) with respective

to Wo, W, and 63 , one can obtain:

ol(0|y
( | ) 2211121, (W — 1ol -

whAy)  (12)
HpA A
My ofitia l

or(@ly) 1 L
(7|) 227“1/\1:211 (7 — 1ol —wpMA,)  (13)
My ofiaia

HpdyAy)

(14)

ol(®|y N el
x(©ly) == 3 ZZ(J’I: Mol = uhy Ay ) E5' (v —Rolys =

o] 20¢ 2601 iz

Then, by equating Eq. (12), Eq. (13) and Eq. (14) to zero respec-
tively, the MLE of W, L, and Gg can be obtained as:

o = (48, — 4,B3)/(4,B, — 4,B;) (15)
Ay = (4B; — 43B,)/ (4B, — 4,B)) (16)
.2 Lm
S0 =7 Z (i = o1y — M A ) S5t (v = oLy = pdyA ) (17)
1=1i=1
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Lm LM e
A=Y G5 Ay =22 MUz Ay
I1=1i=1 1=1i=1

where

A S A el Egha 2 5l
A=Y D Sy v Bi= 2 Y A s By =2 Y N AR Ay
=il =izl I=1i=1

L my

D el
and By =2, > MAuXy; yy; -
I=liz1

Next, substituting Eq. (16) and Eq. (17) into Eq. (11), a profile log-

likelihood function of unknown parameter 6= ((f ,f ,B1,0.,6 2,Y~0,(p)
can be obtained as:

L m,
Z((:)|y)=C—%1nc§g—%Ziln|ih| (18)
I=1i=1

where C is a constant. Based on a multiple-dimensional search
optimization algorithm, MLE @z(&i,ﬁl,é,éz,%,(ﬁ) of un-
known parameters can be obtained by maximizing the profile

Log-LF. Then MLE of p,, p, and Gg can be calculated by sub-

stituting é:(c?f,[s],é ,c%{%,qs) into Eq. (16) and Eq. (17). The
other unknown parameters can further be determined via 6 ,3 = (fgc% ,3
S 022 ~ A2 2 ) A ~2
. 62=636%. y, =627, and S; =y0(1—(p )
3.2. Initial guesses

When a multiple-dimensional search optimization algorithm is
applied to numerically maximize the log-likelihood function, a rea-
sonable initial guess is necessary for numerical calculation. Thus, a
simple method is given to obtain an educated guess for the initial in-
terval. The detailed procedure is as follows:

1. Let Xy; and V; denote the initial degradation level and
the drift coefficient parameter D(S,B) for the ith unit un-

der stress level S; respectively, [=1,2,...,L, i=12,...,m; .
Based on the least square method, rough estimates of

XO“’,){OI?’j“’XUZ’”I > V150125 Vg and O can be obtained
by minimizing the mean squared error (MSE):

L m '
MSE; =33 (v = Xouilis =05 ) (31 = Xogilis —ohg; ) (19)
I=1i=1

2. The rough estimates of W, and (sg can be calculated by fit-
ting the estimations Xon>Xorzs o> Xopmy » 1=1,2,...,L -
3. Based on the least square method, the rough estimates of

BorsBoras--»Bom, , 1=1,2,...,L and By can be obtained by
minimizing the following mean squared error (MSE):

L my '
MSE, =" 3" (B — Boi (51.B1)) (Bi: — Bosh (S1.B1)) (20)

I=li=1
4. The rough estimates of W, and ¢ bz can be calculated by fit-
ting the estimations Bon’Bolzvu,Bolm, , 1=12,...,L.
5. Based on the estimations of L, Gg, Up » Gf, B; and 0 ,

the rough estimates of © 2 s 0'5 and @ can be obtained by max-
imizing the profile log-likelihood function in Eq. (11).

Therefore, the starting intervals of the unknown parameters for
maximizing the log likelihood function via a multiple-dimensional
search optimization algorithm are determined.

4, Simulation study

In this section, to test the efficiency of the proposed method, a
comprehensive simulation study has been conducted considering
CSADT. For comparison, let M, denote the proposed method. To
demonstrate the necessity of considering autoregressive measurement
errors in the accelerated degradation modeling procedure, a Wiener
process-based ADT model M, as a special case of model M, by set-
ting ¢=0, is considered as a reference method. Meanwhile, another
reference model M, that setting 6,=0 in the model M, is also adopted
to show the benefits of incorporating the random effects of the initial
degradation level. Therefore, both the model comparison and sensitiv-
ity analysis of the standard deviation 6,=0 of initial degradation and
the autocorrelation coefficient ¢ are conducted to test the efficiency
and necessary of the proposed method.

4.1. Model Comparison

Without loss of generality, temperature is considered as the ac-
celerated stress and the transformed time scale function is defined as
A =1 . The normal stress level is S,=303.5 K (30 °C) and three
accelerated levels are supposed to be §; =333.5 K (60 °C), S,=
343.5 K (70 °C) and S5=353.5 K (80 °C). And an Arrhenius model
v(S,B)=PBgexp{B,/S} is adopted to describe the accelerated re-
lationship. The parameters in simulation model are preset as [, =3,
00=0.9, W,=7, 6,=0.7, B;=1200, 8 =1.5, 6 =0.3, 6,=0.5 and
¢ =0.8. A failure threshold value is predefined as D, = 12. For con-
venience, suppose 7 units are tested under each stress level and all
items are inspected at n time points with 1 =i, i=1,2,...,n.

In order to examine the influence of the sample size on the ana-

lytical precision, different combinations of (m,n) , which are chosen
to be (5, 10), (10, 10), and (20, 10) are considered for the simulation

study sequentially. For each combination of (m,n), the mean abso-
lute relative errors (MREs) and the mean square errors (MSEs) of the

medium life 7,5 and the FTD percentile are calculated by Eq. (21)
and Eq. (22) based on Monte Carlo replications.

K
MSE:iZ(fpk—tp)2 1)
Ko
K|f —t
MRE:i M (22)
k=1 tp

where K is the number of Monte Carlo replications, ¢, denotes the
true 100pth FTD percentile value and 7 Dk is the corresponding es-
timated result under the kth simulation, £ =1,2,...,K . Comparative
results are given in Table 1 and Table 2 based on K=5000 Monte
Carlo replications.

From Table 1 and Table 2, it can be observed that for each combi-
nations of (m,n), MSEs and MREs of £y 5 and ¢t ; based on the pro-
posed model M, are smaller than that from reference models M; and
M,. When sample size is small, MSEs and MREs from the proposed
model M, are significantly lower than the results given by reference
models M; and M,. Meanwhile, when the sample size increases, al-

though MSEs and MREs of 0.5 and 0.1 based on reference models
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Table 1. MSEs and MREs of t 5 from different degradation models

Model (5,10) (10,10) (20,10)
MSE MRE MSE MRE MSE MRE
M, 2.6371 0.0785 1.6664 0.0609 1.2013 0.0547
M; 24.8524 0.1960 14.6416 0.1726 6.6128 0.1209
M, 17.5616 0.1894 13.1900 0.1637 5.2263 0.1076
Table 2. MSEs and MREs of t, 1 from different degradation models
Model (5,10) (10,10) (20,10)
MSE MRE MSE MRE MSE MRE
M, 1.4047 0.0737 0.6919 0.0576 0.4719 0.0485
M, 4.1695 0.1250 2.9078 0.1205 1.7061 0.0939
M, 7.1508 0.1607 3.6679 0.1272 1.6009 0.0867
Table 3. Comparison of Log-LF and AIC results
Model (5,10) (10,10) (20,10)
Log-LF AIC Log-LF AIC Log-LF AIC
M, -166.14 350.29 -350.26 718.52 -701.94 1421.88
M, -171.56 359.11 -357.43 730.85 -715.94 1447.89
M, -169.91 355.82 -355.76 727.53 -712.75 1441.50

M, and M, becomes closer to those of the constructed model M, the
proposed model Mj still can yield smaller MSEs and MREs. In addi-
tion, one can see that MSEs and MREs of ¢, 5 are larger than those
of fy;. This is because that the true value £, is smaller comparing
with the true value of #; 5 , which will consequently result in a smaller
error.

To further illustrate the efficiency of model M, the log-likelihood
function value (Log-LF) and the corresponding Akaike information
criterion (AIC) value are calculated to compare the modeling reason-

ableness for each combination of (m,n), where AIC is defined as:
AIC =2 x {max] log likelihood )] }+ 2¢ (23)

where ¢ is the number of the unknown parameters in the adopted
accelerated degradation model.
Table 3 lists the average results of Log-LF value and AIC value

under different combinations of (m,n) based on K=5000 Monte
Carlo replications. It is obvious that in both terms of Log-LF and AIC,
the proposed model M, gives a better fitting and modeling property.
Therefore, although the constructed model M, involves one more pa-
rameter than reference models M| and M,, it is necessary and worthy
to construct the complicated analysis procedure for reasonable and
accurate analysis.

4.2. Sensitivity Analysis

In this section, to furthermore test the necessary of considering
the autocorrelation among measurement errors and the randomness of
initial degradation level into the unit-to-unit variability, the sensitivity
of reliability estimation is analyzed by setting different values of the

autocorrelation coefficient @ and the standard deviation 6, of initial
degradation level for the simulation example.

To this end, we first set the autocorrelation coefficient @ =0.1
(0.1) 0.9, and keep all other parameters unchanged. After that, the
absolute error and the relative error of reliability evaluation results at
normal stress levels are calculated in such a case by comparing model
M, with M;. Then, we set the standard deviation 6(=0.25 (0.25) 2
and the errors are calculated by comparing model M, with M,. If the
autocorrelation coefficient @ and the standard deviation G, are sen-
sitivity, the errors of reliability evaluation results at normal stress lev-
els should increase with the values of ¢ and .

Herein, we repeated the simulation procedure of CSADT data for
N, =100 times under the situation in Section 4.1. Then, the mean
absolute error (MAE) and the mean absolute relative error (MARE)
of reliability evaluation results for the autocorrelation coefficient @

and the standard deviation G, can be given by:

1 Ny 1&g k
MAE, = 7Z|FT (Mo )~ Ff (tj|M,}
s k=17 j=1 i=1,2 (24)
1 Mg FTk(’j|Mo)—FTk(fj|Mi1
MARE; =— 3 — -
Ny iminia Fr (fj|M0)

where Fjlf (tj |M,~) is the CDF at time ¢; under the normal stress level
for the & th simulation under model M;, i=0,1,2, k = ,2,...,N, -

The results of the sensitivity analysis of autocorrelation coef-
ficient @ and standard deviation ¢ are shown in Fig.1 and Fig.2
respectively. From Fig.1 and Fig.2, it can be observed that MAE and
MARE of reliability evaluation results will increase with the autocor-
relation coefficient ¢ and the standard deviation G . Thus, it is clear
that the effect of ignoring the autocorrelation among measurement
errors and the randomness of initial degradation level on the reliability

ExspLOATACIA | NIEZAWODNOSC — MAINTENANCE AND RELIABILITY VoOL. 21, No. 2, 2019 251




SCIENCE AND TECHNOLOGY

0.07 iR ]

0.06) . f
,g / g 5 |

0.05 1| © [
! / 2 2 I
Boo04 : = /
Z / 215 :
= 003 P ! o
= A / E v
3 602 W 21 !
= 0.02 / = _/
- £ 3 ="

0.01 h %0.5 — -7

~./ s |=.7
0 0
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8

Autocorrelation coefficient ¢ Autocorrelation coefficient ¢

Fig. 1. Sensitivity analysis of autocorrelation coefficient ¢

R
0.06 / g 3.3
£ 005 ;1§ 3 /
5 g .
2 004 / 2 =3
= B 2 :
£ 003 / o /
= y = !
= ; Eus 5
g 0.02 / % /
= = 1
0.01 4 505 /
- ﬁ -~
o —— o -
05 115 2 05 115 2
Standard deviation S, Standard deviation S,
Fig. 2. Sensitivity analysis of standard deviation o,
[
T=50°C “é T=75°C s
0.08 / 0.1 R
» S ) £y
[} % 7/ R s} % /c/'
8 o 2 .
g .20.06 /D‘D—/g’ gg 0.08 o o
% S e -
£ E a’“a&f‘o e8| § B G e
Z.20.04 ploe i 2 o 0.06 sl o
52 & o A | BB e
B T kg A
°°§ 0221 8004 N
A20 osz i S/}
o.ozfs
0 .
0 1 2 3 0 0.5 1
- : 3
Time t10°h Time t/10°h
Fig. 3. Accelerated degradation data of electronic transistors
0.09} 9 g
N b T=75°C 2
0.06 =L f L
0.08} &
e 2 Gy g o
c 2 0.05 o X 0.07} 2
m.a =28 //
< §om S §oos; 4
: B ,
g3 % B S oost /
Fgoo 3%
g3 © Samgl £ . © Sampl
a ample average ample average
A 5002 g Estimated by M, | 2 5 0.03 —— Estimated by M,
0.0l + Estimated by M, 0.02t o}y —= Estimated by M,
e -~ Estimated by M, il 4 — — Estimated by M,
0.01
0 1 2 ) 4 0 0.5 1
Time t/10°h Time t /10°h

Fig. 4. Estimated mean degradation path based on three models

analysis is not critical under a small autocorrelation coefficient and
the standard deviation ¢, of initial degradation level situation. How-

ever, when the autocorrelation coefficient the standard deviation o
are large, the effect is quite serious.

From the above analysis and comparison incorporating the refer-
ence models M; and M,, one can conclude that it is necessary to con-
sider the autoregressive measurement errors and the random effects of
the initial degradation level into the Wiener process ADT modeling
procedure, especially for limited sample size situations. In addition, if
degradation model is mis-specified, unreliable results may probably
be derived.

5. lllustrative example

In this section, a real application regarding a CSADT of electronic
transistors is involved to further illustrate the necessary and validity
of the proposed model M, for accelerated degradation analysis. An
electronic transistor degrades over time and finally fails when its gain,
a key performance of transistor, falls to a preset threshold level that
makes it nonfunctional in the device where it is placed. To assess the

electronic transistor reliability under a use stress level Sy=25°C, a
CSADT was conducted under two higher stress levels S;=50°C and

S, =75°C. For each accelerated stress level, 4 electronic transistors
are randomly selected for the degradation test. The original acceler-
ated degradation data are given in [15], and is shown in Fig.3. The
failure threshold is preset as D ' =0.15. Meanwhile, models M; and
M, are also considered as reference for comparison.

According to [1, 18], Arrhenius acceleration model is a most
common model and has been widely applied when the accelerated
variable is temperature. Thus, without loss of generality, Arrhenius
acceleration model is utilized to describe the relationship between
the degradation rate of electronic transistors and the stress; i.e.,

V(S,B)=BoA(S.B;) and A(S,B;)=exp(-B;/S). In addition, em-

pirical studies have shown that A (2,8 )= % can be considered as a
reasonable transformed time scale form [9, 15]. Consequently, this
form is adopted in the current study.

To test the fitting goodness, models M, M, and M, are adopted to
fit the accelerated degradation dataset. Unknown parameters of differ-
ent models are estimated according to the inference procedure given
in Section 4. Meanwhile, both Log-LF and AIC values are calculated.
Results are summarized in Table 4. From Table 4, on can see that
compared with models M; and M,, model M, displays a best fitting
with a largest Log-LF value and a smallest AIC value.

The one-order autocorrelation coefficient values @ estimated by
models M, and M, are larger than or equal to 0.9, which indicates that
the autocorrelation among measurement errors is non-ignorable for
this practical problem. Additionally, it is obvious that the estimated

value of 0¢ in models M, and M, are also relatively larger, and one
can conclude that the random effect of the initial degradation level is
necessary to be considered in ADT modeling.

Based on the results in Table 4, estimated mean degradation paths
for the above three models are obtained and shown in Fig.4. From Fig.
4, it shows that for both stress levels, the estimated mean degradation
paths based on the three models are all in conjunction with the sample
average.
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Fig. 5. Comparison of normal probability plots

For further illustration, the normal probability plot is adopted to
assess the fitting goodness of models M, M, and M,. Fig.5 gives the
normal probability plots of the three adopted models. It is well known
that if a normal probability plot approximates a straight line, a good
fitting can be concluded. Otherwise, more proper degradation models
should be considered when a poor fitting is derived. From Fig.5, it is

252 ExspLOATACIA | NIEZAWODNOSC — MAINTENANCE AND RELIABILITY VoOL. 21, No. 2, 2019




SCIENCE AND TECHNOLOGY

Table 4. Comparison fitting goodness for different degradation models

Model Estimated parameters Log ALC
Ho % /10 o) B 0 o o, 9 -LF
M, 0.0077 0.0012 7.6756 0.0117 4.86 0.7707 0.0097 0.0002 0.9995 566.7 -1115.4
M, 0.0074 0.0028 6.5938 0.0276 4.79 0.7129 0.0087 0.0014 563.4 -1110.8
M, 0.0079 24.4991 0.0021 5.25 0.7592 0.0082 0.0018 0.9000 564.3 -1112.5

Table 5. Comparative results of different predicting life

Estimated percentiles of the FTD

Hodel t5/10°h t,/10°%h
M, 55.91 32.62
My 70.97 43.00
M, 73.02 44.40

clear that the proposed model M, shows a best fitting compared with
the reference models.

In addition, the medium life ‘0.5 and the 10th FTD percentile
f0.1 for the three models are given in Table 5. It can be observed
that results of 0.5 and 0.1 by reference models M; and M, are sig-
nificantly larger than those from the constructed model M,,. It is well
known that g-percentile life is commonly considered as an important
evidence for making effective maintenance schedule. In practical en-
gineering, a conservative q-percentile life estimation may lead to hys-
teretic maintenance and increase the failure risk at an early time.

From the above analysis, one can conclude that it is necessary to
consider the autocorrelation among measurement errors for reason-
able results when modeling accelerated degradation processes. Mean-
while, it is also necessary to incorporate the random effect of the ini-
tial degradation level into Wiener process ADT modeling. Although
the proposed method may illustrate a more complicated modeling
procedure because of the one more parameter, reasonable and reliable
results can be governed.

6. Conclusions

Motivated by real applications, this paper proposed a Wiener
process accelerated degradation model, which simultaneously consid-
ers the temporal variability, the unit-to-unit variability, and measure-
ment errors. In the ADT modeling process, a one-order autoregressive
model is utilized to reasonably describe the autocorrelation that may
exist among measurement errors. Moreover, the random effects of
both the initial degradation level and the degradation rate are incor-
porated regarding unit specific properties. Then, explicit form of life-
time distribution is derived based on the FHT concept, and a statistical
inference method is given for unknown parameter estimation.

A comprehensive simulation study has demonstrated the necessity
and efficiency of the proposed model with respect to CSADT analysis
via an enhanced accuracy. Finally, a real application about CSADT of
electronic transistors has verified the effectiveness and superiority of
the constructed method comparing with the commonly used Wiener
process models.

In this paper, accelerated degradation analysis for CSADT in fo-
cused. However, in practical engineering, SSADT is another effective
way to evaluate the reliability of highly reliable products. Thus, the
future research will focus on SSADT modeling. In addition, it may be
of interest to predict the remaining useful life based on the proposed
model. Meawhile, the failure threshold of many degradation process
may be unknown and has uncertainty, which can be worth studying.
We will work on these problems and hope to have useful findings.
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Appendix A

Proof of Proposition 1:

Let Z~N(0,1) and v,k € R, one can derive *?):

EZ[CD(y+KZ)]:CI)6(/m) (25)

Then, let X=U+CZ It can further be obtained that:

EX[KD(a+bX)]:EZ[®(a+bu+bGZ)]=(1)«a+bu)/\/1+b202)

(26)

Ex[ew (@ +5x2 Yo(c+x))| :GljRexp ax +bX2)D(c+dX)¢(%jdX
=exp[  (a+ b1 )] [ pexp| (a+261)0 Z + 56222 0 (c + dy + do 2 Yo (2)dZ

(a+2bp)do?  do
+ VA
(-200%)  i-2m?

@7

1 " 2u(a+bp)+a’s?
Siome? 2(1-2607)

E;|®| c+du+

According to Eq. (26), we can derive:

c+dp +(ad —2bc)o

\/(I—ZbGZXI—ZbG2+d262)

(28)

E; <D[c+du+(a+2b“)d52 do ]

(-2602) 207 ?

Thus:
Ex|exp (@X +bX2 Yo (c+dx)]

B 1 o 2u(a+bu)+a’c?
ool 2(1-207)
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c+dp.+(ad—2bc)02
\/(1—2b02X1—2b02+d202)

This completes the proof of Proposition 1.

xD

29

Appendix B
Proof of Proposition2:

Considering the randomness of the initial degradation level X ,
the failure threshold D; =D, - X, can be considered as a random
variable with the normal distribution; i.e., D; ~N (Df - uo,cg )
Thus, according to Eq. (4) and the law of total probability, CDF of life

For the first term in Eq. (30), let:

B Uy, A 1
==, b= 2x2 2 G
\/GDA +0°A \/G.DA +0°A
Meanwhile, for the second term in Eq. (30), let:
) 2 2 2
azzh,bzzgu,C:7 G U, A 4 (ZGUA+0) (32)
o’ o 02\/0§A2 +02A 02\/05A2 N

Then, according to Proposition 1, CDF of life 7 can be derived for
the proposed model. Furthermore, PDF of life can be accordingly ob-

tained by taking the derivative of CDF with respect to ¢ .

This completes the proof of Proposition 2.

T for the proposed model can be expressed as:

A-D
F (t):E ® M
r Dy 2.2, 2
’ Oy A" +G7A
2u,D; ZGgD;- quUA+(ZG§A+(52)Df
+EDf exp T+ T () T >
6 o o \/GDA +06°A

(30)
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