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Conditions for the positivity of linear electrical circuits composed of resistors, coils,
condensators and voltage (current) sources are established. It is shown that: 1) the electrical
circuit composed of resistors, coils and voltage source is positive for almost all values of
their resistances, inductances and source voltages if and only if the number of coils is less
or equal to the number of its linearly independent meshes, 2) the electrical circuit is not
positive for any values of its resistances, capacitances and source voltages if each its branch
contains resistor, capacitor and voltage source, 3) the positive 7-meshes electrical circuit
with only one inductance in each linearly independent mesh is reachable if all resistances of
branches belonging to two linearly independent meshes are zero 4) the electrical circuits of
the structure shown on Fig.5.2 is reachable if and only if the condition (5.11) is satisfied.

1. Introduction

A dynamical system is called positive if its trajectory starting from any
nonnegative initial state remains forever in the positive orthant for all nonnegative
inputs. An overview of state of the art in positive theory is given in the monographs
[2, 5]. Variety of models having positive behavior can be found in engineering,
economics, social sciences, biology and medicine, etc..

The notion of controllability and observability and the decomposition of linear
systems have been introduced by Kalman [8, 9]. These notions are the basic
concepts of the modern control theory [1, 7, 10, 11, 4]. They have been also
extended to positive linear systems [2, 5]. The decomposition of the pair (4,8) and
(4,0) of the positive discrete-time linear system has been addressed in [3].

The reachability of linear systems is closely related to the controllability of the
systems. Specially for positive linear systems the conditions for the controllability
are much stronger than for the reachability [5]. Tests for the reachability and
controllability of standard and positive linear systems are given in [6, 5].

In this paper the necessary and sufficient conditions for the positivity of linear
electrical circuits composed of resistors, coils, condensators and voltage (current)
sources will be established. The conditions for the reachability of the positive
electrical circuits will be also given.

The paper is organized as follows. In section 2 the conditions for the positivity of
R, L, e type electrical circuits are established. Similar problem for R, C, e type
electrical circuits is discussed in section 3. The reachability of the positive electrical
circuits is analyzed in section 4. Concluding remarks are given in section 5.
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The following notation will be used: R - the set of real numbers, R™™ - the

set of nxm real matrices, R”"

. - the set of mxm matrices with nonnegative

entries and N7 =N, M, - the set of 7 x 1 Metzler matrices (real matrices with

nonnegative off-diagonal entries), /, - the #xn identity matrix.

2. Positive R, L, e electrical circuits

Consider the linear continuous-time system described by the state equations

x(t) = Ax(t) + Bu(t)

y(t)=Cx(t)+ Du(t)
where x(£)eR”, u(@)eNR”, y(r)e R’ are the state, input and output vectors
and AeR"™", BeR"", CeR, DeR"™.

@.1)

Definition 2.1. [2, 5] The system (2.1) is called (internally) positive if for any
x(0)=x,eR’ and every u(f)eR”,r>0 we have x(#)eR’ and

y()eR?, 1>0.

Theorem 2.1. |2, 5] The system (1) is positive if and only if
AeM,, BeR"", CeR?”, DeR™” 2.2)

It is well-known [1, 4, 7, 10, 11] that any linear electrical circuit composed of
resistors, coils, condensators and voltage (current) sources can be described by the

2 2

state equations (2.1). Usually as the state variables x,(?),...,x, (#) (the components

of the state vector x(7)) the currents in the coils and voltages on the condensators
are chosen.

Definition 2.2. An electrical circuit is called (internally) positive if its matrices A4,
B, C, D satisfy the conditions (2.2).

In this section the necessary and sufficient conditions will be established under
which an electrical circuit is a positive one.

Example 2.1. Consider the electrical circuit shown on Figure 2.1 with given
resistances K, k=1,..8, inductances L , L, and source voltages e, e,,e;.
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Fig. 2.1. Electrical circuit

Denote by ik, k =1,...,.4 the mesh currents and by ekk, k =1,...,4 the mesh
source voltages. Using the mesh method we obtain the following equations

L ~d{ =~A i +R133+Rui4 + e.
(2.32)
L2 gt = R2i21 R2331 R4
0—"3" IRl Rs:ls 1€33
(2.3b)
0= +RLyv R4, eMd
where
Ru =R: +R: +R7, RB3=Ra =R7, R4 =Ra =R3,
R2=R2+R5+" | RB=R3®2=" R2A=RL=" (2.30)
R =R6+R7+R§, R#4 =R3+R4+R5,
ell e3 el e8, eX e4 e3
From (2.3b) we have
. =— (R31+R3421 e3R), M:AR (R41il1 R4221 edd) (2.4)
R3

Substitution of (2.4) into (2.3a) yields
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di
1—1 = _R'll I +R'12 Iy +e'11
dt
i (2.5a)
L, 7; =R, i —Ryi,+e'y,
where
, R.R R,R , , R.R R,R , R R
Ry =Ry - L L Ry, =Ry = g en:en"'iew"'iemu
R, R, R, R, Ry, R,
, R, R R, R , R R
R'y =R, - ;3 2 — ;g 2, ezzzR—Be33+R—24€44~
33 44 33 44
(2.5b)

If the mesh currents 7,7, are chosen as the state variables x, =7, x, =i, then
the equations (2.5a) can be written in the form

[x e'
i{xl}A I}B{ “} (2.62)
dt| x, | X, e,
where
Ry Ry 1y
L L L
A= , ! 1 B=1 ) (2.6b)
Ry Ry o L
LZ LZ _ LZ

From (2.6b) and (2.5b) it follows that A is the Metzler matrix. If we choose

NW=Ri, y, =R, _R&e% 2.7

as the output then

) R 0 T,
y{ 1} RR, MH )
y2 R33 R33 12
and
R 0 0 0
C=| R, RR, | D:{O 0} (2.9)

R33 R33
The matrices (2.6b) and (2.9) satisfy the condition (2.2) and by Definition 2.2 the

electrical circuit is positive.
In general case let us consider the #-mesh electrical circuit with some given

resistances R, k=1,...,q, inductances L ,...,L and m-mesh source voltages

4
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e;, j=1L..,m.Leti,..,i, bethe mesh currents of the electrical circuit. Using

the mesh method in a similar way as for the electrical circuit shown on Fig 2.1 we
obtain the equation

X‘ A A __x B T
|: 1:|:|: 11 12 1:|+|: 1 1 (2.10a)
0 4, Ay | x, B,
where
il ir+l ell
N I e N T (2.10b)
l}" in i emm_
S & Rl,r B )
Ll Ll Ll Rl,rﬂ Rl n
& — & R,, L, L
AH | L L L > A12 = Co
:2 : 2 2 Rr,rﬂ Rr,n
Rr 1 Rr 2 Rr . Lr e Lr
) ) T - : (2.10b)
- L” Lr Lr i
i -R R . R
R;’H,l s Rr+l,r R 4L ~ ];HJUFZ Rrﬂ)n
. . r+2,r+1 2,742 o r+2,n
Azl = : : , A22 — ; : y |
L Rn>1 Rn,r R R ~ R
n,r+1 n,r+2 e nn
R R >0 for I = ] (2 0 )
.= L= . .
g 7120 for i#j

It is well-known [5] that (=4, )'e ERS"*”X(H) and from (2.10a) we have
x, =(-A4,) (4, x, + Bu)e R" "for x, e R and ucR”.  (2.11)
Substituting (2.11) into
X, = A,x, +A4,x, +Bu (2.12)
we obtam
X, =[4,, +4,(-4, )’1 A, Jx, +[B, + 4,(-4,, )’IB2 Ju=4,x+B'u (2.13)
where
A, =4,+4,(-4, )’1 A,eM, , B =B +A4,+-4, )’IB2 eRT". (2.14)
In what follows it is assumed that by suitable choice of the outputs of the
electrical circuit the matrices C and D have nonnegative entries, i.¢.
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CeWfn, DeWfm (2.15)
Therefore, the following theorem has been proved.

Theorem 2.2. The linear electrical circuit composed of resistors, coils and voltage
sources is positive for any values of the resistances, inductances and source
voltages if the number of coils is less or equal to the number of its linearly
independent meshes and the direction of the mesh currents are consistent with the
directions ofthe mesh source voltages.

Example 2.2. Consider the electrical circuit shown on Figure 2.2 with given
resistances R1,R2,R3, inductances L1,L2,L3 and source voltages el,e2.

Fig. 2.2. Electrical circuit

Note that in this case the number of coils is greater than the number of linearly
independent meshes. Using the mesh method we obtain the following equations

elZ(R1 +R3)| - R:i. +(L +L3)d1 - Lsd 2
dt dt

(2.16)
e2=-R3l+ (R2+R3)i2+ (L2+ L3 ~dtt - L3~d~tt
The equations (2.16) can be written in the form
T - T d n " _ Rl " "
1n 12 Bl A = R 11 R 12 _Il + el (217a)
oy Wi w W L1 e
where
RU1=R1+" , RR=R2 =R3, R2 R2 R3, (2.17b)

L0=L1+L3, LR2=LZA=L3 L2=L2"L3
Note that the inverse matrix

6
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1
L—l _ |: Ln _le} _ 1 {Lzz le} (2.18)
- LZI Lzz Ll (Lz + L3) + L2L3 L21 Lll
has positive entries.
From (2.17) we have

i{lf}:z{lf}rz{el} (2.19)
dt| i, i e,
where
A= L1|:_ Rn R12 } _ 1 {_ Lz (Rl + R3) _L3R1 L2R3 _L3R2 }
R21 - R22 L1 (Lz + L3) + L2L3 L1R3 - L3R1 - Ll (Rz + R3) - L3R2
B=L"eR™.
(2.20)
Note that the matrix 4 € M, if and only if
LR, >L.R, and LR, > LR, . (2.21)
Therefore, the electrical circuit is positive if and only if 4 €M, i.e. the condition

(2.21) is met.
In general case let us consider the n-mesh electrical circuit with given

resistances R,, k=1,...,q, inductances L,,..,L for r>n and m<n mesh
source voltages e, j=1,...,m . Denoteby i,...,i, the mesh currents. In a similar

way as for the electrical circuit shown on Fig 2.2 using the mesh method we obtain
the equation

d by h “n
dt| .
Z, Z, Cm
where
L, -L, -L, —R, R, R,
S| L ~L,, e R:ﬂ B ’?22 5 R:“ . (2.22b)
- Ln,l - Ln 2 Lnn Rn 1 Rn,z T Rnn

Notethat —LeM,, A'eM, and L' e R"".
Premultiplying (2.22a) by L~ we obtain
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—| i |=4:|+B| : (2.23a)

where
A=L"'A",B=L"eR"". (2.23b)

The electrical circuit is positive if and only if the matrix L 'A4' is a Metzler
matrix, 1.¢.

L'AeM,. (2.24)
By suitable choice of the outputs of the electrical circuit we have (2.15). Therefore,
the following theorem has been proved.

Theorem 2.3. The linear electrical circuit composed of resistors, coils and voltage
sources is positive for 7 > n if its resistances and inductances satisfy the condition
(2.24).

Remark 2.1. In the case ¥ = n if it is possible to choose the # linearly independent
meshes so that to each mesh belongs only one coil. Then the matrix

L =diag[L, ... L,] and the condition (2.24) is met for almost all values of the
resistances and inductances of the electrical circuit.

Remark 2.2. Note that it is impossible to choose the # linearly independent meshes
so that to each mesh belongs only one coil if all branches belonging to the same
node contain the coils. In this case we can eliminate one of the branch currents
using the fact that the sum of the currents in the coils is equal to zero.

From Theorem 2.2 and 2.3 and Remark 2.1 we have the following important
theorem.

Theorem 2.4. The linear electrical circuit composed of resistors, coils and voltage
sources is positive for almost all values of the resistances, inductances and source
voltages if and only if the number of coils is less or equal to the number of its
linearly independent meshes and the directions of the mesh currents are consistent
with the directions of the mesh source voltages.

3. Positive R, C, e electrical circuits

Now let us consider the linear electrical circuits composed of resistors,
condensators and source voltages.
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Example 3.1. Consider the electrical circuit shown on Figure 3.1 with given
conductances Gk, k =1,2,3, capacitances C1,C2,C3 and source voltages

e1,e2,e3.

Fig. 3.1. Electrical circuit

Using the Kirchhoffs laws we may write the equations

Cl#ty :Gl(el_ [T V)
—HA

C _t :GZ(EZ_UZ_V) (31a)

—Hls
= G3(e3- us- v)

and
G3(e3—u3—v) + Gi(e1—u1—v) + G2(e2 —u. —v) —0 (3.1b)
From (3.1b) we have
v= @plel—ul) + G2(e2—42) + G3(e3—u3) (3.2)
G1+ G2+ G3
Substitution of (3.2) into (3.1a) y_i|eIdFs| oo
: 3 =A3yu2 tB3 (3.3a)
us us o

where
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all alz alS bll 12 13
A3: ay Ay Ay, B3: b21 bzz b23 (3.3b)
613 1 Cl32 Cl33 b3 1 b32 b33
and
P G(G, +G;) a, = GG, a, = GG, ’
C(G,+G,+Gy) C(G, +G,+Gy) C (G, +G,+Gy)
0 = GG, g - GG+6G) G,G,
CGHG+G) P GG +G+G) P C(G +G,+G)
0 = GG, g - G,G, b - GG +G)
GG HG,+G) T UGG HG) T GG +G,+ G’
(3.4a)
__GG+G) GG, _ GG,
YOC(G +G,+G) Y GG +G,+Gy) P GG +Gy+ Gy’
b - GG, __ GG +Gy) _ G,G,
C(G+G+G) P GG +G,+G) P C(G +G,+Gy)
ho—_ GG, b - G,G, p - GG +G)
GG HGHG) T GGG, +G) T GG +G,+ G’
(3.4b)

Remark 3.1. From (3.4) we have
1 (diag[C, C, C,])4,=0 and 1! (diag[C, C, C,])B,=0 (3.5)
where 13 =[1 1 1]. The equations (3.5) follow from the first Kirchhoff’s law
c o dn o dn
dt dt dt
From (3.3) and (3.4) it follows that the electrical circuit shown on Fig. 3.1 is not
positive for any nonzero its parameters C,,G,, k=123 and source voltages

+C, =0. (3.6)

e, k=123.

The electrical circuit is positive if C; =0 and e, = e, = 0. In this case we have
dlu u
—| =4, ' |+Be, (3.7a)
dt|u, u,

where

10
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b
A= """ " eM2and B2= (37b)

a 21 a 22

In general case for the linear electrical circuits with n branches we have the
following theorem.

Theorem 3.1. The linear electrical circuit is not positive for almost all values of its
resistances, capacitances and source voltages if each its branch contains resistor,
condensator and voltage source .

Proof. From the first Kirchhoffs law we have (Remark 3.1)
1; (diag[C .. C,])B=0 (3.8)

where C_ is the capacitance of ith (i =1,...,n) branch. The equality (3.8) implies

that some entries ofthe matrix B are negative. Therefore, the electrical circuit is not
positive. O

Consider the electrical circuit shown on Figure 3.2 with given conductances
Gk, k =0,1,...,n; capacitances Cj, j =1,...,n and source voltage e.

Fig. 3.2 Electrical circuit.

Using the Kirchhoffs laws we may write the equations

Go(e-v)=2 Gj(v-u}) (3.92)
j=1
and
C auk - g- uk), k=1, ,n (39b)

From (3.9a) we have

1
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1 n n
v:E(GOe-i-ZGju]}, G=>G,

Jj=1 i=0
Substitution of (3.10) into (3.9b) yields

Uy Uy
4 =A| : |+Be
di
un un
where
| GG-GE GG, GG, |
G G C,G GyG,
G,G, G,G-Gj G,G, C,G
G,G, G,G, G,G-G? C,G
o6 o6 oG

(3.10)

(3.11a)

(3.11b)

From (3.11) it follows that A€M,  and Be R . Therefore, the electrical

circuit is positive for all values of the conductances G,, &k =0,1,...,n; all values

of capacitances C;, j=1,..,n and source voltage e. The following theorem has

been proved.

Theorem 3.2. The ¢lectrical circuit shown on Fig. 3.2 is positive for any values of

the conductances G,, k=0,1,..,n; capacitances C ;» J=L...n and source

voltage e.

Example 3.2. Consider the electrical circuit shown on Figure 3.3 with given
conductances G,, k=1,...6, capacitances C;,C, and source voltages e,,e, .

12
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V2
AAAr

g5

-AIW— » j » AIW—)|— Vv0=0
Gs3 1 Gl r

i Hw

e2 C2 g?2

Fig. 3.3. Electrical circuit.
Using the Kirchhoffs laws we may write the equations

Q su: =Gx(yx- ux

(3.12a)
C2—T=G2(e2- u2- v3)
and
Gjui - (G1+G3+Ge)vi+GeV2 + G3ws =0
G6Vl- (G4+ G5+ G6)V2+ GAB+ Gled =0 (3.12b)
- G2W + G+ Gav2 - (G2+ G3+ Ga)va+ G2e2- Gaea =0
The equations (3.12) can be rewritten in the form
-Gl 0 . -Gi 0 0 vi 0 0"
d ul ®) u i i
- b, G 2+t G ZE  (313)
u2_ o© G2 y2. g o ©2 o oL
C2_ ca V. -
and
-G1 0 0 0
\4 uL e2
Gw =- 0 0 T 0 G4 (3.13b)
u?2
\3_ 0 .G2~ = G2 -G4~ ~
where the matrix
-- (G1+ G3 + Gs) G6 G3
G-= Gs - (G4+ G5+ Gs6) G4 (3.14)
G G - (G2+G3+G4)

13
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is a Metzler matrix and -G ™' € ﬁiiﬁ . From (3.13b) we have

y G 0 0 0
4 U a €,
wl=—G1o o { }G 0 G, { } 5.15)
u, €,
v, 0 -G, G, -G,

Substituting (3.15) into (3.13a) we obtain

i{”l} :A{”I}BM (3.16)
dr|u, u, ey

where )

Gy S G 0
4= © |G G'lo o |
G, G,

0 —=2|]0 0 —2 0 -G
G, C, 2
- (3.17)
[0 0 % 0 0 0 0
B=|G || G o0 G,
G,
LG, 0 0 . G, -G,

The electrical circuit is positive if and only if the matrix 4 is the Metzler matrix
and the matrix B has nonnegative entries.
In general case let us consider the electrical circuit composed of ¢ conductances

G,, k=1..,q, r -capacitances C,;, i=L...,r and m source voltages

is
e;, j=1...m.Letnbe the number of lincarly independent nodes of the electrical
circuit and n > r .
In a similar way as in Example 3.2 we may write the equation
Uy Uy V1 €
=4, : |+4 +B

r n

d

= (3.18)

m

u u

r r v

e

n m

where u; is the i-th (i= 1,...,7) voltage on the condensator, v; is the voltage of the j-
th node (G=1,...,n), A, € R"" is the diagonal Metzler matrix, 4, € R™*"

and B, e R,
Using the node method we obtain

14
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vl — —
G (3.19)

ur
=

where G e Whxn is a Metzler matrix F e Wrxr and H e Whxm .
Taking into account that - G_1 e W+xn from (3.19) we obtain

"v1" u, "ei "
=-G 'F -G IH (3.20)
vn_ ur_ em_
Substitution of (3.20) into (3.18) yields
u, u, ei
- =A +B 3.21
ot (3.21)
ur Hi em
where
A=Af-AG-F:;B=Bp-AG M . (3-22)

The electrical circuit described by the equation (3.21) is positive if and only if
(under the assumption C e W+xr, D e Wpxm) the matrix A is a Metzler matrix and

the matrix B has nonnegative entries. Therefore, the following theorem has been
proved.

Theorem 3.3. The linear electrical circuit composed of g resistors, r condensators
and m voltage sources is positive if and only if r <n and

Ar- AnG-IF eMr, Bm- AnG"H eW+xn. (3.23)

4.R, L, Ctype electrical circuits

Consider the electrical circuit shown on Figure 4.1 with given resistance R,
inductance L, capacitance C and source voltage e.
L

w
u

Fig. 4.1. Electrical circuit
15
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Using the Kirchhoff’s laws we can write the equations

=i
! y 4.1
e:Ri+L—l+u
dt
which can be written in the form
dlu u
_HAHB @2
dr|i i
where
0 é 0
= =1
A _l _E,B z 4.3)
L L

The matrix 4 has negative off-diagonal entry (-1/L) and it is not a Metzler
matrix for any values of R, L, C. Therefore, the electrical circuit is not positive one
for any values of the resistances R, inductance L, capacitance C.

In general case we have the following theorem.

Theorem 4.1. The electrical circuits of R, 1., C type are not positive for any values
of its resistances, inductances, capacitances and source voltages if at least one its
branch contains coil and condensator.

Proof. It is well-known that the linear independent meshes of the electrical circuits
can be chosen so that the branch containing the inductance /. and capacitance C
belongs to the first one. The equation for the first mesh contains the following term

e, =L i
dt
where e;; and i; are the source voltage and current of the first mesh and u; is the

+u +. 4.4)

, du, . .
voltage on the capacitance C. From (4.4) and 7, =C 7; it follows that the matrix

A of the electrical circuit has at least one negative off-diagonal entry. Therefore the
matrix 4 is not a Metzler matrix and the electrical circuit is not positive one. O

Consider the electrical circuit shown on Figure 4.2 with given resistances
R, R,, inductance L, capacitance C and source voltages e,,e, .

16
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Fig. 4.2. Electrical circuit
Using the Kirchhoffs laws we can write the equations

e%: RZC d_t+ u

) (4.5)
. di
e, +e9=Ril+L—
1 2 1 —
which can be written in the form
u u
— Y oa gt (4.6)
—+ i i .,
where
1 i "
0 0
A= RC . B= RC (4.7)
RL ol
L L L

From (4.7) it follows that the matrix A is a Metzler matrix and the matrix B has
nonnegative entries. Therefore, the R, L, C type electrical circuit is positive for any

values ofthe resistances RI,R2, inductance L and capacitance C.
Consider the electrical circuit shown on Figure 4.3 with given resistances
Rk,k =1,...,8, inductances L2,L4,L6,L8, capacitances CI,C3,C5,C7 and source

voltages el,e2,e4,¢e6,e8.

17
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Fig. 4.3. Electrical circuit.

Using the Kirchhoffs laws we can write the equations

_u
e = Rka—d— +uk for k=1,357
t

di.

e, te, =L — +R imfor j=246,8
1 J dt JJ

which can be written in the form

u, u,
LJJ Us
[
us Us
€2
u7 u7
— =A +B eg
dt i2 i2
€6
U i4
€s
U i6
i8 i8

where

18
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Adiogl -\ L L1 R R R
2 RC,™ RC,” RC,” RC,” L, L, L,
L 900 0 L
RICI LZ LZ
B 2 0000 L 0T
B{Bl} B - Bl
2 —— 0 0 0 0 — 0 0
RC, L
L 9000 Lo o
_R7C7 _LS

By

LS 3]3

)

)

N

o OP|~

1

Ly

4.11)

From (4.11) it follows that the matrix 4 is a Metzler matrix and the matrix B has
nonnegative entries. Therefore, the R, L, C type electrical circuit is positive for any
values of the resistances, inductances and capacitances.
In general case the equation (4.10) has the form

dl|u u
—| |=4|  |+Be
dt|i i
where
e
ul i2 :
e
u3 . i4 ’
U= . ) 1= : B €= e4
un 12
1 2 _en_
and
i 1 1 1 R .
A = diag[— — R ,—&,——4,...,— 2
RC, " RC, RnlCn1 L, I, "
n; and », are odd and even numbers,
L 0 0 00 €
RICI L2
1 1
B m| 341 0000 —
B:{Bl}em+[2 ] Bi= Ry . B, =] L,
2 : :
_RVHC"‘l n _L”’2

,JeM,
R
L2

0o L
L4
0 0

4.12)

(4.13a)

(4.13b)

)
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The electrical circuit described by the equation (4.12) is positive for all value of
the resistances Rk,k =1,..,n, inductances Lk,k =2,4,...,n2, capacitances

Ck,k =1,3,...,nL Therefore, the following theorem has been proved.

Theorem 4.2. The linear electrical circuit of the structure shown on Fig. 4.3 for
nL=n. =4 is positive for any values of its resistances, inductances and

capacitances.

Consider the electrical circuit shown on Figure 4.4 with given resistances
Rk,k =1,...,5, inductances LI,L2, capacitance C and source voltage e.

Fig. 4.4. Electrical circuit

Using the Kirchhoffs laws we can write the equations
—j
e, = Riii +Li -:tl-—RSiZ + (R3+ R5)i8

—

L2--- +u+ (R2+R3)§3—R2i=0 (4.14a)
- .
C_ =1
—+ 2
and
(R2+ R4)il+ (R4+ R5)i2- (R2+R3+ R4+ R5)i3=0 (4.14b)
From (4.14b) we have
L (R2+ R4)il+ (R4 + R5)i2 (4.15)

R. + R3+ R4 +R5
Substituting (4.15) into (4.14a) we obtain
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h

d
—\i, |=A|i, |+ Be 4.16
dt|’ ’ (+16)
u u
where
_&_ (Rz +R4)(R3 +R5) Rst _R3R4 0 B 1 7
L L(R,+R,+R,+R,) L(R,+R,+R,+R;) A
A= Rst _R3R4 _ (Rz + R3)(R4 + Rs) _L B= 01
Ly(R,+ Ry + R, + Ry) L (R, +R,+R,+R)) L, | 0 '
0 1 0
_ C I
417
From (4.17) it follows that the matrix A4 is not a Metzler matrix if
R R, =RR, (4.18)
If the condition (4.18) is met then the voltage between the points a, b is equal to
di
zero and u, =0, L, —l; =0, 7, =0. In this case the equation (4.16) takes the
form
' R, +R 1
ﬂ: _&_ (R2+R4)( 3 5) l~1+_el (419)
dt L LR, +R +R,+R) L

The system described by the equation (4.19) is positive. Therefore, we have the
following corollary.

Corollary 4.1. If the resistances of the electrical circuit satisfy the condition (4.18)
then the electrical circuit is positive.

In general case we have.

Corollary 4.2. Nonpositive electrical circuit for some special choice of the
parameters (resistances) can be positive one.

5. Reachability of standard and positive electrical circuits
Consider the positive electrical circuit described by the equations (2.1).
Definition 5.1. The electrical circuit described by the equations (2.1) (or the pair

(4.B)) is called reachable in time 7, if for any given final state x, € R” there exists

21



T. Kaczorek / Selected classes of positive electrical circuits ...

an input u#(f) e R", for £€[0,7,] that steers the state of the circuit from zero

initial state x(0) = x, = 0 to the state x; i.e. x(¢;)=x,.

Theorem 5.1. The ¢lectrical circuit (2.1) (or the pair (4,B)) is reachable if and only
if one of the following conditions is satisfied:

i) rank[B AB .. A"'Bl=n,
ii) rank[/, s—A B]=n for sed, ={s,,...,5,}

where s,,...,5, are the eigenvalues (not necessary distinct) of the matrix 4.
Proof'is givenin [1, 4, 7, 9].

Definition 5.2. The positive electrical circuit (2.1) (or the positive pair (4,B)) is

called reachable in time #-if for any given final state x , € R there exists an input

u(r)e RY, for re[0,1 r] that steers the state of the circuit from zero initial state

x(0) = 0 to the state x5 i.e. x(f7) =xy.

A real square matrix is called monomial if each its row and each its column
contains only one positive entry and the remaining entries are zero.

Theorem 5.2. The positive electrical circuit (2.1) is reachable if the matrix
t
R, = (A BB dr 1, >0 5.1
= Ie e T, > 3.1
0
is monomial. The input that steers the state of the electrical circuit in time 7 from
x(0) = x, =0 to the state x/is given by the formula

Tep oo
u(ry=B'e" IR, for 1[0,6,]. (5.2)
The proofis given in [5].

Example 5.1. Consider the electrical circuit shown on Figure 5.1 with given
resistances R, R,, R, , inductances ;, L, and source voltages e, e, .
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Fig. 5.1 Electrical circuit

Using the Kirchhoffs laws we can write the equations

el= R3(iL- i2) +Riii + Li 4]

(5.3)
e2 = R3(i2—ii) +R22 + L2“d'g
which can be written in the form
4 a 4pd (5.4a)
dt | . ,
where
R1+R3 R3 1 0
A= Li Li B= Li (54D)
R3 R2+R3 o
Lo L2 L2

The electrical circuit is positive since the matrix A is Metzler matrix and the
matrix B has nonnegative entries. Note that by Theorem 5.1 the standard pair (5.4b)
is reachable since detB ~ 0.

We shall show that the positive electrical circuit is reachable if R3 = 0. In this

case

- RI 0
A= U (5.5)
0 - R2
L

and
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B,
I
et =|¢ 9 (5.6)
0 eh
from (5.1) we obtain
2Ry ]
L =7
l‘f r l‘f ? 1 O
Ry = [e* BB ¢! Fdr = [| 11 o, fT (5.7)
0 0 0 1.5 ’
2
L

The matrix (5.7) is monomial and by Theorem 5.2 the positive electrical circuit
is reachable if R, =0.
Now let us consider the n-mesh electrical circuit with given resistances

R, k=1..q, inductances L, i=1l...n and m-mesh source voltages

P>

e., j=1..,m. lItisassumed that to cach linearly independent mesh belongs only

i
one inductance. In this case the matrix L defined by (2.22b) is diagonal one and the
condition (2.24) is met. By Theorem 5.1 the standard electrical circuit is reachable
since det B=0.

Theorem 5.3. The positive n-meshes electrical circuit with only one inductance in
cach linearly independent mesh is reachable if
R;=0fori#j,i,j=1..,n (5.8)

where R;; are entries of the matrix 4" defined by (2.22b).

Proof. If the condition (5.8) is met then the Metzler matrix A’ is diagonal. The
matrix [ defined by (2.22b) is also diagonal since by assumption only one
inductance belongs to each linearly independent mesh. In this case the matrix

A=17'4" is diagonal Metzler matrix and B=L"'eR”" is also diagonal. For
diagonal Metzler matrix 4 and diagonal B the matrix ¢“* B is also diagonal and the

matrix Ry defined by (5.1) is monomial. By Theorem 5.1 the positive electrical
circuit is reachable. o

Remark 5.1. The condition (5.8) is met if the resistance of the branch belonging to

two linearly independent meshes is zero. This result is consistent with the one
obtained in Example 5.1.
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Consider the electrical circuit shown on Figure 5.2 with given conductances
Gk,G\ ,GK k,j =1,...,n; capacitances Ck, k =1,...,n and source voltages

e., k=1,...,n.

Fig. 5.2. Electrical circuit.

Theorem 5.4. The electrical circuit shown on Fig. 5.2 is positive for all values of

the conductances, capacitances and source voltages.

Proof. Using the Kirchhoffs laws and the node method for the electrical circuit we

may write the equations

u, u, Vi
— ' =.c1G ' +CIG
dt
un_ un_ vn_
and
vi u, ei
G " =-6'" ° -G
vn_ un_  en_
where

C-1=diagCiy,...,c;1], G'=diag[Gi',...,.Gn"], G =diag[G,,...

- Gi, Go Gin
G —_0G G
G = © 2 2n

(5.9a)

(59b)

,Gn,

(59c¢)
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G, is the sum of conductances of all branches belonging to the ith node, 7 = 1,....».

The matrix G € M , and its inverse has nonnegative entries. Substituting (5.9b)
into (5.9a) we have

d ul ul el
—| : |=4] : |+B|: (5.10a)
dt
un un en
where
A=-C'G'I,+G'G'1eM, (5.10b)
and
B=-C'G'G'GeR" (5.10¢)

since the matrices C',G',G and —G ' have nonnegative entries. Therefore, the
electrical circuit is positive. O

Note that by Theorem 5.1 the standard electrical circuit is reachable for all nonzero
values of the conductances and capacitances since det B =0 .

Theorem 5.5. The electrical circuit shown on Fig. 5.2 is reachable if and only if
G,;=0 for k=j and k,j=1,.n. (5.11)

Proof. The matrix G defined by (5.9¢) is diagonal if and only if the condition
(5.11) is met. In this case the matrices G 'G', A and B are also diagonal and from
(5.10) we obtain
%:L(G' G, .G -G )u +LG G'Ge,, k=1..n (5.12)
dt Ck k kk k k77 k Ck k" kk~"k k> ERRAS] .
where

G =G, +G'. k=1,.,n. (5.13)

Note that the subsystem (5.12) is reachable. Therefore, the positive electrical
circuit is reachable if and only if the condition (5.11) is satisfied. o

Consider the electrical circuit shown on Fig 4.4 which is reachable only if the
condition (4.18) is not satisfied. In this case using (4.17) we obtain

3 for RR,#RR,
1 for R R, =RR,
If (4.18) holds then the first order electrical circuit (4.19) is positive and reachable.

rank[B AB AZB]:{
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6. Concluding remarks

The conditions for the positivity of linear electrical circuits composed of
resistors, coils, condensators and voltage (current) sources have been established. It
has been shown that:

1) The electrical circuits composed of resistors, coils and voltage source (shortly
called R, L, e type) are positive for any values of their resistances, inductances
and source voltages if and only if the number of coils is less or equal to the
number of its linearly independent meshes (Theorem 2.4).

2) The electrical circuits composed of resistors, condensators and voltage source
(shortly called R, C, e type) are not positive for almost all values of its
resistances, capacitances and voltage sources if each their branch contains
resistor, condensator and voltage source (Theorem 3.1).

3) The clectrical circuit shown on Fig. 3.2 is positive for any values of the
conductances, capacitances and source voltage e (Theorem 3.2).

4) The electrical circuit of R, L, C, e type is not positive for any values of its
resistances, inductances, capacitances and source voltages if at least one its
branch contains a coil and condensator (Theorem 4.1).

5) The electrical circuit of the structure shown on Fig. 4.3 is positive for any
values of its resistances, inductances and capacitances (Theorem 4.2)

6) The positive n-meshes electrical circuits with only one coil in each linearly
independent mesh are reachable if all resistances of branches belonging to two
linearly independent meshes are zero (Theorem 5.3).

7) The positive electrical circuit shown on Fig. 5.2 is reachable if and only if the
conductances between their nodes are zero (Theorem 5.5 - condition (5.11)).

The considerations have been illustrated by examples of linear electrical circuits.
Some of these results can be also extended for the controllability and

observability of the linear electrical circuit. Open problems are extension of these

considerations for the following classes of the systems:

1) disturbed parameters linear systems,

2) nonlinear electrical circuits.
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