£ JOURNAL

FOR GEOMETRY AND ENGINEERING GRAPHICS

N

| GRAFIKI INZY

VOLUME 27 / DECEMBER 2015



THE JOURNAL
OF POLISH SOCIETY
FOR GEOMETRY AND
ENGINEERING GRAPHICS

VOLUME 27

Gliwice, December 2015



Editorial Board

International Scientific Committee
Anna BLACH,|Ludmita CZECI|-I, Modris DOBELIS (LatviaBogustaw JANUSZEWSKI,
Cornelie LEOPOLD (Germany), Vsevolod Y. MIKHAILENKQJkraine), Jarostaw MIRSKI,
Vidmantas NENORTA (Lithuania), Stefan PRZEW+LOCKkimela VELICHOVA (Slovakia),
Vladimir VOLKOV (Russia), Krzysztof WITCZXSKI

Editor-in-Chief
Edwin KOZNIEWSKI

) Associate Editors
Renata GORSKA, Maciej PIEKARSKI, Krzysztof T. TYTRASKI

Secretary
Monika SROKA-BIZQN

Executive Editors
Danuta BOMBIK (vol. 1-18), Krzysztof T. TYTKOWSKNW6I. 19-27)

English Language Editor
Barbara SKARKA

Marian PALEJ — PTGIGI founder, initiator and the
Editor-in-Chief of BIULETYN between 1996-2001

All the papers in this journal have been reviewed

Editorial office address:
44-100 Gliwice, ul. Krzywoustego 7, POLAND
phone: (+48 32) 237 26 58

Bank account of PTGIGI : Lukas Bank 94 1940 18@68 1799 0000 0000

ISSN 1644 - 9363

Publication date: December 2015 Circulation: 160&s.
Retail price: 15 PLN (4 EUV)



The Journal of Polish Society for Geometry and Begiing Graphics
Volume 27 (2015), 9 - 15 9

RECTANGULAR POLYGONS AND ITS SHAPE PARAMETERS

Edwin KO ZNIEWSKI

Bialystok University of Technology, Faculty of didind EnvironmentaEngineering,
ul. Wiejska 45E, 15-351 Biatystok, PL,
e-mail: e.kozniewski@pb.edu.pl

Abstract: The author's interest in rectangular polygon skapsulted from the observation
of plans of detached houses. It is also a conseguehthe author's research into roofs. This
paper summarizes the basic properties of rectangualggons and formulates three parameters
characterizing the shape of a rectangular polygerimeter defect, area defect and span.

Keywords: rectangular polygon, perimeter defect, area defguan of rectangular
polygon, roof skeleton (straight skeleton)

1 Introduction and basic properties of rectangular plygons

Most buildings, especially detached houses, laulthe plan of a polygon that has convex
or concave angles [3,4]. Such polygons have infegesproperties. Some of them
are described in [3,5], including one that is fuméatal to the figures. Let us recall it.

Figure 1. City Hall in Bialystok — example ofFigure 2: Plan of the Town Hall as a rectangular
a building on the set of rectangular polygon (adho polygon (on the left). Study of the shape of thefro
photo) of City Hall in Biatystok (on the right)

Assume that the simply connected polygon RP witlertices and the convex angles
(of 90 degrees) and the concave angles (havingd2gdees) are given (Figs. 3, 4). Such
a polygon is called eectangular polygori3,4]. It turns out that the rectangular polygonsn
have an even number of sides. Indeedniflenotes the number of convex angles, knd
denotes the number of concave angles in afgon we obtain the following system
of equations

m®0° +k 270 =(n-2) 180, )
m+k =n,
wherem, k andn are integers. The solution of the system (1)paiaof numbers
m="+2k=0-2 @)
2 2
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10 E. Kozniewski Rectangular Polygond &s Shape Parameters

Immediately we can see that it would release (2)esy (1) there where a numhemust

be even and (then) the difference betwearandk equals 4. So, there is not any rectangular
polygon with an odd number of sides. The differehedveen the number of convex angles
and the number of concave angles is four. Everyangte has no concave angles,
a rectangular hexagon has one reflex angle, regkangctagon has two concave corners,
decagon - three, etc. [3,4].

In order not to consider degenerate polygons ane l@afairly broad class figures
we assume that the rectangular polygons describexidre connected regions, and may have
holes (Fig. 1c). Consistency of a polygon (gengrdéitermined for a planar set) means that
any two points of the polygon can be connected dyaken line (a polygonal line [2])
contained within the polygon.

If we consider a rectanguld&connectedn-polygon RP! (i.e. withl-1-holes anch

vertices, then everith hole is a simply connected rectangular polygath h; vertices ( =
1,2, ..., I-1). The sides of the rectangular simply connecpadygon are mutually

1-1
perpendicular or parallel. Then we haves ng + > h, whereny is the number of vertices
i=1

of the polygon containing a hole treated as a sinsphnected polygon. Then every convex
angle ofi-th rectangulat;-polygon is concave, and vice versa. Using thetsolu(2), for

thel-connected rectangular polygon withl hi-angled holesj = 1,2, ...,I-1 the number
of concave angles is equal to
k="o +'§(ﬁ+zj @3)
2 EWi ’
andthe number of convex angles is equal to
_ N, "1(h j
m=-—_+2+)>| -2 4
5 Zl‘, ) (4)

It is easy to see thatt+k=n.

2 Rectangular polygons inscribed in rectangle. Pameter defect and area defect

Next we will consider rectangular polygons inscdb@ a rectangle (Fig. 3). The sides
of the rectangular polygohconected RPare mutually perpendicular or parallel. One can
imagine that when walking along the border of thetangular polygon we are going in four
directions: forward (fd), left (lt), right (rt) andback (bk). As the number of vertices
of the rectangular polygon is finite, then at sopmnt we find ourselves at the very front
(a line segment ftdefining a line ft (ftOft) and the half-plane ft containing polygon RP
(RPOft ™)) (Fig. 3a). In another case we find ourselvethinrightmost section (line segment
rt= defining a line rt (fOrt) and the half-plane Tt containing polygon RP(RPIrt™))
(Fig. 3al), in still another case we are at the/ Wack (a line segment rrdefining a line rr
(rrOrr) and the half-plane trcontaining polygon RP(RPCrr)) (Fig. 3a2), and finally,
we find ourselves in the leftmost section (a limgreent [t defining a line It (ltOIt) and
the half-plane It containing polygon RRRPUOIt ")) (Fig. 3a3). These extreme lines ft, It, rr,
rt, clearly define the rectangle R =ft It"n rr~n rt”. Then REJR. There is a one-to-one
correspondence of this polygon with the rectanghehich it is inscribed.
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a) \Y - al)

az)

a3) ad)
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Figure 3: Creation of a rectangle circumscribedtmnrectangular polygon: a) the position "at thenft a line
segment ft a straight line ft (fJft) and a half-plane containingft the polygon RP(RPUft)); al) a line
segment ft, a straight line rt (1rt) and a half-plane tt containing the polygon RRRP Ort™); a2) a line
segment fr a straight line rr (fElrr) and a half-plane fr containing the polygon RRRP Orr~); a3) a line
segment It a straight line It (I£lt) and a half-plane 1t containing the polygon RRRP Olt~); a4) four half-
planes uniquely define the rectangle circumscribedhe rectangular polygon; a5) a rectangle cismribed
on a rectangular polygon

We shall say that RRs a rectangular polygon inscribed in a rectariR)lé and only
if RP' OR and each side of the rectangle R contains at s side of the polygon RP
The rectangle R can be considered as circumscrilmethe polygon RP We agree that
the sides of the rectangle R are parallel to the aka Cartesian coordinate syst€@xXY,
the axisOX s horizontal, the axi®Y — vertical. Note that on every rectangular poly@eith
a finite number of sides, because we are only géingeal with these), you can clearly
circumscribe a rectangle. It is defined by two paif parallel lines, designated by parallel
sides of the polygon which are the most distaninfeach other if©X andOY orientations.
As we have already mentioned the considered reglangolygons are coherent sets.
Consistency of RPL polygon inscribed in a rectarigleneans that any straight line parallel
to the sides of the rectangle R containing the tgaimside the rectangle also includes inner
points and boundary points of the polygon' RRFig. 3). Then each boundary point
of the rectangle R is the orthogonal projectiorabfeast two polygon RBoundary points.
One can use the sides of the' RBlygon (after parallel shift to th@X, OYaxes respectively
to the edge of the rectangle R) as “wallpaper'tiier boundary of the rectangle R. Note that
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12 E. Kozniewski Rectangular Polygond &s Shape Parameters

if p(F) denotes the perimeter of a region F, with resge the RP polygon inscribed
in a rectangle R, we can write

P(RP) = p(R) +Ap(RP), (5)
where

Ap(le): gZi (Xy,p + rg:zj ojs2 s 6)

whereas X2 is the sum of the measurements of orthogonal ghiojes to the sides
of the rectangle R of all parts of sides of tt@ygon RP parallel to the axi©©X, that
intersect the straight line parallel to the ag}¥ at 24 points in total, withi=0,1,...n—1
(Fig. 4a), yo+2 is the sum of the measurements orthogonal projstito the sides
of the rectangle R of all parts of sides of theygoh RP parallel to the axi©X(OY), which
intersect the straight line parallel to the a®i¥ (OX) at 3 points in total, withj=0,1,...m-1
(Fig. 4b). The number r2(2m) means the maximum number of sides of the polygéh
parallel to the axi©OX(QY), which are intersected by the line parallel te HxisOY (OX).
The size Ap(RP), defined by the formula (5) will be called theerimeter defect
of the polygon RP

a) \Y b) \Y c) \Y

, f =

Figure 4: Rectangular polygons inscribed in a mggla a) a simple connected polygon, monotonic wespect
to both axes, i.e. normal; b) a simple connectelygom monotonic with respect to the ax@Y; but non-
monotonic with respect to the ax@X; ¢) the polygon 3-connected non-monotonic wipeet to both axes

a) \Y b) AY c) \Y

12
1
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Figure 5: Rectangular polygons inscribed in a mglawith dimensions ofxy, x=9u, y=12u: a) with a big area
defect (a=88u?), rda=0,81 (81%), and zero’s perimeter defedp = 0 (0%): b) with a positive perimeter defect
(Ap=24u, rdp=0,57 (57%)), with area defechg=38u% rda=0,35 (35%)); c) with a positive perimeter defect
(Ap=40u, rdp=0,95 (95%)), with area defectd=44u? rda=0,41 (41%))
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If all straight lines parallel to the ax@@Y (OX) intersect only two sides of the polygon
RP parallel to the axi©X(OY), thenn=1 andi=0 (m=1 andj=0) and then due to (5) we have
Ap(RP) = 0, which is a defect of the rectangular polygoscribed in a rectangle which
equals zero (Fig. 4a). Then, according to §@P) = p(R), i.e. a perimeter of a polygon
inscribed in a rectangle is equal to the perimetdhe rectangle. Such a rectangular polygon
will be called anormal rectangular polygon inscribed in a rectangle (Fig). A normal
rectangular polygon is a monotonic polygon withpexs to any straight line not parallel
to the sides of the bounding rectangle (a polygaralledmonotonicwith respect to the line |,
if for any line I' perpendicular to | the intersext of the polygon with I’ is connected) [2].
In other words, a normal rectangular polygon welspect to the rectangle has the property
that any straight line parallel to the sides ofrdeangle, to the axi®Y(OX) intersecting the
rectangle in inner points intersects exactly twdesiof the rectangular polygon 'Riarallely
to the axisOX (OY).
The second parameter that characterizes the geowfethe rectangular polygon RB its
areaa(RP) (general area(F) of a region F). A area of a rectangular poly&his expressed

a(RP)= a(R) —Aa(RP), (6)

whereAa(RP) will be called thearea defecbf the polygon RP

Perimeter defect and area defect of the polygome@fin absolute terms do not
reflect the size of the measurement deviations fpenimeter and area of a rectangle. Besides,
in practical applications these will depend on #Hezepted measurement units of length
and area. Therefore, it is desirable to describsglmeasurement deviations (from the ideal
figure — a rectangle) in a relative manner. Let us intr@edduberefore, two concepts:
therelative perimeter defedf the rectangular polygon

Ap
rdp(RP)= , 7)
P(R)
and therelative area defeabf the rectangular polygon
Aa
rda(RP) = — . 8
a(RP) a(R) (8)

Relative defect of area, with the defect of pergne¢qual to zero, shows the degree
of "imperfections” of the border line. The samegt of perimeter takes up roughly

ha [100% smaller area; so there is loss in the ard@eatame perimeter. Because the larger

a(R)
the perimeter defect the larger perimeter, areaatl@fith increased perimeter results in even
greater losses of the area.

3 Span of rectangular polygon

An important structure parameter of a buildingtss Span. This insight allows you to apply
the concept of span to a rectangular polygon. l@ tase of a building this will be
the maximum distance between two parallel wallee §bestion remains which of the walls,
if there are a number of such parallel walls? ih$uout that in the case of a building it is good
to use the hipped-roof ends, but prior to that thef needs to be solved. In the case
of a rectangular polygon we shall act in a simifeanner by constructing a straight skeleton
(clearly defined for the polygon) [1,3]. Treatirfietedge of the rectangular polygon as a line
of eaves we construct the skeleton of the roof.(Bly. By the spas(RP) of a rectangular
polygon we mean the largest projection height df rabf surfaces measured relative
to the eaves of the roof (Fig. 6). For a given agtlaphic skeleton of a roof stretched over
the edge of the rectangular polygon it is founthimfollowing way:
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Figure 6: Determining the span of a rectangulaygah: a) after the first overview the span valuagfolygon
is not directly visible: s2 or s3 or perhaps s47;dfter constructing a simple skeleton the algamith
for determining the span is easy to formulate; shape close to rectangular polygon

1: From the corner points skeleton of the roof westruct line segments f s; lengths

descended into the eavesj] (the base of the corresponding polygoniof)¢th hipped roof

end) [3]. The two-index hipped roof end indicatoese derived from [3], where
for the generalizeticonnected polygonsrepresents the number of a polygor (1) or sub-

polygon-hole ( = 2,3,...,), ] - eaves number (hipped roof end number) of theguoly(sub-

polygon) (= 1,2,3,...]) (Fig. 7).

a) A Ass b)
5
Cs Cs
F 2 C33" A_L4 AELS
‘ |Ss3
Cl 6031 o 3
J C, Js’lg C, Gi3
AJ C.I.B A_E cz
1 2
AU C12 A12

Figure 7: Determining the span of a 3-connectethrggilar polygon RP a) a 3-connected rectangular polygon
indicating the polygon Cand sub-polygons (holes),aC; of the line segment defined in Figure 7b e defjnin
a span; b) the process of determining the sp@R®) by solving the roofs(RP’) = 25,5, (RP’) = 2[5, as well
as the sum af(RP®) = s5 + 33 heights of hipped roof end adjacent to each ailerg the ridge

2. The length of the maximum hipped roof end heigtultiplied by 2 is the span
of a polygon, ie.
S(RP) = 2ax(s;}. (10)
ij

This is another interesting application of geometithe roof (straight skeletons), this time
to facilitate the formulation and determination tbé rectangular polygon span, as a result
of a fairly simple geometric process involving viag the height of slope following
the eaves. The span of a polygon indicates itsndele qualities. Note that the span
of a rectangle is equal to the length of its shasige.

It is worth noting that the concept of span cangeeeralized to any polygon, not
necessarily rectangular and that if eg. span ofiamdle is equal to the double distance
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of the point of intersection of the angle bisectbimn any side. The concept of span can
be generalized to any planar region in which agatycan be inscribed.

4 Conclusions

The properties of rectangular polygons and theirapaters can be used to describe
and analyze the shape of buildings (especiallyctheid houses) and their optimization. These
properties, in practice, for example, applied téiroze the shape of the building, can also
be used for a number of shapes similar to rectamgublygons (Fig. 6c¢). Naturally, this
requires further study and discussion to checkpitssibility to override the lack of precise
shape of a rectangular polygon.
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WIELOK ATY PROSTOKATNE | PARAMETRY ICH KSZTALTU

Zainteresowanie wielakami prostoktnymi wyniklo z obserwacji ksztattu planéw domoéw
jednorodzinnych. Jestekonsekweng bada autora dotycacych dachéw. W pracy podano
podstawowe wilasiai wielokatéw prostolstnych i sformutowano trzy parametry
charakteryzujce ksztalt wielokta prostoktnego: defekt obwodu, defekt pola i rogpic.
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