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Abstract. In this paper, a nonlinear differential problem involving the p-Laplacian operator
with mixed boundary conditions is investigated. In particular, the existence of three non-zero
solutions is established by requiring suitable behavior on the nonlinearity. Concrete examples
illustrate the abstract results.
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1. INTRODUCTION

Elliptic differential problems with mixed boundary conditions of Dirichlet—-Neumann
type can be used to describe many engineering or physical phenomena, acting as
models in applied sciences. Stress and strain states on an elastic surface in mechanics
as well as solidification and melting of a material in industrial processes are just some
examples in which mixed conditions are involved. In particular, an intuitive example
is given by an iceberg partially submerged in water, for which mixed conditions must
be imposed on its boundary. Precisely, in the portion under the water, one imposes
Dirichlet boundary condition, while in the remaining part of the boundary that is
in contact with the air, Neumann conditions are used. For further details and more
information on physical applications of this argument, we refer to [7,12,13] and their
references. Starting from such motivations, several authors established regularity,
existence and multiplicity results of the solutions (see [1,5,8,9,11]). We also cite
the interesting papers [10,14,15], where further nonlinear differential problems, useful in
describing different physical phenomena, have been recently investigated. In particular,
with regard to the multiplicity of solutions for mixed problems, we cite [4] and [8]
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where, under appropriate hypotheses, the existence of two non-zero solutions have
been guaranteed. Here, our main aim is to ensure, under a suitable set of assumptions,
the existence of three non-zero solutions. Precisely, in this paper, we consider a mixed
nonlinear differential problem involving the p-Laplacian even with a nonhomogeneous
term in the Neumann condition and we obtain the existence of three weak solutions
to the problem

—Apu+ q(x)|ulP2u = Af(z,u) inQ,
u=20 on I'y, (M)\»M)
Vul[P=2 54 = jig(u) on Ty,

where ) is a nonempty bounded open subset of the Euclidean space (R”,]-|), n > 3,
with boundary of class C!, T'y, 'y two smooth (n — 1)—dimensional submanifolds of 95
such that Ty Ny = ¢, [ ULy = 99, TNy = ¥, with ¥ a smooth (n—2)—dimensional
submanifold of 09, ¢ € L>(2) with gp := essinfqoq > 0, Ayu = div (|Vu|p_2Vu),
with p > n, f: Q xR — R is a Carathéodory function, g : R — R is a nonnegative
continuous function, A and p are real parameters, with A > 0 and p > 0, and v is the
outer unit normal to 0f.

In this paper, we present two main theorems. In the first one (Theorem 3.1), we
require on the primitive of the function f a growth, which is more than quadratic
in an appropriate interval and less than quadratic at infinity, and an asymptotic
condition on g, obtaining so three non-zero solutions (see also Remark 3.2). In the
second one (Theorem 3.3), assuming on f a sign hypothesis and a suitable behavior
in an appropriate interval, the existence of three solutions, which are in addition
uniformly bounded with respect to the parameter, is again ensured, without requiring
asymptotic conditions at infinity either on f or on g. Finally, special cases of main
results are pointed out (see Theorems 3.4 and 3.5) and some concrete examples are
included (see Examples 3.6 and 3.7). By way of example of our results, we present
here the following particular case.

Theorem 1.1. Let f: R — R be a nonnegative continuous function and assume that

1€ _ o 1)

g0+ EP—1 g oG0P

=0. (1.1)

Then there exists \* > 0 such that for each \ € |]\*, +oo[ the problem

—Apu+ q(@)|ulP2u = Af(u) inQ,

u=0 onT, (AM))
g—g =0 on Ty,

admits at least three nonnegative weak solutions.

The paper is organized as follows. In Section 2, we present preliminaries and main
tools, while Section 3 is devoted to main results.
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2. PRELIMINARIES AND BASIC NOTATIONS

In this paper, the multiplicity of solutions to the problem (M) ,) is achieved by varia-
tional methods and in particular by exploiting critical point theorems for differentiable
functionals of type ® — AV defined on a real Banach Space X. To this end, we introduce
some basic tools.

Let X be a subset of the Sobolev space W1P(Q), we mean

X = WAL (Q) = {ue W'P(Q) s.t. up, =0}

endowed with the norm
1/p

[ull = /\VU(I)lpdﬂﬂ + /Q($)|U(1‘)\pd93
Q Q
A weak solution of problem (M ,) is any u € X such that

/\Vu(x)|p_2Vu(x) -Vo(z)dx + /q(x)\u(a:)|p_2u(x)v(x)dx

Q

. / £ () o) de + g / o(1(u(@)))y(v(z))do,

I

for all v € X, where v : W'P(Q) — LP(8Q) is the trace operator.
We recall that, since p > n, WP(Q) is embedded in Cy(Q) so X is embedded

in Cp(£2). Therefore, by setting

Supy e [u(2)]

k= sup 15
ueWr(Q)\{0} (fQ |Vu(x)|pdz + fQ q(x)\u(x)V’dz) »
we have
[ulloo < Ellull, (2.1)
where || - || is the usual norm in L ().

We recall that if €2 is convex, an explicit upper bound for the constant k is

b~ 25 { (fQ q(lx)dxf | dm:z(ﬂ) (g:imms(g)yf m}

where diam(Q) is the diameter of Q, meas(Q)) is the Lebesgue measure of € and,
obviously, k < k1 (see [2, Remark 1]).

Throughout the sequel, f : @ x R — R is an L!-Carathéodory function and \ is a
positive real parameter and p a nonnegative real parameter.
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We recall that f: Q x R — R is an L*-Carathéodory function if:

1. 2 — f(x,€) is measurable for every £ € R;
2. £ f(z,€) is continuous for almost every x € ;
3. for every s > 0 there is a function I € L'(2) such that

sup |f(z, &) < ls(x),

1€1<s

for a.e. z € Q.

Put

t
Fa,t) = /f(x,g)dg forall (z,¢) € Q x R,
0
t

G(t)= [ g(&)d¢ forall teR.

o

Now, we define the following functionals. For any u € X, set
1
D(u) := —lul/?,
p

and

(u) = / F(a,u(e))dz + & / G(y(u(x)))do,
Q I's

for all u € X.
Now, denoting the Euler function by

+oo
I(t) := / 2*"le7*dz, forallt >0,
0

we define . N
. — U
olp,n):= inf ————,
#,m) pelo,1f p (1 — p)P
1 ﬁn

and consider 7 €]0, 1] such that o(p,n) = R

Moreover, let

R := sup dist(z, 0€2).
€N

Simple calculations show that there is zo € Q such that B(zg, R) C €, and, for
7 €]0,1[, one has B(xg,ER) C B(zo, R). Further, put

. 1
ga(p,n) :=@" + mnB(ﬁ,l)(mp +1),
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where B 1)(n,p + 1) denotes the generalized incomplete beta function defined as
follows

1
By (n,p+1) : /ﬂl t) Pt
I

We also denote by

[NE

i
wp = ———R",
BT+ D)

the measure of the n-dimensional ball of radius R, and

a(T9) = /da.

I

The following lemma guaranties the nonnegativity of the weak solution under
appropriate hypothesis on the nonlinear term.

Lemma 2.1 ([4, Lemma 2.3]). If we assume f(z,0) > 0 for a.e. x € §, then the weak
solutions of problem (M) are nonnegative.

As said before, our main tools are three critical point theorems that we recall here.
The first one has been obtained in [6], and it is a more precise version of Theorem 3.2
of [3]. The second one has been established in [3].

Theorem 2.2 ([6, Theorem 2.6]). Let X be a reflexive real Banach space, ® : X — R
a coercive, continuously Gateaux differentiable and sequentially weakly lower semi-
continuous functional whose Gateaux derivative admits a continuous inverse on X*,
U : X — R a continuously Gateauz differentiable functional whose Giteaux derivative
is compact such that

®(0) =9(0) =0. (2.2)

Assume that there exist v > 0 and u € X, with r < ®(u), such that:

SUPyea-1(J—ooy)) P(W)  W(a)
(a1) r < 3(a)’
(ag) for each A € A, = o(w) z [, the functional I, = ® — \U

()’ SUP, cp—1(]—oo,r]) W(u)

s coercive.

Then, for each A € A,., the functional I = ® — AV has at least three distinct critical
points in X.

Theorem 2.3 ([3, Corollary 3.1]). Let X be a reflexive real Banach space, ® : X — R
a conver, coercive and continuously Gateaux differentiable functional whose Géateauz
derivative admits a continuous inverse on X*, ¥ : X — R a continuously Gateauz
differentiable functional whose Gateaux derivative is compact such that

inf @ = ®(0) = ¥(0) = 0. (2.3)
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Assume that there exist two positive constant r1, ro and u € X, with 2r; < ®(u) < %,
such that:

(b ) supueq,fl(],ooﬁ[) \I/(’LL) < E\I/(’EL)

! 1 3 ®(u)

) Supu6q>_1(]—oo,7‘2[) \II(U) < 1\:[/(71)
T2 3@(u)’

(b2
(b3) for each
30(u) T T2

AeEA, = |z———=,min )
ne 2 \Ij(u) Supueéfl(]—oo,rl[) \Il(u) 2supu€¢*1(]—oo,r2[) \Il(u)

and for every uy, us € X, which are local minima for the functional Iy = ® — A\,
and such that ¥(uy) > 0 and ¥(ug) > 0 one has infiepo 17 ¥ (tug + (1 —t)uz) > 0.

Then, for each A € Ay, ,, the functional Iy = ® — AV admits three distinct critical
points which lie in ®~1(] — oo, ra[).
3. MAIN RESULTS

In this section, we present our main results. To this end, consider the problem (M) ,)
as given in the Introduction and put

0= R T,
P
blosmomm + s [ @R fe—mllde+ B [ gfa)da
B(zo,R)\B(zo0,nR) B(zo,nR)

where R, k, wg, i, o(p,n) and g(x) have been defined in Section 2.
Here and in the sequel we assume that f(z,0) > 0 for a.e x € Q. The first main
result of this section is the following theorem.

Theorem 3.1. Let f: QxR — R be an L'— Carathéodory function and let g : R — R
be a nonnegative continuous function. Assume that there exist two nonnegative constants
c and d, with ¢ < d such that

fQ maX\E\SCF(‘r7€>d‘r < &P fB(%,ﬁR) F(x’d)dx’ (3.1)

cP dp
F(z,t) >0, forall (x,t)€Qx][0,d], (3.2)

F
lim sup {sup (1’,5)] =0, (3.3)
€| o400 e &P
and o

lim sup Ge) < 400. (3.4)

€] —+oo &P
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Then, for each

AEAN =

1 dP i cP
pkP§P fB(xo,ﬁR) F(x,d)dz’ pkP [, max¢|<. F(z,&)d

there exists 1 > 0 with

P — A\pk? [, max¢|<. F(x, &)dx !
pkPa(I'3)G(c)

7 = min ,

" max {07pk:1’a(F2) lim sup ¢ 4o %}

such that for each p € [0,7] the problem (M ) admits at least three weak solutions.

Proof. Our aim is to apply Theorem 2.2. To this end, fix A, 4 and g satisfying our
assumptions. So, our end is to verify conditions (a;) and (as) of Theorem 2.2. We
observe that ® and W, as given in Section 2 satisfy all regularity assumptions requested
in Theorem 2.2 and that the critical points in X of the functional I, = ® — AV are
precisely the weak solutions of problem (M) ). Now, define

0 if € Q\ B(zo, R),
u(x) = ﬁ(RfkcfmoD if x € B(zo, R) \ B(xo,GR),
d if © € B(xo,zR),

and put r = % (%)p

Clearly, @ € X, and one has

U (7) = F x,%m—m—xol) dx + F(z,d)dzx
R(1-T7)

B(zo,R)\B(zo,1R) B(zo,pR)
> / F (z,d)dx,
B(l’o,ﬁR)
and
3 (@) 1<d>p[w 70 (p, ) + — (2) |R — |z — zo[?| dz
=—\5 o\p, T — - -
o\ g) |errol Ty q 0
B(zo,R)\B(zo,iR)
1/ d\’
p N
+R / q(m)dx] p(k‘é) .

B(xo,R)

Moreover, from ¢ < d and (3.1) one has dc < d. Indeed, arguing by a contradiction,
if d¢c > d,

Jomax¢<. F(z,&)dx - Jo F(x, c)dx - Jo F(x,d)dx

cP cP cP

> fB(azoyﬁR) F(JU, d)dﬂf - fB(mg,ﬁR) F(x, d)dl‘
= P > T

)
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and this is an absurd for which our claim is proved. Hence, it follows that

d(u) > r. (3.5)
Moreover, for all u € X such that u € ®~! (]—o0,7]) and taking (2.1) into account,

one has .

u(z)] < Kllull <k (pr)» =c.
So, since g in nonnegative and owing to (3.2) one has
U(u) = /F(a:,u(x))dx LB / G(y(u(z)))do < | max F(x,t)dx + % max G(t)do

A lt/<c t]<c
Fz Q FQ

= /F(x, c)dx + %a(Fg)G(c),
Q
for all u € X such that u € @~ (]—o0, r]). Hence,

sp W(u) < / F(a,c)dz + Xa(T)G (o) (3.6)

u€d—1(]—o0,r)) )

Therefore, since p € [0,7], and owing to (3.5) and (3.6), one has

supueéfl(]—oo,r])\l/(u) < pr maxi¢ <. F(x,§)dw i o) :
kP o(T 1
r < pk cP +p )\a( 2) > < 3

< pprgp Bz @ d)dz_v(@

v 3(@)

Therefore, hypothesis (a1) of Theorem 2.2 is verified.
Now, since p < 7, we can fix [ > 0 such that

G(©)

limsup —= < [,
€] =00

and pl < . Therefore, there exists T' € R such that

1
pkPa(T2)

G(§) <IEP+T,
for each (z,£) € Q x R.

Finally, fix 0 < € <
he € LY(9) such that

1 _ _pla(T2)
pAkPmeas(Q) Ameas(€2)*

From (3.3) there is a function

F(2,8) < e€” + he(x),
for each (z,£) € Q x R. It follows that, for each u € X,

1
In(u) = ®(u) — A\ (u) > P AekPmeas(Q) — plkPa(Ta) | |u||” — AMhe|ls — pTa(Ts).
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This leads to the coercivity of I, and condition of Theorem 2.2 is verified.
Since, from (3.7), Theorem 2.2 assures the existence of three critical points for
the functional I, and the proof is complete. O

Remark 3.2. We explicitly observe that if we consider
5 K -
klwr (5"o(p,n) + llqllcc R g(p, m))]”

clearly we have 5 < 6. So if we assume

fQ mameCF(x,ﬁ)dx 6p fB(wo,uR) F(x,d)dx

cP dar

, (3.7)

the assumption (3.1) is satisfied and, by using (3.7), the coefficient § is easier to
calculate. From (3.7), simple cases can be obtained, see Theorem 3.4.

We also emphasize that the assumption (3.1) allow us to assume in addition
f(z,0) # 0, x € Q, for which all the three obtained solutions are non-zero.

Now, we state a second result on the existence of three solutions. Here no asymptotic
condition on g and f are requested.

Theorem 3.3. Let f: QxR — R be an L'-Carathéodory function. Assume that there
1 1
exist three nonnegative constants c1, co and d, with 2»dcy < d < 27 »dcy such that

f(x,8) >0, forall (z,8)€Qx|0,c], (3.8)
Jo F(z,cr)dz 2 pr (z0,iR) F(z,d)dx
z 75 7 , (3.9)
and I Fle.d)d
Jo F(z, co)dx pBlwo,ur) £\ @)AT
Z 75 7 . (3.10)

Then, for each

3 dp i . o cg
2pkp P fB(zo IR) F(a:,d)dx’pkp fQ z,c1)dx’ [ F(z,co)da | |’
and for each nonegative continuous function g : R — R there exists n > 0 with
] {C’f — ApkP [ F(x,c1)dx ¢ — 2\pk? [, F(x, cz)dx}
= mi , ,
K pkPa(T2)G(cr) 2pkPa(T) G (ca)

such that, for each p € [0,n[, the problem (M ,) admits at least three weak solutions
u;, 1 =1,2,3, such that 0 < u; < ¢ for alli=1,2,3.

AE ANy =

Proof. Without loss of generality, we can assume f(xz,t) > 0 for all (z,t) € Q x R. Our
aim is to apply Theorem 2.3. To this end, fix A, p and g satisfying our assumptions
and take X, ® and ¥ as in the proof of Theorem 3.1.
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We observe that ® and VU satisfy all regularity assumptions requested in Theorem 2.3
and that the critical points in X of the functional ® — AW are precisely the weak
solutions of problem (M) ). So, our end is to verify conditions (b1)—(bs) of Theorem 2.3.

P

We define @(z) as in Theorem 3.1 and put r; = 1% (%)p, and ro = % (%)

Arguing as in the proof of Theorem 3.1, we obtain that

U(u) > / F (z,d) dx,

B(I(} 7ﬁl:i)

oo L2

Therefore, from 2%(5101 <d< 27%6202 one has

and

21 < B(7) < %2 (3.11)

Moreover, for all u € X such that u € ®~* (]—o0,7;[) with ¢ = 1,2 and taking (2.1)
into account, one has

lu(@)| < kl|ul| < k (pr1)? = ¢, with i=1,2.
So, since g in nonegative and owing (3.8) one has
U(u) = /F(x,u(m))dx—i— H/G(u(m))dw §/ sup F(z,t)dx + H/ sup G(t)dx
A [t|<ci AJ pi<e
Q Iy 2
= /F(x,ci)da:—l— %a(FQ)G(Ci)dx,
Q

for all u € X such that u € @71 (|—o0, r;[) with i = 1,2. Hence,
sup U(u) < /F(x, ¢i)dr + Ea(Fg)G(ci). (3.12)
u€P—1(]—o0,r;[) o A

Therefore, since p € [0,7], and owing to (3.11) and (3.12), one has

SUPyea—1(]—oo,m[) P (1) - pfﬂ F(x,cy)dx ol G(c1) 1
Jo &\ H)BRE P oar -
- < pk & + pk )\a( 2) & < 3
< 2 g dnaan P @ ddr 2 v@
3 dr 3 d(u)
and
SUPyed—1(]—oo,ra]) Y (U) Jo F(z, co)dx p Glez) 1
2 < 2pkP=t 4 2pkP—q(T —
rg < 2pk Z +pk)\a( 2) Z <)\
_ o F(z,d)dz q
< g101#’51” Joomm ¥ () < E\Ij(g).
3 dr 3 ®(u)

Therefore, hypothesis (b1) and (b2) of Theorem 2.3 are verified.
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Finally, we verify that satisfies assumption (b3) of Theorem 2.3. Let u; and us
be two local minima for & — AW. Then u; and us are critical points for & — AW, and
so, they are weak solutions for the problem (M) ,). For every positive parameter A
and for every (z,t) € Q x [0,+00[ one has Af(x,t) > 0, hence, owing to the Weak
Maximum Principle (see for instance Lemma 2.1) we obtain uq(z) > 0 and ug(x) > 0,
for all z € Q. Then, it follows that sui(z) + (1 — s)ua(z) > 0, for all s € [0,1],
and that \f (z, su1 (z) + (1 — s)ua(x)) + pg(sui(x) + (1 — s)uaz(x)) > 0, and, hence,
U (suy(z) + (1 — s)uz(x)) > 0.

From Theorem 2.3, the functional ® — AW has at least three distinct critical points
which are weak solutions of problem (M) ,) and the conclusion is achieved. O

Now, we point out some results in the autonomous case. To be precise, let f : R — R
be a continuous function and consider the following mixed boundary value problem
involving the p-Laplacian

—Apu+q(x)|ulP72u = Af(u) in Q,

u=~0 on I'y, (AM))
% =0 on Fg.

Theorem 3.4. Let f: R — R be a nonnegative continuous function and assume that

there exist two positive constants ¢ and d, with ¢ < d such that, fized k= nf:;ﬁ(g)
F(e) _2F(d)
o <k TR (3.13)
and P
lim sup Fe) =0. (3.14)
gls+o0 &7
Then, for each
1 dp 1 cP

AEA =
€M }pkpépwﬁg F(d)’ pkPmeas(Q) F(c) U

the problem (AM)) admits at least three weak solutions.

Proof. Our aim is to apply Theorem 3.1 with ¢ = 0 and f depending only on the
second variable. Since f is a nonnegative function, one has

JF(6)d F(e)d F
Jo gz POt _ JoFO _ (29,
and
61) fB(-’”OyﬁR) F(d)diC _ 61)“}7 F(d)
dr o BR™ap

from condition (3.13) we obtain condition (3.1) of Theorem 3.3. Finally, condition
(3.14) follows from (3.3). Then, for each

1 dr 1 c? [
pkPoPwyr F(d) pkPmeas(Q) F(c)

the problem (AM,) admits at least three weak solutions. In particular, by Lemma 2.1
(see also [4, Lemma 2.3]) we obtain that the solutions are nonegative. O

AEKl ::}
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Theorem 3.5. Let f: R — R be a nonnegative continuous function and assume that
1 1
there exist three positive constants ci, co and d, with 2»dcy < d < 27 »dcy such that

Fler) _ 2 8an F(0)
o 3m(Q) dr’

(3.15)

Ples) _ 10%wmn F(d)
b 3m(Q) dr

(3.16)

Then, for each

3 dr

AE Ay = L i it %
27 | opkporarg F(d) pkrm(Q) -\ Fler) Flea) J |

the problem (AM)) admits at least three weak solutions u;, i = 1,2,3, such that
0<wu; <cy foralli=1,2,3.

Proof. Our aim is to apply Theorem 3.3 with ¢ = 0 and f depending only of the second
variable. Since f is a nonnegative function, one has

Jo max|5|§1)cl F(¢)dx _ Jo Fc(gl)dx — meas(Q) Fi?)’
Jo max|5|§gc2 F(¢)dx _ Jo Figcg)dx — meas(Q) F£§2)>
and
5P fB(zo,ﬁR) Fa, d)dx _ 5 fB(wo,ﬁR) F(d)dx _ 6pwﬁRF(d)

dr dr ar ’
from which and from conditions (3.15) and (3.16) we have conditions (3.9) and (3.10).
Then, for each

~ 3 dp 1 . I I
AE ANy = , min{ ——, —=—
2pkPoPwrr F(d) pkPm(§2) F(e1) F(ea)
the problem (AM,) admits at least three weak solutions w;, ¢ = 1,2, 3, such that
0<wu; <cgforalli=1,2,3. O
Finally, we point out the proof of Theorem 1.1, in the Introduction.

Proof. Our aim is to apply Theorem 3.5. Fix A € |A*, +o0], then there is d > 0 such

that
3 dP

A .
~ YkrSrn [ £(6)de

Then, from (1.1), there is ¢; < 27751d such that

Fla) 1 2 .., F(d)
7 < <3pk(5qu T

pkPm(Q)

>
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Moreover, there is ¢y > 275~1d such that

Fle) 1 2 F(d)
2pkPm(§2 <~ < ZpkPoP .
PRrm(@) == < 3 < gph0wrr=g
Hence, from Theorem 3.5 for each X € |A\*, +o00[ the problem (AM,) admits at least
three nonnegative weak solutions. O

Example 3.6. Let Q = {z € R?: |z| <1}, put p =4, and

Sttt <2,
flu)=1<¢éet if 2 <t <23,
et ift > 23,
Consider the following problem

—Agu+ |ul?u = Mf(u) in Q,

u=0 on I'y, (3.17)
% =0 on FQ.

We can choose 1 = % and, as a simple computation shows, we have
1 29

%,1)( ) ) = ?ﬁa

o(p,n) =0(4,3) =112,

B(ﬁ,l)(n,p + 1) = B(

WR — W1 :§7T.

Since ¢(z) = 1, then

0= o ,

g [MR (ﬁna(p’ n) + o R By (n,p + 1) + Rpﬁ")}

& (25.33)};
1= .
™
— 5-7
Then 54 = 38.32.83

Put ¢ = 1, d = 3¢ and we prove that all conditions of Theorem 3.1 hold. Indeed,

T =

with

Jomaxje<. F(z,&)de €2 i 2
< B o "
cP 24.5/%?§f T=9 53
Q
3e2 3.2
slpeomn F@dde 5.7 Jio.p) (¢~ 3¢*) do
dp T 98.32.83 (3¢2)’

5.7 w3,
T 99.38.83. &8 (ee _5e>ﬁ’
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finally

3-232

54

lim sup
[€]—+o0

sup ——=

=0.
z€Q é“p

= lim sup
|€] =400

[ F(l‘,f)}

2 2 23 2 e? 3 23 23
ze“t+e e’ + & Se ]

Then, owing to Theorem 3.1, for each

22.35.83 e® )
A€ 3 ;
5.7  e3€? _ %e2 25 .32¢2
the problem (3.17) admits at least three weak solutions.

Example 3.7. Let Q) = {sc ER3: || < 1}7 put p = 4, and consider the following
problem

—Ayu + |u|u = Nz| ( ul® |u|3e*|“‘> in Q,

u2+1
u=20 on I'q, (3.18)
gg =0 on I's.

We can choose 1 = % and, as a simple computation shows, we have

lim f(§) = lim (52:_1 — 65) =0.

e—0+ P71 g0+
1
lim f(§) = lim —e &) =0.
£—+o0 gp—l §—+o0 52 +1

Finally, we observe that

and

A" 3 inf !
= 1
PP d 3 _
2pkPéPwrR d>0 I <§5+1 — &3¢ g) d¢
3-83 . d*

inf .
22.5-7a>0 5 (d? —In(d? + 1)) + e=4(d3 + 3d? + 6d + 6) — 6
Then, owing to Theorem 1.1, for each

3-83 d*

A>
225720 L (d2 — In(d2 + 1)) + e~(d® + 3d% + 6d + 6) — 6

the problem (3.18) admits at least three nonnegative weak solutions. In
particular, the problem

—Ayu + |ul?u = 50|z (u‘;‘fl - |u|ge*‘“|> in €,
u=0 on I'y,
% =0 on I's,

admits at least three nonnegative weak solutions.
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