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1. 1D DPL model of a porous material

Let us consider a slab made of porous material with thick-
ness  d. Heating is generated at the bottom side by heat flux 
q(d). In addition the convection cooling is applied at the upper 
surface where the temperature is measured by a thermographic 
camera, as shown in figure 1.

The solution of 1D Fourier-Kirchhoff differential equation [1,  2] 
in frequency domain for a sourceless object takes a form [3–5].

	 	 (1)

where A and B are the integration constants.

The diffusion length L(j w) varies with frequency and is 
defined as in equation (2).

	
	 (2)

where k is thermal conductivity and Cth is volumetric thermal 
capacity. 
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The Dual Phase Lag (DPL) model assumes that the heat is 
transferred not only due to the temperature gradient. In addi-
tion, thermal energy can be generated and transfers if both the 
temperature and the heat flux are varying in time. In conse-
quence, two additional time constants are introduced displaying 
both an additional relaxation of heat tq and a lag of tempera-
ture tT [3, 6–8].
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Fig. 1. The model geometry
Rys. 1. Geometria modelu
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Using the Laplace transform for the equation (3) it is possible 
to redefine the heat flux and thermal conductivity in the more 
general forms [3]:
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The DPL method developed in this research is based on equa-
tion (1) and (2) with redefined thermal conductivity expressed 
by the equation (5).

The boundary conditions
The porous sample has the thickness d and is heating by the 
flux q(x = d) at the bottom side.
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At the upper surface the convection cooling with heat trans-
fer coefficient h is applied. It is assumed that the ambient tem-
perature is equal to 0.
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The solution of the model
Using the above equations, it is possible to define the set of 
two linear equations that allow calculating the integration 
constants A and B.

The integration constants take the forms:
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Analytical solution of the heat transfer model (1) for x = 0 
and x = d leads to determine both values of temperature in 
frequency domain.

	 T(x = 0, j w) = A + B	
		  (9)

	

The temperature and power of heating the sample from below, 
both defined in the frequency domain, allow to determine the 
thermal impedance Zth(j w) of an object (10). This is so-called 
transfer thermal impedance.

	
	 (10)

The cooled thermal camera MWIR Cedip Titanium registered 
the sequence of thermal images during heating the samples. The 
camera frame rate 100 Hz was selected and the images were reg-
istered during more than 800 s. Then, temperature evaluation 
in time was extracted from the marked region of interest as it 
is shown in figure 3.

3.	 Identification of thermal time 
constants in the DPL model of a porous 
material

Model parameters identification procedure consisted in mat-
ching the thermal impedance from the measurement and the 

Typically, power is the Heaviside step function represented in 
frequency domain as P(j w) = P0/j w.

2. Experimental setup

The experiments were performed by heating up a porous 
material slabs by an electronic circuit with a power transi-
stor (fig. 2).

The slab was thermally connected to the transistor using the 
thermal grease. The porous material slabs with different filling 
factors were fabricated using the 3D printer. Two values of filling 
factors 57 % and 76 % were chosen the experiments. The size 
of the cuboid samples made of the porous material was 12  mm 
× 7 mm × 5 mm. The constant power of P0 = 0.3 W dissipated 
in the transistor was selected. Such power can increase tem-
perature of the upper surface of porous material by about 30 K 
within a few minutes.

Fig. 2. The porous material on the heat source
Rys.2. Materiał porowaty na źródle ciepła

Fig. 3. Experiment: a) one of the 
registered thermal image of a porous 
material during heating up, b) 
measurement setup – MWIR camera 
above the sample during registration of 
thermal images
Rys. 3. Eksperyment: a) obraz termowizyjny 
materiału porowatego zarejestrowany 
podczas grzania, b) stanowisko pomiarowe – kamera MWIR umieszczona 
nad badaną próbką podczas rejestracji sekwencji termogramów

a) 				           b)
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Table 1. Parameters of the model tested by different optimization algorithm
Tabela 1. Parametry modelu wykorzystane do testowania różnych algorytmów optymalizacji

Parameter Model 1 Model 2 Model 3 Initial param. 1 Initial param. 2 Initial param. 3

t
T
, (s)

tq, (s)

cvth, (J/m3K)

h, (W/m2K)

k0, (W/m·K)

200

10

105

10

2

20

100

105

20

1

100

50

105

30

1

50

50

105

50

1

10

10

106

50

0.5

100

100

106

20

1

Table 2. Thermal impedance matching errors and execution time for various optimization algorithms
Tabela 2. Błędy dopasowania impedancji termicznej oraz czas działania różnych algorytmów optymalizacji

Initial  
param.

Optimization 
method

Model 1 Model 2 Model 3

error time error time error time

1

paretosearch

patternsearch

gamultiobject

fmincon

twiddle

3.5·103

0.104

5.43·104

0.0103

1.51·10-9

8.29

6.64

7.49

1.83

8.21

8223.30

1.06

7108.90

0.09

0.0

10.68

10.07

6.52

1.67

8.4

1052.50

0.14

1985.80

0.10

0.0

16.74

5.85

6.57

1.68

8.51

2

paretosearch

patternsearch

gamultiobject

fmincon

twiddle

3.50·103

0.0

4.87·104

0.0634

1.67·10-9

9.14

1.16

6.24

1.78

9.02

8.22·103

12.1357

7.88·103

0.0059

1.13·10-9

10.36

17.9

6.39

1.83

9.07

1052.50

0.418

1816.60

0.02

0.0

12.45

3.19

6.58

1.72

8.57

3

paretosearch

patternsearch

gamultiobject

fmincon

twiddle

3.50·103

150.225

6.41·104

0.0016

1.73·10-9

6.95

18.38

6.2

1.79

8.1

6.06·103

12.64

8.76·103

0.0049

1.20·10-9

10.5

17.81

6.5

1.84

9.65

1050.00

0.53

1210.40

0.10

0.0

12.14

3.29

6.62

1.7

9.15

DPL model. In order to perform such matching, the diffe-
rent optimization algorithms were applied. After tempera-
ture measurement by a thermal camera, the smoothing of the 
signal by the Kalman Filter was performed. Then, tempera-
ture signal was transform from time to frequency domain using 
the Laplace transform with Filon integration. As a result, the 
measured thermal impedance was estimated and presented as 
the Nyquist plot. On the other hand, the analytical thermal 
model developed in frequency domain allowed to obtain the 
thermal impedance directly. The final step in identifying ther-
mal time constants is optimization, which leads to changing 
the model parameters according the matching error between 
thermal impedances from the model and the measurement.

In order to verify the correctness of the proposed appro-
ach of identifying thermal time constants, temperature curves 
during heating the samples were artificially generated using 
the DPL thermal simulations with arbitrary chosen thermal 
parameters of a porous materials.  Three models with dif-
ferent values of thermal parameters including DPL thermal 
time constants were defined as shown in table 1. As a result, 
thermal impedances and step-function temperature responses 
were generated to be compared during the inverse modelling. 
Various optimization algorithms with different initial values 
of thermal parameters including thermal time constants were 
selected as shown in table 2.

Five optimization methods were tested on three DPL models 
in the MATLAB environment – patternsearch, paretosearch, 
multiple-objective genetic, fmincon and twiddle algorithms and 
runs on Intel core i7 8th Gen 2.2–4.1 GHz (i7-8750h). The 
patternsearch optimization method is a numerical approach 
also called as direct search method and it finds the solution 
around the existing points. When the solution is not found, 
expansion or contractions around current points take place. 
The patternsearch method does not rely on gradients and it is 
derivative-free [9]. It is recommended for noisy measurements 
and simulations of ill-conditioned problems that need the very 
small parameter change with high-resolution numeric represen-
tation of data. Unfortunately, thermal problems are belonging 
to such cases. The paretosearch algorithm also applies pattern 
search approach on a set of points to find a solution iteratively 
for non-dominated points [10]. In this research, a genetic opti-
mization was also used for verifying both accuracy, complex-
ity and execution time of the algorithm. Widely used in other 
applications multiple-objective genetic algorithm was chosen 
[12]. The fmincon algorithm is a gradient methods used for 
nonlinear fitting problems for many technical applications as 
it guarantees accuracy and effectiveness [11]. The last twiddle 
optimization method is a very simple, an intuitive algorithm 
consisting in changing the values of the model parameters up 
and down, while carefully following the objective function.
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The results of optimization for synthetic data are presented 
in table 2. As one can see the twiddle algorithm gives the best 
results for all simulated cases with different starting points of 
optimization. In consequence, the twiddle algorithm was chosen 
for further research.

The final step of this research refers to the thermal time con-
stants identification of a real porous material heated up on the 
bottom side by a transistor and temperature measurement on 
the upper side by a thermographic camera (fig. 3).

Two porous materials were tested during the experiments, the 
first with 57 % and the second with 76 % filling factors. Figures 
4a) and 6a) show the temperature evaluation in time registered 
by the photon cooled thermal camera with 100 Hz frame rate. 
The figures show the raw and the denoised temperature curves 
using the scalar Kalman filter.

As the measurement side is far away from the heat source, 
the transient thermal impedance is calculated. The figures 4b) 
and 6b) show the transient thermal impedances obtained both 
from the measurements and with the use of the proposed ther-
mal model after fitting to the twiddle algorithm.

Figures 5 and 7 present recovered temperature evolution ver-
sus time using Frequency domain Thermal Object Identifica-
tion (FredTOI) methodology. It is based on the Vector Fitting 
and the Laplace transform with correction for high-frequency 
range [4].

Table 3 contains the recovered thermal parameters for two 
porous material samples using the inverse thermal modelling 

in frequency domain developed in this research. Among them, 
there are thermal time constants of non-Fourier DPL model of 
heat transfer in porous materials.

It can be seen that that the relaxation thermal time constant 
tq is larger than inertial one tT. It is not a typical relation found 
in literature. It needs the further studying for physical and the-
oretical explanation. The rest of the identified parameters of 
porous material seem to have the expected values according to 
the fill factor.

4. Conclusions

Identification of thermal constants of the DPL heat trans-
fer model was done by analyzing temperature measurement 
in frequency domain and optimization of the parameters of 
the thermal model. Few optimization methods were tested on 
artificial generated model with known parameters in order to 
confirm the correctness of estimated parameters in real mea-
surement. All considered methods are sensitive to initial con-
ditions, except for the gamultiobject method which finds the 
result within the given parameter range. However, this method 
is not sufficiently convergent for the conducted research, and 
therefore it was rejected for further consideration. The same 
conclusion is valid for the paretosearch method. The differences 
in optimization and modelling results for these methods are 
too large to be used in real material measurements. Run time 

Fig. 4. Results for the porous sample with 57 % fill factor, a) measured 
temperature, b) measured and fitted transfer thermal impedance
Rys. 4. Wyniki dla materiału porowatego o współczynniku wypełnienia 
57 %, a) pomiar temperatury, b) impedancja termiczna uzyskana z pomiaru 
i po dopasowaniu

a)

 
b) 

a)

 
b) 

Fig. 5. Measured and fitted simulated temperature for a porous 
sample with 57 % fill factor
Rys. 5. Temperatura materiału porowatego o wypełnieniu 57 % uzyskana 
z pomiaru i z modelu
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a)

 
b) 

a)

 
b) 

Fig. 6. Results for the porous sample with 76% fill factor, a) measured 
temperature, b) measured and fitted transfer thermal impedance
Rys. 6. Wyniki dla materiału porowatego o współczynniku wypełnienia 
76%, a) pomiar temperatury,  b) impedancja termiczna uzyskana z pomiaru 
i po dopasowaniu

Fig. 7. Measured and fitted simulated temperature for a porous sample 
with 76 % fill factor
Rys. 7. Temperatura materiału porowatego o wypełnieniu 76 % uzyskana 
z pomiaru i z modelu

Table 3. Model parameter values adjusted to the experimental data
Tabela 3. Parametry modelu dopasowanego do danych eksperymentalnych

Parameter 57 % fill factor 76 % fill factor

Thermal conductivity k, (W/m·K)

Thermal capacity cvth, (J/m3K)

Relaxation time constant tq,(s)

Inertial time constant tT,(s)

0.034

165515.3

241.74

213.64

0.049

232615.5

186.25

148.78

was different for the considered methods of optimization. The 
smallest one was reached for fmincon method. For the pattern-
search the run time depends on the complexity of the problem. 
The Twiddle method is run for a given number of iterations, so 
its execution time for each of the presented example is almost 
the same. The number of iterations was more than enough to 
correctly solve the real measurement problem. Due to the fact 
that the average error is the smallest for the Twiddle method, 
this algorithm was chosen to optimize for the real material  
measurement. The obtained results for the measurements of 
the porous materials with different filling factors are satisfac-
tory. The estimated parameter values are as expected. Only 
the relation between the values of the time constants tq and 
tT seems to be opposite when compared to the data from the 
literature. This relationship will be tested on various materi-

als in further research. Subsequent measurements will also be 
carried out for the DPL-affected skin tissue.
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Streszczenie: Artykuł przedstawia nową metodę identyfikacji parametrów termicznych modelu 
Dual Phase Lag (DPL) materiałów porowatych drukowanych na drukarce 3D. Eksperymenty 
przeprowadzono dla dwóch materiałów porowatych o różnych współczynnikach wypełnienia. Do 
rozwiązania równań przepływu ciepła zastosowano transformację Laplaca, a następnie wykonano 
optymalizację w celu wyznaczenia wartości parametrów modelu w celu dopasowania ich do 
eksperymentu. Umożliwiło to identyfikację cieplnych stałych czasowych modelu DPL. Przetestowano 
również różne metody optymalizacji dla znanych wartości parametrów modelu w celu potwierdzenia 
poprawności identyfikacji. 

Słowa kluczowe: model DPL, materiał porowaty, termiczne stałe czasowe, termowizja w podczerwieni, przewodność cieplna

Identyfikacja wartości termicznych stałych czasowych modelu DPL 
przepływu ciepła w jednowarstwowym materiale porowatym
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