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SINGULAR ELLIPTIC PROBLEMS
WITH DIRICHLET OR MIXED DIRICHLET-NEUMANN
NON-HOMOGENEOUS BOUNDARY CONDITIONS
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Abstract. Let Q be a C? bounded domain in R™ such that 09 = I'; UT,, where
I'; and T’y are disjoint closed subsets of 92, and consider the problem —Au = g(-,u)
inQ, u=r7onTI;y, % =non 'y, where 0 < 7 € W%’Q(Fl), n e (H&FI(Q))’, and
g : 2x(0,00) — R is a nonnegative Carathéodory function. Under suitable assumptions
on g and n we prove the existence and uniqueness of a positive weak solution of this
problem. Our assumptions allow g to be singular at s = 0 and also at z € S for some
suitable subsets S C Q. The Dirichlet problem —Au = g(-,u) in , u = o on I is also
studied in the case when 0 < o € W2:2(1Q).
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Let Q be a C? and bounded domain in R™ such that 9Q = I'; Uy, with I'; and T’y
disjoint closed subsets of J€2. Our aim in this paper is to state existence and uniqueness
results for weak solutions u € H(2) of possibly singular elliptic Dirichlet problems of
the form

—Au = g(-,u) inQ,
u=ac on 012, (1.1)
u>0 in Q,

as well as of possibly singular problems with mixed boundary conditions of the form

—Au=g(,u) inQ,

u=T on Iy,

Bu (1.2)
5 =1 on 'y,

u >0 in Q,
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where g : Q x (0,00) — [0, 00) is a suitable nonnegative Carathéodory function g(z, s)
which may be singular at s = 0 and at = € S for some suitable subsets S C Q, and, in
problem (1.1), o € Hz(99), whereas in problem (1.2), 7 € H2(I';) and 7 is a suitable
function defined on I's.

Singular elliptic problems appear in the study of many nonlinear physical phenom-
ena: thin films of viscous fluids, chemical catalysis, non-Newtonian fluids, temperature
of some electrical conductors, response of a membrane cap under heavy loads, Van
der Waal forces, as well as in the study of micro electro-mechanical devices (see, e.g.,
[8,12,18,20,21,30,34] and the references therein).

In [13], problem (1.1) was studied in the case 0 = 0 (i.e., with homogeneous
Dirichlet boundary condition) and there it was proved that if g € C*'(Q x (0,00))
satisfies that g(x,-) is nonincreasing on (0, 00) for any x €  and lim,_,o+ g(x, s) = 0o
uniformly on €, then (1.1) has a unique classical solutions u € C*(2) N C(9).

In [21,46], and [45], problem (1.1) was addressed when ¢ # 0 (non homogeneous
Dirichlet boundary condition) obtaining, again in this case, existence and uniqueness
of classical solutions when o is regular enough.

In [11], existence and nonexistence results were obtained for classical solutions
of singular bifurcation problems whose model problem is —Au = = + AuP in €,
u=0on 92, u>0in Q, where a > 0, A > 0, and p > 1, and there it was proved
that there exists A* € (0,00) such that for A < A\* there exists at least a solution
and for A > A* no such a solution exists. In [18] it was studied the problem with
a parameter —Au = \f —u~*in Q, u=0o0n 9N, u>0in Q, u=* € L'(Q), where
A>0,0<a<1,and 0 < f € LY(). It turns out that the situation is the opposite
of that in [11]: there exists A* € (0,00) such that for A > A\* there exists at least
a solution and for A < A\* no such a solution exists.

In [31] it was studied the model problem

—Au=k(z)u*inQ, w=00n0dQ, wu>0inQ. (1.3)

There it was proved that if Q is a C?*8 bounded domain for some 8 € (0,1), and

k € CP(Q) satisfies ming k > 0 then, for any o > 0, problem (1.3) has a unique

classical solution u € C2T4 () N C(Q) which belongs to C*(Q) if a < 1, and belongs
2 2

to HE(2) if and only if o < 3. Moreover, if a > 1 then %Lpllﬁ <u<cp ™ in Q,
where c is a positive constant and ¢ is a positive eigenfunction corresponding to the
first eigenvalue for —A on € with homogeneous Dirichlet boundary condition.

After [31], several works studied problem (1.3) under weaker regularity assumptions
on k and, in some of them, for more general differential operators than the Laplacian,
as well as for more general nonlinearities.

In [15] it was stated the existence and uniqueness of a weak solution u € H{ () of
problem (1.3) in the case when k is a nonnegative and nonidentically zero function
in L>®(Q), and, for such a u, a global bound for Vu was obtained. Let us mention
some of them.

In [47] it was proved, among other results, that if « > 1, k € L'(Q) and k > 0 a.e.
in , then (1.3) has a weak solution u € Hg () if and only if there exists ug € H}(Q)
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such that [, kuy~® < oo. These results were extended in [32] to the case where the
Laplacian is replaced by the p-Laplacian operator.

Singular problems for differential operators (including the p-Laplacian) more
general than the Laplacian and/or with more general nonlinearities were also studied
in [2,22,32,37,39,48] and [40].

Singular problems on punctured domains were studied in [3]. The paper [9] addressed
problem (1.1) in the case where oo = a(x) (variable exponent). In [5], [28,33] and [17]
it was studied the existence of solutions (either classical or weak or very weak) of (1.3)
in the case where k behaves like ( dist(-,092)) ™ for some 8 > 0, and in [36] it was
considered the case where k is either a nonnegative function in L*(£2) or a bounded
Radon measure on 2.

In [44] existence and nonexistence results were given for the problem with a pa-
rameter —Au = k(x)u™® + AuP in Q, u = 0 on I, v > 0 in Q in the case where
a,p € (0,1), and k may change sign.

Existence results for classical solutions of Lane-Emden—Fowler equations with
convection and singular potential were obtained in [19], and related problems were
studied in [10,25] and [4].

Let us mention also that in [30] it was studied the existence of positive classical
solutions of the one-dimensional singular problem

() = F(Eu () + () on (0,1), (1.4)
where 8 > 0, f and h belong to C(0,1), f > 0in (0,1), and
1

/ 11— H(f(t) + W) < oo,
0

and with u such that one of the following boundary conditions holds:
u(0) =a, u(l)="h, (1.5)
w0)=a, u'(l)=c. (1.6)

In [30, Theorem 1.1] it was proved that, if a > 0 and b > 0, then problem (1.4), with
boundary conditions (1.5), has a unique classical solution; and in [30, Theorem 1.2]
it was proved that problem (1.4), with boundary conditions (1.6), has a unique positive
solution if ¢ > ¢ := inf{ug(1) : § > 0}, and has no positive solution if ¢ < cp, where,
for £ > 0, wug is the solution, provided by [30, Theorem 1.1], of problem (1.4) with
boundary conditions u(0) = a, u(l) = &.

The interested reader will find an updated account, concerning the topic of singular
elliptic Dirichlet problems, as well as additional references, in the research books
[23,24,41]. See also [16].

As said before, we are interested in the existence and uniqueness of weak solutions
of problems (1.1) and (1.2). More specifically, our interest is to obtain a sort of
n-dimensional analogous of the above quoted (Theorems 1.1 and 1.2 of [30]).

For a function u € H(Q) the value of u on 9 (or on I'y, or on I'y) will be always
understood in the sense of the trace. Let us present the notion of weak solutions of
Dirichlet problems we use.
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Definition 1.1. Let f: Q — R be such that fp € L1(Q) for any ¢ € H}(Q), and let
o : 00 — R. We say that u : Q — R is a weak solution of the problem

—Au=f inQ, (1.7)
u=o on 0f)
if u e HY(Q), u = o on 99, and
/(Vu,Vap) = /fcp for any o € Hy(Q). (1.8)
Q Q

For a function f : @ — R, we will write f € (H}(2)) to mean that
fo € LY(Q) for any ¢ € HE(2), and that there exists a positive constant ¢ such

that | [, fo| <c H(P”H(}(Q) for any p € H}(Q).

Remark 1.2. If f € (H}(Q)) and o € H2(8Q), then problem (1.7) has a unique
weak solution v € H'(), and there exists a positive constant ¢, independent of f
and o, such that

el zzsay < (15 gy + 1013 o0 )

for a proof of this fact see, e.g., [43, Section 8.4.1] (there it is assumed that f € L?(€),
but the arguments given there works also when f € (Hg(€2))’).

For S € Q we will denote by pg the distance function defined by
ps(x) = dist(z,S) forz e Q,

and, for a Lebesgue measurable subset E of €2, |E| will denote the Lebesgue measure
of E.

We recall that a function g : Q x (0,00) — R is called a Carathéodory function if
9(, s) is Lebesgue measurable for any s € (0,00) and g(z, -) is continuous on (0, co)
for a.e. x € Q. Our first result, concerning problem (1.1), reads as follows:

Theorem 1.3. Let Q be a C? and bounded domain in R™. Let g : Q x (0,00) — [0, 00)
be a function satisfy the following three conditions:

(H1) g:Q x (0,00) = R is a nonnegative Carathéodory function such that, for each
x € Q, g(z,-) is nonincreasing on (0, 00).

(H2) There exists a Lebesgue measurable subset E of Q such that |E| > 0 and
g(x,8) >0 for any s > 0 and almost all x € E.

(H3) paag(-,cpaa) € L2(Q) for any c € (0,0).

Then for any nonnegative o € Hz(0Q) problem (1.1) has a unique weak solution
u € HY(Q) and there exists a positive constant ¢ such that u > cpapq a.e in Q.
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Let us introduce the space
H&,FI(Q) ={veH(Q):v=00nT4},

which endowed with the inner product of H'(f) is a Hilbert space. Let (Hgp (2))’
denote its topological dual. If f is a function defined on 2, we will write f €
(Hgp,(2)) to mean that fo € L'(Q2) and ’frz ngo‘ < cllll g gy for any ¢ € Hyp (),
with ¢ a positive constant independent of . Similarly, if n is a function defined on I's we
will say that n € (Hg . (Q2))" to mean that e € L'(T'z) and that ‘fl“z ngp’ < cllellgia)
for any ¢ € H&Fl (Q), with a positive constant ¢ independent of . In both cases, the
maps ¢ — fQ feand ¢ — fF2 1y will still be denoted by f and 7, respectively.

Weak solutions of problems with mixed nonhomogeneous Dirichlet—Neumann
boundary conditions are defined as follows:
Definition 1.4. Let f: Q — R be such that fo € L*() for any ¢ € Hjp (Q), let

7€ H2 ('), and let n: Iy — R be a measurable function such that e € L!(I';) for
any ¢ € H&Fl (Q). We say that u: Q — R is a weak solution of the problem

—Au=f inQ,
u=rT onT'y, (1.9)

%:77 on I's.

ifue H'(Q), u =17 on I'y, and

/<Vu,V<p> =/f<p+/77<p for any ¢ € Hg r, (). (1.10)
Q Q

Iy

Let f: Q — R be such that fo € L'(Q) for any ¢ € Hjp (Q), let 7:T1 — R, and
suppose that u is a weak solution of the problem

—Au=f inQQ,
u=rT onTI'y, (1.11)
u=20 on I's.

Ifpe H&Fl (2) and if ¢ and u are regular enough on Q, we have
—div(pVu) + (Vu, V) = fo

and then, from the divergence theorem and the fact that ¢ = 0 on I'y, we get

—/%W/WWV@):/M-
T Q

Q

o= [ (vu.ve) - Q/ e

Ty Q

Therefore,

This suggests the following definition.
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Definition 1.5. Let f : Q — R be such that f € (Hyp (Q))', and let 7 € Hz(Iy).
If u € HY(Q) is the weak solution of problem (1.11), we define the (distributional)

normal derivative of u on I'y, as the linear functional %r : Hi 1 () — R defined by
vy T

ou
%FQ(@ = / (Vu, V) — /f<p for any ¢ € H57F1(Q)~ (1.12)
Q Q

For n and 7] in (H&,F1 (Q)) we will write n > 7 (respectively n < 77) to mean that
n(p) > 1(e) (resp. n(¢) < 17(p)) for any nonnegative ¢ € H&FI(Q). We will write also
1 > 17 (respectively 1 < 77) to mean that n # 17 and n > 7 (resp. and n < 7).

Concerning problem (1.2) we have the following:

Theorem 1.6. Let Q be a C? and bounded domain in R™ such that 0Q =T'; UTs,
where I’y and T'g are disjoint closed sets in 9Q. Let g : Q x (0,00) — [0,00). Assume
the conditions (H1)—(H2) of Theorem 1.3 and the following:

(H3") pr,g(:,cpoa) € L*(Q) for any c € (0, 00).

Let T be a nonnegative function in H%(Fl), let ur be the weak solution of the problem

—Au, :g('auT) in (1,
Ur =T onTy, (1.13)

ur =0 onI's.

given by Theorem 1.3, and let np: 'y — R be such that n € (H&FI(Q))’. Then:

(i) if p > %= r,» then (1.2) has a unique weak solution u € HY(Q), and there exists

a positive constant ¢ such that u > cpaq in €,

(ii) if n < aaulj r,» then (1.2) has no weak solutions.

As a consequence of Theorem 1.6 and of a weak form of the Hopf boundary lemma
given in Lemma 4.4, we will get the following:

Corollary 1.7. Let g : Q x (0,00) — [0,00) satisfy the conditions (H1)-(H2) of
Theorem 1.8 and the condition (H3’) of Theorem 1.6, let T be a nonnegative function
in H2(Ty) and let n: Ty — R be such that n € (Hyp, (). If n > 0, then problem
(1.2) has a unique weak solution u € H'(Q), and there exists a positive constant c
such that u > cpyq in 2.

The paper is organized as follows. In Section 2 we recall some general facts we
need, and in Section 3 we study problem (1.1) via an approximation approach, which
is adapted from [27], where the existence and uniqueness of strong solutions of (1.1)
were investigated. We consider, for ¢ € (0,1] and for any nonnegative o € Hz (99),
the problem of finding v. € H}(Q) such that —Av. = g.(-,v. + ) in Q, v. = 0
on 0f), where & is the solution of the problem —Ag = 0 in 2, ¢ = ¢ on 012, and
with g. : © x (0,00) — R defined by g.(z,s) := min{e~!, g(z,s +¢)}. By writing
the above problem for v. as a fixed point problem and using the Schauder fixed
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point theorem we prove in Lemma 3.2 the existence and uniqueness of such a v,
and that, in addition, the map ¢ — v, is nonincreasing. Lemma 3.3 shows that if
v(x) = lim._,o+ ve(z), then v € H}(Q),

EIL%L llve — ’UHHS(Q) =0 and Eli%hr g (- v +07) —g(-,v+ 5)||L2(sz,pgn(z)dz) =0.

From these facts and from other additional considerations, Theorem 1.3 is proved at
the end of Section 3, by showing that u := v + & is the unique solution of problem
(1.1) and that it satisfies u > cpaq for some constant ¢ > 0.

In Section 4 we prove Theorem 1.6. The existence assertion of 1.6 is obtained
by adapting, to our setting, ideas from the proof of Theorem 1.1 in [35] (which is
a sub-supersolution theorem for problems of the form —Au = f(z,u) in Q, u =0
on 0. Lemma 4.4 gives a weak form of the Hopf boundary lemma, and Corollary 1.7
is proved as a direct consequence of Theorem 1.6 and of Lemma 4.4.

2. PRELIMINARIES

Let us recall some well known facts.
Remark 2.1.

(i) (Poincaré’s inequality for functions in H} (), see, e.g., [38, Theorem 1.8.1])
There exists a positive constant ¢ such that

ully < c||Vull, for any u € H}(Q).

(ii) (Poincaré’s inequality for functions in H(%,Fl (Q), see, e.g., [43, Theorem 7.16])
There exists a positive constant ¢ such that

lully < c[[Vull, for any u € Hgr, ().

(iii) The inclusion H&,Fl () — L*$) is compact. Indeed, the inclusion
Hjp, () — H'() is continuous and (see, e.g., [38, Theorem 1.9.15]) H'(2) has
compact inclusion into L?(€2).

(iv) (Hardy’s inequality, see, e.g., [6, p. 313], see also [38, Theorem 1.10.15])

There exists a positive constant ¢ such that ‘ o= H < ¢||Vul|, for any u € Hg(9).
2

H&L(Q) is a closed subspace of H!(2) and thus, provided with the norm of
HY(Q), it is a Hilbert space, and the Poincaré inequality of Remark 2.1(ii) gives that
u — || Vul|, is a norm on H&Fl (€2), equivalent to the norm ||.[[ ;1 ). From now on, we

will consider Hy - (2) as a Hilbert space provided with the norm |Ju| 5 @ = IVull,.
) 0,1

Similarly, Hj(2) will be considered as a Hilbert space with the same norm.
For § > 0, let

Qs :={x €Q:psa(x) >} and As:={x € Q:poalx) <d}.
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Similarly, for i = 1,2, we set
Qr, s ={xeQ:pr,(x) >} and Ap,;:={recQ:pp,(z)<ds}. (21)

The following lemma provides an analogous of the Hardy inequality for functions
in H&Fl (Q).

Lemma 2.2 (Hardy’s inequality for functions in Hgp (). There exists a positive
constant ¢ such that

< cf[Vul
HPF1 2 2
for any u € Hyp (Q).

Proof. Along the proof, ¢, ¢/, ¢ etc., will denote positive constants independent of u.
Let 61, d2 be such that such that 0 < §; < Jz and Qr, 5, # &. Let ¢p € C°°(£2) be such
that 0 <¢ <1in Q, ¥ =11in Ar, 5, and ¥ =0 in Qr, 5,. Then, for u € H&Il(Q)7

2 2 2 2
i U U
= | 5= / - + / — (22)
2 J Pr, Pr, Pr,

T1.61 Q\Ar, 5,

u
T,y

Now, u) € HE () and so, taking into account the Hardy inequality in H}(Q),

U2 U2 2 u2 2
[ = [ S [S < [vunr = [ lovu+uvel.
Pr, Pr, 2 Paq 2 A

Ary s, Ary .5,

and, by the Poincaré inequality of Remark 2.1(ii), [[ul 12y < ¢ [|Vul| 2. Thus,

Thus

u
ATy

S C ||¢Vu + vaHLz(Q)
L2(Ary 5,) (2.3)

<c ||1/)||LOO(Q) HVUHLZ(Q) te ||V¢||L°o(9) ||U||L2(Q) :

u
’ < (1l 0y + 1Vl oo ) 1Vl 2y -
Prillre(ar, 5,)
On the other hand,
u? 1 2 1 2 m 2
Pr, 1 1
O\Ar, 5, Q\Ar, 5, Q

the last inequality by the Poincaré inequality of Remark 2.1(ii), and the lemma follows
from (2.2), (2.3), and (2.4). O
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Corollary 2.3.
(1) If f: Q=R and f € L*(Q, pio(x)dz), then f € (H}(Q))" and

||f|\(Hg(Q))/ <c ||fHL2(Q,pgn(m)dz)

with ¢ a positive constant independent of f.
(ii) If f: @ = R and f € L*(, p}, (x)dx), then f € (Hyp (Q)) and it holds that

”fH(HS,Fl(Q))/ <c ”fHL?(Q,pl%l(r)dx) ;

where ¢ is a positive constant independent of f.

Proof. Suppose that ppof € L*(Q) and let ¢ € HE(Q). Then, for some positive
constant ¢ independent of ¢,

!fﬂ=!

the last inequality by Remark 2.1(iii). Thus (i) holds. The proof of (ii) is similar, using
Lemma 2.2 instead of Remark 2.1(iii). O

Remark 2.4 (see, e.g., [43, Theorem 8.9]). If 0 < f € (HA(Q)), 0 < o € H2(99),
and if u is the weak solution of problem (1.7), then u > 0 in .

Remark 2.5.
(i) (see [7, Lemma 3.2]) Suppose 0 < f € L>(Q2), and let ¢ be the solution of the
problem

Q|2

2
wﬁ@JSWmﬂz < cllponfl Ioll e

{AC —f mQ, 25)

(=0 on 0.

Then ¢ > cpaq fQ fpoaq in Q, with ¢ a positive constant independent of f.
() IfO< feL>®(f),0<oc H2(dQ) and if u € H () is a weak solution of the
problem
—Au = in 0
(o= o -

u=a0 on 0%,

then u > cpaq fQ fpoq in Q with ¢ a positive constant independent of f. Indeed, let ¢
be as in (i), then u — ¢ satisfies, in a weak sense,

—“Alu—=¢)=f inQ,
u—(=o0 on 01,

and then, by Remark 2.4, u > ¢. Thus, by (i), u > cpsq fQ fpoq in Q, with ¢ as in (i).

(iii) Let f : © — R be a nonnegative and measurable function such that
fe (HYQ) and |[{z € Q: f(x) >0} > 0.If0 < 0 € H2(Q) and if u € H'(Q)
is a weak solution of the problem (2.6), then there exists a positive constant ¢ such
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that u > cppq in 2. In fact, in such a case there exist a measurable subset F' C 2
with |[F| > 0 and A € (0,00) such that f > Axp in . Let w be the solution of
—Aw = Axr in Q, w =0 on 9. Then, by (i), there exists a positive constant ¢ such
that w > ¢paq in Q. Also, —A(u—w) = f —Axr >0in Q and v —w = o > 0 on ON.
Thus, by Remark 2.4, u — w > 0, and then u > cpyq in €.

Remark 2.6. Suppose 0 < f € (H&FI(Q))', 0<7eH2(,)and let n: Ty — R be
such that 0 <7 € (Hgp (Q)). If u is the weak solution of problem (1.9), then u >0
in Q. Indeed, since 7 > 0 we have u~ = 0 on I'y and thus v~ € H&FI(Q). Taking
©=—u" in (1.10) we get

—!<Vu,Vu_>+Q/fu_+/nu_ =0,

I'>

gZWuF!ﬂL/mLSQ

1Y

and so

Thus [, [Vu~ > = 0. Therefore, by the Poincaré inequality of Remark 2.1(ii), u~ = 0
in Q. Then u > 0 in Q. Moreover, from Remark 2.5 (iii) used with o := ujgq > 0
on 0 (the restriction in the sense of the trace), it follows that, if in addition,
[{z € Q: f(x) > 0}] > 0, then there exists a positive constant ¢ such that u > cpan
in

3. THE CASE OF DIRICHLET BOUNDARY CONDITION

We assume, for the whole section, that g : Q x (0,00) — R satisfies the conditions

(H1)—-(H3) of Theorem 1.3. We first study, for ¢ € (0,1] and for a nonnegative
1

o € Hz(09), the approximated problem

_Au = gE(‘? U) in Q? (31)
u=c on 0f2,
where g : Q x (0,00) — R is defined by
ge(z,s) :==min{e", g(z,s+¢)}. (3.2)

Observe that, since ¢ satisfies (H1)-(H3), the same conditions hold for each g..
Let ¢ € H'(Q) be the weak solution of the problem

3.3
oc=0 on 0. (3:3)

{-A&:o inQ,
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Then, by Remark 2.4(i), ¢ > 0 in Q. By writing v = & + v, problem (3.1) becomes
equivalent to the problem of finding a weak solution v € H}(Q) of the problem

3.4
v=20 on 0. (3-4)

{—Av =g:.(,v+0) inQ,

Let (=A)™! : L2(Q) — H}(Q) be the solution operator of the homoge-
neous Dirichlet problem defined by (—A)~'h = wu, where u € H}(Q) is the
weak solution of the problem —Au = h in Q, u = 0 on 0f). We recall that
(—A)71: L2(Q) — HE(Q) is continuous and that, since Hg (£2) has compact inclusion
into L2(Q), (=A)~1: L2(2) — L?(Q) is a compact operator. Let T : L?(Q) — H}(Q)
be defined by
To(0) 1= (~A) ge(, 0+ 7)),

vsi

and let C. := {v € L*() : 0 < (—A)71(1)}. We have the following:

IN

Lemma 3.1.

(i) C: is a bounded, closed and convex subset of L?(£2).
(i) T(C.) C C..
(iii) Tt : Cc — C¢ is continuous.
(iv) T. : Ce — C; is a compact operator.
Proof. (i) is obvious.
To show (i) observe that if v € C. then 0 < gc(-,v +7) < L a.e. in Q and so, by
Remark 2.4,

0< (=A) N ge(w,v+0)) < —(=A)7H (D).

M | =

Thus T.(v) € C..

To prove (iii) it is enough to see that if v € C¢, and if {v; }jeN is a sequence in
C. that converges to v in L?(Q2), then there exists a subsequence {vj, }, .y such that
{T:(vj,)}.en converges to T.(v) in L*(Q). Let v € C, and let {vj};cn be a sequence
in C. which converges to v in L?(£2), then there exists a subsequence {v, }, . such
that {vj, }, oy converges to v a.e. in Q. Thus, since g. is a Carathéodory function,
{9:(+,vj, + )} converges to ge(-,v + ) a.e. in Q. Then

lim |gs('avjk + 5) - gE(’?” + g)|2 =0
k—o0

a.e. in Q. Since |g-(-,vj, +7) — g-(-,v+5)|* < &, the Lebesgue dominated con-
vergence theorem gives that {g.(-,v;, + &)}, converges to ge(-,v + ) in L*(Q).
Then {(=A)"*(g(-,v;, + 5))}keN converges to (—A) " (g:(-,v + 7)) in L3(Q), i.e.,
{T.(vj,)} ey converges to To(v) in L?(Q). Thus (iii) holds.

To see (iv), note that {g.(-,v; +5)}j€N is bounded in L?(Q) for any sequence
{vj},en in Ce, and so (iv) follows immediately from the compactness of the solution
operator (—A)~1: L?(Q) — L*(Q). O
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Lemma 3.2.

(i) For e € (0,1], the problem

3.5
v, =0 on 0f) (3:5)

{—Avs =gc(,ve+07) inQ,
has a unique weak solution v. € H}(Q).
(if) The map € — v s nonincreasing.
(ili) There exists a positive constant ¢ such that ve > cpaq for any € € (0,1].
(iv) {ve}ee(o,) @ bounded in HLQ).

Proof. From Lemma 3.1 and the Schauder fixed point theorem, 7, has a fixed point
ve € C¢, and so v, is a weak solution of problem (3.4). Suppose that w € H(Q) is
another solution of (3.4). Then v, —w € H}(Q) and it satisfies, in weak sense

(3.6)

—A(we —w) =g:(,ve +7) —ge(,w—+7) inQ,
ve —w =10 on Of).

Now, g.(z, ) is nonincreasing on (0, 00) for a.e. € 0, and so

9ge(,0e +70) — ge(,w+0)(ve —w) <0 a.ein Q.
Thus, taking v. —w as a test function in (3.6), we get that |||V (ve — w)l||, =0, and
s0, by the Poincaré inequality, v. = w in . Thus (i) holds.

To prove (ii), suppose that 0 < ¢ < § < 1. Then g. > gy on Q X (0,00). Thus,
in a weak sense,

—AWe) = ge(ryve +7) > go(-,ve +0) in Q, 3.7)
ve =0 on 0f). '
Also,
—A(vg) = go(-,v9 +07) in 3.8)
vg =0 on 0f).
and so, again in a weak sense,
7A((U€ - UG) = gs('a Ve + 5) - 90('71)9 + 5)
290('7/06 +5) _99('7’09"_5) in Q7 (39)

Ve —vg =0 on 0f).

and so, taking —(v. — vg)~ as a test function in (3.9) we get

[V P <= [ e +8) =t + 30 ) <0
Q {ve—v9<0}
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The last inequality because g.(z,+) is nonincreasing on (0, 00) for a.e. € . Thus
Jo IV((ve — vg)_)|2 = 0, and so, by Remark 2.1(i), (ve —vg)” = 0 in 2, and then
ve > vg a.e. in Q. Thus (ii) holds.

To see (iii), observe that for € € (0,1], by (ii), ve > vy. Since —Av; = ¢1(-,v1)
in Qand 0 < g1(-,v1) € L*®(R), and taking into account that, by (H2), g1(-,v1) is
not identically zero, Remark 2.5(i) gives that vy > cpsq for some positive constant c.
Thus v. > cpgq and (iii) holds.

It remains to show (iv). Let ¢ be as in (iii). We take v. as a test function in (3.4)

to obtain
/‘V’UE‘Q :/Uege('uv6+a)
Q Q

/vgg(-,vg +7) < /vsg(-,5+cpaﬂ) (3.10)
Q Q

v — v,
/ipaﬂg(wff-i-cpan) S/fgpaﬂg(wcpan)
A PO 2 PO

2
Vel

IN

where we have used (iii), (H1), and that g. < g, as well as that g(z, s) is nonincreasing
in s. Now, by the Holder inequality and Remark 2.1(iv), we have, for some positive
constant ¢ independent of &,

v v
= ol coom) < |22 | pomatocpon)lly < ¢ 1190l onat coom)l,
2 pPoQ P |2
(3.11)
and, by (H3), ||paag(-, cpan)|ly < oo. Thus, from (3.10) and (3.11), we get
[IVoellly < ¢ [lpoag (-, cpan)lls
which ends the proof of the lemma. O

Lemma 3.3. For ¢ € (0,1], let v. € H}(Q) be as given by Lemma 3.2, and let
v = lim._,o+ ve. Then:

(i) v e HE(Q) and lim._,o+ v. = v with convergence in H} (),
(ii) lime 0+ ge(,ve +7) = g(-,v + &) with convergence in L*(Q, piq(x)dz).

Proof. Observe that v € Hj(Q2). Indeed, let {6; }ien C (0,1] be a sequence such that
limj_, 0; = 0, By Lemma 3.2, {vy, }jeN is bounded in H}(Q). Thus there exist
a subsequence {vg, }ren and a function w € HE () such that {ve;, tren converges to
w strongly in L?(Q), and {vajk }ren converges to Vw weakly in L2(Q, R™). After pass
to a further subsequence if necessary, we can assume also that {vg, }ren converges to

w a.e. in Q. Since v := lim._,+ v. it follows that w = v and then v € H}(Q).
To prove the lemma it is enough to see that for any sequence {¢;},_ C (0, 1] such

that lim;_, e; = 0 there exists a subsequence, which we still denoted by {ej}j en
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such that
]11{20 lve, = “Hi]&(m =0
and
e ey ) 004 050y =
Now, in a weak sense,
{—A(vgj —v) = ge, (- ve, +0) —g(-,v+0) inQ, (3.12)
Ve, —v =0 on Of).

We take v., — v as a test function in (3.12) and we use the Hardy inequality of
Remark 2.1(iv) to obtain

o, —UH;(%(Q) - / V(ve, —0)|” = /(gsj("”zfj +0) = g(,v+09))(ve; — )
Q Q
Ve, —

- /pm(gsjc,vsj +3) — g(v+ )
Q
< cllpoalge, (- ve, + ) —gCv + |, ve, = vl 1oy -

PoQ

where c is a positive constant independent of j. Then, in order to prove the lemma,
it suffices to show that

Jim [|pon(ge, (- vz, +8) —g(v +8))], = 0. (3.13)
Now,
~ ~ 2
|poc(ge, (s ve, +7) — g(-, v +3))][;
- / PR (ge, (v, +5) — g0 + )2
{g(',vaj+;+s,<)§$j}
[ Balo o, +8) - glu 4B
{g(-,vsj +'av+ej)>$j}
= / P3a(9(,ve, + 0 +e5) —g(-,v+7))?
{g('vvsj"";""‘sj)gg%j}
o (1 %
+ PaQ(E*Q(WUJFU))

{g(',vaj +’5+sj)>$}
J
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and so
- 12
Hpaﬂ(gsj('avé‘j +U) _g(,U“‘O—))H2
- /p%Q(g('vvej +o+ Ej) —g(,v+ 5))2
Q
- / Poalg(ve, +3+e5) — (v +7))?
{g('7vgj+;+5j)>é}
2 (1 ~\?
+ Pasz(g—g('av‘*‘ff))
{g( v5j+;+€])> }
=L+ 1;+ 13,
where

fy = [ alatu, +5+2) — oo+ )

I21j = / p%ﬂ(g('avsj +5+5j)79('7v+5))27
{g(~,vaj +;+5j)>?1j}
2 (1 ~\?
I35 = /)asz(g —9(‘av+‘7)) :
{9(-,v5j+;+sj)>$}
Now, since g is Carathéodory,
Jim pho(9(ve; +5 +e5) —g(v+8)° =0
a.e. in €. Also,

P30 (9(,ve; +0 +¢5) — g(v+7))?
< 20509° (e, + G +€5) + 2p309° (v +7) < 4ppog (v + 5),

and since v > cpgq and o > 0, (H3) gives p2og?(-,v + ) € L'(2). Then, by the
Lebesgue dominated convergence theorem,

hm Il,j =0.

j—o0
Let .
U' = {g(',’l)l +&) > } .

€j
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Then Uj4y C Uj for any j, Uy C Q, and ﬂj’;l U; = {g(-,v1 +7) = oo}. Since
P09%(,v+a) € LY(Q) it follows that ‘ﬂ;}il Uj‘ = 0. Then lim;_, |U;| = 0, and thus

lim [ p3g9°(,v+3)=0. (3.14)
J—0o0
U;
Now,
P30 (g(,ve; + 7 +¢5) — g( v +7))? < 20360% (-, v + 5,)
and so

L] < / Polglrve, +5+¢;) — glv+7)?

{9 »Ve +0+€J) J}

/20099 U +0).
UJ

Then, by (3.14),

lim I>; = 0.
j—o0
Finally,
2 1 ~ 2 2 1 2 2 ~
Pm(g —g(v+ U)) < 208967 +20509” (-, v +0),
and then
2 1 2 2 ~
113,51 < (2,089;2 + 20509 ('7U+U))
{g(~,vaj+§+6j)>%j}
<2 / P3a9° (v, + 0 +€5)
{g(~,vsj+g+sj)>5—1j}
+2 / p309° (v +5)

{g(-,vaj +§+sj)>5—1j}

= 4/p%992('7v + 5)’
Uj

and thus, by (3.14),

lim I3 ; =0,
Jj—oo

which concludes the proof of the lemma. O
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Proof of Theorem 1.3. For ¢ € (0,1], let v. € H}(Q) be as given by Lemma 3.2 and
let v = lim._,o+ v.. Let u. := 0 4+ v, and let u := lim._,g+ u- = 0 + v. By Lemma 3.2,
ve is a weak solution of the problem

—Ave = ge(-,ve +0) in Q,
ve =0 on 0,

and thus [, (Vv.,Ve) = [, 9:(-,v- + 0)¢ for any ¢ € H{(2), and so (since
Jo (V&, V) =0 for any € € (0,1] and ¢ € Hg(Q2))

[ 0¥ = [ature torany o € Hi@). (3.15)
Q Q

Let ¢ € H}(Q). From Lemma 3.3 it follows that u € H*(Q)) and that lim. o+ u. = u
with convergence in H(€2). Then lim._o+ [, (Vue, Vo) = [ (Vu, Vo). Again by
Lemma 3.3, lim 0+ g (-, uc) = g(-,u) with convergence in L?(2, p3q,(z)dz) and thus
lim. o+ o 9e(- ue)e = [, 9(-,u)p. Then, from (3.15),

[ v = [t
Q Q

Thus u is a weak solution of problem (1.1). Also, Lemma 3.2 gives that ve > cpgq for
some positive constant ¢ independent of €, and then u > cpgq in €.
If w is another weak solution of (1.1), then u —w € HJ(£2) and

/ (V(u —w), Vi) = / (9(+) — g( )
Q Q

for any ¢ € H}(Q). We take ¢ = u — w and, since g(z, s) is nonincreasing in s, we get

[ W= = [(g60 - g w)w-w) o
NQ Q
Thus [, |V(u— w)|* = 0 which, by the Poincaré inequality, gives u = w. O

4. THE CASE OF MIXED DIRICHLET-NEUMAN BOUNDARY CONDITIONS

Our aim in this section is to prove Theorems 1.6 and 1.7. We assume, from now on,
that g : 2 x (0, 00) — R satisfies the conditions (H1) and (H2) of Theorem 1.3 as well
as the condition (H3’) of Theorem 1.6. Since the condition (H3’) implies the condition
(H3) of Theorem 1.3 (because psqa < pr, ), all the results of the previous section for
the Dirichlet problems still hold under our new assumptions.
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Remark 4.1.

(i) If f € L*(, p7 (z)dz), T € H3(Ty) and 7 € (Hjr, ()" (notice that we are
not assuming that 7 is a function defined in 'y, then the problem of finding u € H*(£2)
such that

Jo (Vu, Vo) = [, fo+n(e) for any ¢ € H&FI(Q), (41)
u=r71onTly '
has a unique solution, and it satisfies
”u”Hl(Q) < C(”fH(Hé(Q))/ + HTHH%(FI) + ||77H(H37F1(Q))/)' (4.2)

for some positive constant ¢ independent of f, 7 and 7. Indeed, let o € H%(aQ) be
defined by ¢ = 7 on I'; and o = 0 on I', and let £ € H(Q) be such that £ = o on 9.
By writing v = z 4 £, the problem of finding u becomes equivalent to the problem of
finding z € H&Fl (€2) such that

[ @90 = [ 1o [(V6.50h 4ne) oran e Hp @, @3)
Q Q Q
i.e., such that
B(z,¢) = L(p) for any ¢ € Hyp, (),
where, for w € Hjp (Q) and ¢ € Hj - (),

B(w, ¢) r=/<Vw’Vs0> and  L(y) :=/fs0—/<V£,W)+n(<P)-

Q

Since B is a continuous and coercive bilinear form on Hjp () x Hjp (Q) and
L e (Hjp, (2)), the Lax Milgram theorem gives the existence and uniqueness of the
solution z € Hjp () of (4.3), and that it satisfies HzHHé (@) <c ||L||(Hé @) for
some positive constant ¢’ independent of f, 7, and 7. Then problem (4.1) has a unique
solution u € H'(Q) given by u := z + £. And, since

||L||(H01YF1(Q))/ <z yy + 1Elm @) + ||77||(H3)F1(Q))/
and (see [43, Section 7.9.3, formula (7.48)])

Il = |

‘JHH%(Fl) = inf {||w||H1(Q) cw € HY(Q) and w = ¢ on 89} )

HE(Ty)
we get (4.2).

(i) From (i) it follows that if f € L3(Q, p2 (z)dz), 7 € HZ(T';) and if 5 : Ty — R
belongs to (H&Fl (©))’, then the problem

—Au=f inQ,
u=rT onT'y, (4.4)
Ge =

has a unique weak solution u € H(Q).
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Definition 4.2. For 7 € Hz(I'y), n € (Hor, (), let
Sy L2, pt, (x)dz) — H' ()

be the solution operator of the problem

/(Vu, V) = /hso +n(yp) for any ¢ € Hyp (),

Q Q
u=T7onlYy,

(4.5)

defined by S, (h) = u, where u is the weak solution of (4.5). If no confusion arises,
we will write S instead of S .

Lemma 4.3. Let 7€ H2(T'y), n € (Hyr, (). Then:

(i) S: L*(Q,pp, (z)dx) — H' (Q) is continuous,
(i) S: L*(Q, pt, (x)dz) — L*(Q) is a continuous and compact operator,

(iii) if k1 and hy belong to L*(Q, pp. (z)dx) and hy < hy then S(hy) < S(hs),

(iv) if, in addition, 7 > 0 and n > 0 then S(h) > 0 for any nonnegative

h e L*(, p} (x)dzx).

Proof. 1f hy and hy belong to L*(Q, p. (x)dz) and if uy = S(h1) and ug = S(hs) then
u1 — uo satisfies

/ (V (a1 — uz), Vig) = / (hi — ha)p for any € Hir (9),

Q Q
up —ue =0 on I'y,

(4.6)

and so, by (4.2),
lur = w2l o) < el = hallr )y < € llh = h2llr20,p2 @i

with ¢ and ¢ positive constants independent of h; and he. Then (i) holds, and (ii)
follows from (i) and from the fact that the inclusion H'(Q) < L?(Q) is continuous
and compact.

To prove (iii) observe that if u; = S(h1) and ug = S(hz), then, from (4.6) used
with ¢ = (uy —u2)™, we get [, [V((uy — u)™))* < 0 and so

/‘V((’U,l — UQ)+)‘2 =0.
Q

Then, by the Poincaré inequality of Remark 2.1(ii), (u; — u2)™ = 0 and thus u; < us.
To see (iv) suppose 7 > 0 and 0 < h € L*(, pf. (x)dz). Let u = S(h). Then

/(Vu, V) = /hgo +n(p) for any ¢ € H&FI(Q).
Q Q
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We take ¢ = —u~ to obtain

/’Vu7|2:—/<VU,VU7>:—/hu7—/nu7 <0.
Q Q Q T2

Then [, IVu~|” = 0 and so, by Remark 2.1(ii), u~ = 0. O
Proof of Theorem 1.6. Let u. € H*(£) be the solution of the problem
—Au, = g(,ur;) in€,

Urp =T on T, (4.7)
Ur = 0 on FQ

given by Theorem 1.3. Let 1 : I's — R be such that n € (Hé,rl(Q))l and n > 88“; Iy
in (Hgr (Q)), let ® € H'(Q) be the solution of the problem

ou,
/<V<I>,W> = (77 = o )(s@) for any ¢ € Hjp, (),
Q

®=0on1Iy

(4.8)

(by Remark 4.1(i), there exists such a unique ®), and let z = ® + u,. Since
n— Buf = > 0, Lemma 4.3(iv) gives that ® > 0, thus u, < z. Note that for any

nonnegative @€ Hyp, (),

[ = [+ 52 o)< [otaue i),

Q Q Q

and so, for any nonnegative ¢ € H&Fl (Q),

/(V&V@ :/ Vur, Vo) + / (VO, Vo)

Q Q

/g(~7uT)s0+ aay MO (77 Our )(so)
(

2

2 ov 1,

Q
> /g @+ ur)p+n(p) = /g(-,Z)<P+?7(s0),
Q Q

where we have used tha 5
v Iy

ing in s.

= [, (V®, V) and that g = g(z, s) is nonincreas-
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Then for any nonnegative ¢ € Hj - (),

/<VUT,V</J> < /g(-7u7)<p+77(s0) (4.9)

Q Q

and

/ (V2 Vi) > / 90 2)p + (). (4.10)

Q Q

To prove the existence assertion of the theorem we will show that problem (1.2) has
a solution u* such that u, < u* < z.
As in the proof of [35, Theorem 1.1] we define g: 2 x R — R by

gz, ur(x)) if s < wur(z),
g(z,s) :== < g(x,5) if ur(x) < s < z(x),
g(z,z(x)) if s > z(x).

It is easy to check that g is a nonnegative Carathéodory function on Q x R (because g
is a Carathéodory function on 2 x (0, 00) and u,, z are measurable functions) and that
g(z, s) is nonincreasing in s. Moreover, if E' C () is the set given by the condition (H2)
then g(z,s) > 0 for any € E and s > 0. Also, since u, < z and, taking into account
that, by Theorem 1.3, u, > cpgq for some ¢ € (0,00) and that g(z, s) is nonnegative
and nonincreasing in s, we obtain that

0<9(,s) <g(-ur) = g(ur) < (- cpoa) (4.11)
for any s € R, and so, for any v € L*(Q), 0 < pr,g(-,v) < pr,g(-, cpag), and,

by (H3%), pr,g(-, cpaq) € L*(2). Therefore, taking into account the Hardy inequality
of Lemma 2.2 we have, for any ¢ € H&Fl (Q),

Q/ aleoel = [ et £

Q

<d|
2

<Ilpr,g(-,v)ll5 lell 1.

1 1

with ¢ a positive constant independent of v and . Thus g(-,v) € (Hgp, (©2)) and
- /
||g('7v)||(Hé‘Fl(Q))/ <c (4.12)

with ¢ independent of v. Following the lines of the proof of [35, Theorem 1.1] we consider
the operator T : L?(Q2) — L?(Q) defined by

T(v) := S(g(-,v)).

with S given by Definition 4.2.
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We prove that:

(1) T is continuous,

(2) T is a compact operator,

(3) there exists R > 0 such that T(L?(Q2)) C B, where B is the closed ball in L?((2)
centered at 0 and with radius R.

To prove (1) we proceed similarly to the proof of Lemma 3.1(iii). It is enough to see
that if v € L?(Q2), and if {v; }jen is a sequence in L?(Q) that converges to v in L?(Q),
then there exists a subsequence {vj, }, . such that {T'(v;, )}, converges to T'(v)
in L2(Q). Let v € L?(Q2), and let {v, }jen be a sequence in L?(Q2) which converges to
v in L?(€2), then there exists a subsequence {v;, }, o such that {vj, }, y converges to
v a.e. in Q. Thus, since g is a Carathéodory function, {g(-,vj, )}, oy converges
to g(-,v) a.e. in Q. Then limy_, [9(-,v5,) — g(,v)? = 0 ae. in Q. By (4.11),
|§(a Ujk) - g(',’U)|2 < 492<" 0969)7 and, by (HB’) we have fQ p%IQZ(_’ Cpafl) < 00. Then,
by the Lebesgue dominated convergence theorem, {g(-,v;, )}, oy converges to g(-,v) in
L*(Q, pt. (x)dz). Then, by Lemma 4.3(ii), {S(g(-,vj,))} ey converges to S(g(-,v))
in L*(Q), i.e., {T(vj, )}y converges to T'(v) in L*(Q). Thus (1) holds.

To see (2) note that, by (4.11), {g(-,v;)} ¢y is bounded in L*(Q, pt (z)dx) for any
sequence {v;}; y in L?(Q), and that S : L*(2, p¢, (z)dx) — L*(2) is compact.

To see (3) observe that, by (4.2) and (4.12), we have, for any v € L?(2),

1T (W)l = [15@@( )l

< (gt 0l ey + ||7'HH2 y H’?H(Hl 2))

<e(d + HTHH%(FI) + ||77||(H3)F1(Q))/)

with ¢ and ¢’ positive constants independent of v
Now, as in [35, Theorem 1.1], from (1), (2), (3 ) and the Schauder fixed point
theorem, there exists u* € L?(Q) such that T'(u*) = u*, i.e., such that

—Au* =g(,u*) inQ,

ut =7 on I'y, (4.13)
%—’5 =7 on I's.

To complete the proof of the existence assertion of the theorem it suffices to see that
ur < u* < z (because in such a case g(-,u*) = g(-,u*) and, by Theorem 1.3, u; > cpaq
for some positive constant ¢). From (4.10), (4.13), and since g(-, z) = g(+, z) we have,
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for any nonnegative ¢ € Hgp (),

/(V(z—u

(Vz,Vy) — / (Vu*, V)
Q Q

-/
> [gt2bo+n(o)~ [t = (o)
Q
-

Q

sut))e
which, by taking ¢ = (z — u*)~ gives
[ 19— < = [@62) -5t - ) <o
Q Q

the last inequality because g(z,s) is nonincreasing in s. Then, by Remark 2.1(ii),
(z—u*)” =0and so u* < z.

Similarly, from (4.7), (4.13) and since g(-, u,) = g(-, u, ), we have, for any nonnega-
tive p € Hyp (Q),

[ =096 = [ (@) = gtune o) - 52 0)
Q Q
(4.14)
< [(@t.u) = gt.ue.
Q

the last inequality by our assumption that n > ‘96“; Iy Observe that u* —u, € H&Fl Q)
and that, since g(-, s) is nonincreasing in s,

(?(7u*) _g(-7u7’))<u* - U’T)_ > 0.

Thus, taking ¢ = —(u* — u,)” in (4.14) we obtain [, |V((u* — uT)_)|2 = 0, which
implies (u* — u,)” =0 and so u, < u*.
Suppose that w € H'(Q) is another solution of (1.2). Then u* —w € Hj . (€) and,
in a weak sense,
—A(u* —w) =g(,u*) —g(,,w) inQ,
v —w=0 onI', (4.15)

ou"—w) _ 0

50 on 'y,

that is,

[ = w.Ve) = [(g6u) = gl w)p forany € Hip, (@), (110)
Q Q
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Now, g(z, ) is nonincreasing on (0, c0) for a.e. x € Q, and so
g(u*) —g(-,w)(uw* —w) <0 ae. in Q.

Thus, taking ¢ = u* — w in (4.16), we get

[ 19 = w)P = [(gta) - g ) - w) <0

Q

and so ||V(u* —w)||, =0, Then, by Remark 2.1(ii), v* = w in Q. This concludes the
proof of the part (i) of the theorem.
.. Su,

To see (ii), suppose that n < %= r,

Then, for any nonnegative ¢ € H&Fl (),

and that u is a weak solution of problem (1.2).

/(Vu,V@ =/g(-7U)¢+n(<p) S/g(-,U)Wr 88”7 (),

Q Q Q

and
ou,

ov r,

[ @90 = [otuo+ 52 o)

Q Q

Thus, for any nonnegative ¢ € Hj (),

/ (V(u—ur), Vi) < / (9() — g un)e.
Q

Q

Now we take ¢ = (u — u, )" to obtain that

[ 19 u) <[5 = g6 u - u* <0,
Q

Q

the last inequality because g(z, s) is nonincreasing in s. Thus (u — u,)* = 0 and so
u < u,. Since v is nonnegative and u, = 0 on I'y we conclude that v = 0 on I's.
Then w is a solution of problem (1.13) and, by Theorem 1.3, this problem has a unique
solution. Then u = u,, and so n = B;VT Iy which is a contradiction. Therefore no such
a solution u exists. O

Lemma 4.4. If 0 < f € L*(Q,d} (z)dz), 0 <7 € Hz (), and if u € H*(Q) is the
weak solution of the problem

—Au=f inQ,
u=T onT,
u=20 on Ty,

then 2u

Ov Ty <0.
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Proof. Let ¥ : 92 — R be defined by ¥ = 7 on I'y and ¥ = 0 on I';. Then
0 < U e H2(d0N) and thus there exists ¥ € H(Q) such that ¥ = ¥ on Q. By
replacing U by Ut if necessary, we can assume that U >0inQ. Now, €2 is a bounded
domain with C* boundary, and then C*°(Q) is dense in W?(Q) (see [1, Theorem 3.18]).
Then there exists a sequence {\T’j}jeN C C>=(Q) such that {\I' }jen converges to ]
in H'(Q). An inspection of the proof of [1, Theorem 3.18] shows that, since U is
nonnegative, the functions \le can be chosen nonnegative. For v > 0, let {r, ., and
Ar, , be defined as in (2.1). Let § be a positive number such that I'y N Ar, 45 = &,
and let ¢ € C°°( ) be such that 0 < ¢ <1, ¢ =01in Apr, 5 and ¢ = 1 in Qp225.

Then 0 < qS\I/ € C"C(Q) (b\I/ =0on Iy, and {q/)\I/ }jen converges to oW in H(Q).
For j e N, let ¥; := (b\IJJ‘OQ and let f; : @ — R be defined by f;(z) := min {j, f(z)}.
Then ¥; = 0 on I'y, {\I/j|pl}j€ converges to 7 in Hz(I'y) and {fi}jen converges
to fin L*(Q, di (x)dz). In particular, {/fi}jen converges to f in (H&,FI(Q))’. Now,
fi € L>*(2) and ¥; is the restriction to 9Q of a function in C*°(Q2). Then (see, e.g.,
[29, Theorem 2.4.2.5], see also [26, Theorem 9.15]), the problem

—AUj = f]‘ in Q, (417)
Uj = \I/]‘ on Of)

has a unique strong solution u; € ;.. W>?() C C(Q). Since f; > 0 and ¥; >0
we have u; > 0. Also, u; = 0 on I'z, and then the Hopf boundary lemma, as stated in
[42, Theorem 1.1], gives that 8“7 +(x) <0 for any « € I's. On the other hand, {f;},
converges to f in (Hj p ())’ and {¥;} ;e converges to ¥ in Hz(89), then {ujtjen
converges to u in H(f2). Let ¢ be an arbitrary nonnegative function in H&Fl (Q).
From (4.17), we have — div(¢Vu;) 4+ (Vu;, Vo) = fjp in Q, and so, by the divergence
theorem (as stated, for example, in [14, Lemma A.1]),

7/@%+/<Vuj,vso> :/fjsﬁ-
Q Q

I'>

Then fQ (Vu;, Vg0>ffg fj > 0 and thus, taking into account that {Vu, }jeN converges
to Vu in L?(2,R") and that {fj}jeN converges to f in (Hjp (), we get that
Jo (Vu, V) — [, fe > 0. Then %Fz <0. O

Proof of Corollary 1.7. Let u, be the solution (given by Theorem 1.3) of problem (4.7).
By Lemma 4.4, we have %FQ < 0. Then the corollary follows immediately from
Theorem 1.6. O
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