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1. Introduction

Stability theory is one of the major parts in various fields of applied and pure
mathematics. In optimization theory, we particularly deal with stability ques-
tions if the initial data set is given with no precision qualification. Under this
assumption, it is very important to know what happens to the set of optimal
solutions. We assume some initial realization of data to be fixed along with
some associated set of optimal solutions, assumed to be found. We would like
to clarify how the set would react to small modifications of the initial data set.

The main difficulty of solving discrete optimization problems is their combi-
natorial complexity. While studying stability of single objective discrete models,
it is commonly observed that they may react unpredictably to small modifica-
tions of initial data. In the presence of multiple conflicting objectives, the
problem complexity may only be increased (see, e.g., Ehrgott, 2000; Miettinen,
1999; Nogin, 2018).

For both single and multiple criteria cases, there is a lot of papers dedi-
cated to different approaches that deal with uncertainty in discrete models (for
a review, see, e.g., Emelichev and Kuzmin, 2006; Emelichev and Podkopaev,
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2010; Gordeev, 2015, and references therein). One of the specific approaches
is known under the name of robust optimization. According to this approach,
an additional objective is constructed and optimized in order to represent the
possible worst-case data realization impact (see, e.g., Kasperski, 2008; Kou-
velis, 1997, and references therein). Some other approaches are related to the
so-called post-optimal or stability analysis, where optimal solution behavior is
scrutinized as a response to initial data (problem parameters) changes. Nu-
merous articles are devoted to analysis of conditions, which may guarantee a
certain property of solution invariance to the problem parameter perturbations
(see, e.g., Greenberg, 1998; Sotskov et al., 2010, and references therein). Some
similarities between robust optimization and stability analysis are discussed in
Nikulin (2014); Nikulin et al. (2013).

The present work continues the stability analysis investigations of different
multicriteria discrete optimization problems with various partial criteria and
optimality principles. The survey of recent results in the area can be found in
Emelichev et al. (2012b); Emelichev and Kuzmin (2007); Emelichev and Pod-
kopaev (2010); Gordeev (2015); Libura and Nikulin (2006); Nikulin et al. (2013).
It is worth mentioning that similar research is done for scheduling theory prob-
lems (see, e.g., Gurevsky et al., 2012; Lai et al., 2004; Sotskov et al., 2004, 2009;
Sotskov and Lai, 2012; Sotskov et al.,1998). Also, some well-known combina-
torial problems with a specific structure, such as the maxcut problem, were at
special focus in Kuzmin (2015), where it was proven that the problem of find-
ing the radius for every type of stability is intractable unless P = N'P. Some
problems with nonlinear criteria have been also considered (see, e.g., Libura and
Nikulin, 2004).

In this paper, we focus on studying a major question of what regularity
properties should be imposed on partial criteria in order to guarantee certain
properties of stability. Our approach aims to formulate regularity properties
in the most general form. It allows us not only to generalize numerous results
reported in literature earlier, but also to propose a universal strategy how for
analyzing stability in various discrete optimization models.

2. Basic definitions and notations

We consider a generic class of vector discrete optimization problems, described
as follows. Given a finite set of m > 2 different elements N,,, = {1,2,...,m}, let
x denote a subset of elements from N,,,. Let X be a collection of such subsets
containing at least two subsets, i.e., X C P(N,,), |X| > 2, where P(N,;,) is the
power set of N,,.

The set X is called a set of feasible solutions and x denotes one feasible
solution from the set X. To each element j € N,,,, we assign an n-dimensional
vector of weights (or costs) a(j) = (a1, azj,...,an;)" € R™. Therefore, we deal
with a matrix of weights A = [a;;] € R™*™. Given A, we define a vector-function
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(vector-criterion):

f:f(IaA): (fhf%---vfn)TlX_)Rn-

For any fixed A = [a;;] € R™*™ with rows 4; = (@1, @42, ..., @im) € R, 1 € N,
the partial criteria f; = f;(x, A;) are simultaneously being minimized on the set
of feasible solutions:

min f;(x, A;)
st.x e X.

Then, every instance of a (n-criteria) multicriteria combinatorial optimiza-
tion problem is uniquely defined by the triple (X, f, A), where, as it was men-
tioned above, X is the set of feasible solutions, f = (f1, f2,. .., fn) is the objec-
tive vector-function and A € R™*™ is the matrix of weights. For this reason, it
is natural to denote such instance as (X, f, A). Following notations in Emelichev
et al. (2002, 2005); Emelichev and Podkopaev (2010), we will often refer to the
instance as to the problem itself. We will also assume that all the partial criteria
are mutually independent, i.e., for any given x, each function f;(z, A;) depends
on A; and does not depend on any A; if j # i.

Such formulation of multicriteria combinatorial optimization problem is
quite general, which implies that many classical problems of graph theory such
as minimum spanning tree, shortest path, assignment, maximum and minimum
cut, traveling salesman etc. can be considered as its special cases. If, for in-
stance, N, is used to enumerate all edges in the graph, A is the matrix of
associated vector weights, X describes a collection of all feasible spanning trees
in the graph, and f is the vector-function calculating the vector of weights for
each feasible spanning tree, then the problem becomes the well-known multi-
objective minimum weight spanning tree problem. In case of Pareto optimality
principle, which will be introduced below, this problem, depending on the type
of criteria, may be intractable and NP-hard (in case of linear criteria), see
Ehrgott (2000), or polynomially solved (in case of k&-MAX or bottleneck crite-
ria), see Gorski et al. (2012).

In this article, we will consider objective vector-functions of very general
classes, in particular, they may consist of the following well-known partial cri-
teria:

filw, A) = aij, (SUM)

JjEx

filz, A;) = Q/Za’;j, pPER, p>0, p#1, (p-SUM)
JEX

fi(z, A;) = Z lai;|P?, peR, p>0, (»-NORM)
JEX
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filz, A;) = max agj, (MAX)
filz, A;) = min a;j, (MIN)
fiz, A;) = k- max aj, keN, (k-MAX)
fiz, A;) = k- IJnelil a;j, keN, (k-MIN)

where k-MAX and k-MIN functions return, correspondingly, the k' largest
and the k' smallest weight coefficient among a;;, j € x (see Gorski et al., 2012;
Gorski and Ruzika, 2009).

Since there does not exist a canonical ordering on the Euclidean vector space
R™ when n > 2, we will use commonly accepted, in the theory of multi-objective
optimization and multicriteria decision making, Edgeworth—Pareto concept of
optimality. According to this concept, the set of non-dominated solutions con-
stitutes the outcome we are interested in to get as a result of simultaneous
minimization of several conflicting objectives f;. Below, we define this set that
is also generally known as a set of efficient (Pareto optimal) solutions, or simply
the Pareto set.

For each pair of feasible solutions x, 2’ € X, we define a binary relation of
dominance, i.e., we say that x is dominated by =’ (in minimization sense) if

T f»A ¥ = (Vi EN, (gi(z, 2, 4;) >0)) A 3k €N, (gi(z,2', Ay) > O)),

where

gi(z,x', Ay) = fi(z, As) — fi(', Ai), i€ Np.
Hence, the Pareto set consists of all the feasible solutions x € X that are non-
dominated, i.e.,

P"(f,A) = {:ve)(: P’ e X <$fixx/)}'

Notice that sometimes other principles of optimality, different from the
Pareto, e.g., lexicographic one, may be considered, see, e.g., Ehrgott (2000)
or Emelichevet et al. (2010).

For the problem (X, f, A), we define the Slater set (the set of weakly efficient
solutions)

SI"(f,A)={zeXx: Va' e X\ {z} Tk e N, (gi(z,2', Ar) <0)},
and the Smale set (the set of strictly efficient solutions)

Sm"(f,A)={zeX: V2’ e X\ {z} Ik €N, (gr(z,2’, Ay) <0)}.
It is well known that

Sm™(f,A) € P"(f,A) C SI"(f, 4).
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Since the set X is finite, the Pareto set P"(f, A) and the Slater set SI™(f, A)
are non-empty for any f: X — R™ and A € R"*™. The Smale set Sm"(f, A),
in principle, can be empty, see Ehrgott (2000). Note also that strict efficiency is
the multiple criteria analog of the unique optimal solutions for single objective
problems.

The elements of the matrix A constitute initial data of the instance (X, f, A)
of multicriteria combinatorial optimization problem. We consider the case when
initial data is given with some uncertainty. Assume that instead of the matrix
A we are given a matrix B which is taken from some neighbourhood of A. To
specify the neighbourhood we will consider matrices as points in nm-dimensional
real space endowed with the Chebyshev norm (the norm ). Thus,

||A|| = H(all,alg, - ,anm)H = max{|aij| : (’L,]) eN, x Nm}

Henceforward, where it is convenient, matrices and their rows are called points
in corresponding spaces. Notice that due to the well-known equivalence of any
two norms in finite dimensional linear space, all the results specified here are
valid for the Chebyshev norm as well as for any arbitrary norm in the space
Rnxm.

Let e > 0 and k € N. Under e-neighbourhood of a point b € R* we understand
the set {y € R* : ||y — b|| < &}, which is denoted as Q(e,b). According to this
definition, the e-neighbourhood of a point (matrix) A € R™*™ is the set

Qe,A) ={BeR™™: |B-A| <e},
e-neighbourhood of a point (vector) A; € R™ is the set
e, 4) = {y €R™: |ly— Ayl| < =),
and, finally, e-neighbourhood of a point (number) a;; € R is the set
Qe,ai5) ={z € R: |z —ay| <e}.
It is evident that
BeQ(,A) & VieN, (B;€Q4))
and for any i € N,
B, €Q(e, 4;) & VjeN,, (b€ Qe a;)).
The problem (X, f, B), where B € Q(e, A), is called a perturbed problem.

For any index ¢ € N,, and any solution x € X', we set
Ni(@, fis Ai) = {J € N : Ve > 030 € (—,2) (fi(w, Ai) # filw, As + 9E)) },

where Ej; is the j' row of identity matrix E of dimension m x m. In other
words, N;(x, f;, A;) is the set of indices j € N,,, such that for any b;; the function
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fi(x, B;) is not constant within any e-neighbourhood of point A;. Within the
set N;(z, fi, A;) we distinguish two subsets, N, (x, fi, 4;) and N; (=, fi, A;),
defined as follows below:

N (z, fi, A;) = {j EN,, :Ve> 036 € (—¢,¢) (filz, A;) < filz, A; +6Ej))}7

Ni_(ilf,fi,Ai) = {j eN,:Ve>03 ¢ (—E,E) (fz(x,Al) > fl(x,Al + 5EJ))}
It is evident that
@ C NiJr(xvfivAi)mNii(xvfivAi) c NiJr(Ia flaAZ)UN;(Ia flaAZ) = Nl(xvflvAl)

Therefore, the set N;(z, fi, A;) is such a subset of indexes from N,, that
even arbitrarily small changes of elements’ weights may allow changing the value
of the i'" objective of the feasible solution z. Analogously, N;"(z, fi, A;) and
N[ (z, fi, A;) are the sets of indexes that for arbitrarily small changes allow,
correspondingly, for an increase and a decrease of the i*? objective.

Informally, the elements from N;(z, f;, A;) may be called sensitive elements,
the elements from Nl-+ (z, fi, A;) — sensitive for plus, and, finally, the elements
from N; (z, fi, A;) — sensitive for minus.

To exemplify this notation, let us consider (p-SUM) and (k-MAX) functions
as the i'!' partial criteria (objectives). The former case is quite obvious: all the
elements from x are sensitive for plus and minus simultaneously, while the rest
of elements are not sensitive. The latter case is more complicated. If there is
only one k' largest element in z, then this and only this element is sensitive for
both plus and minus. Otherwise, if there are several k" largest elements in x,
then all of them and only them are sensitive for plus and none of the elements
are sensitive for minus.

3. Stability conditions

Generalizing the traditional methodology of deducing stability conditions
in multiple objective discrete optimization problem (X, f, A), see Emelichev
et al. (2012a); Emelichev and Kuzmin (2008); Gurevsky et al. (2012); Nikulin
et al. (2013), we specify necessary and sufficient conditions for stability for the
problem. The vector-criterion of the problem is composed of arbitrary functions
satisfying some regularity conditions that will be formulated later.

By analogy with Emelichev et al. (2002, 2012a) the problem (X, f, A) is
called stable if

3 >0VB € Q(s,4) (P'(f,B) C P'(f,4)),

i.e., if there exists an e-neighbourhood in the space of initial problem data of
(X, f, A) such that no new efficient solutions appear.

Let J C N,,, J # 0, and b € R™. The function h(y1,y2,...,Ym) : R™ = R
is called constant on (e, b) with respect to y;, j € J, if for every collection of
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variables y; € Q(e,b;), j € Ny, \ J, there exists ¢ € R such that equality

h(y17y27"'7ym) =cC
holds for any y; € Q(e, b;), j € J.

DEFINITION 1 Let x € X, i € N,,. The function f;(x, B;) is called a-regular at
A; if there exists a positive number € = €(i, x) with the following true conditions:
(a.1) the function fi(x,B;) is nondecreasing on the set (e, A;) w.r.t. by,
J € Ni(x, fi, Ai);
(a.2) for each solution &' € X the function g;(z,2’, B;) is constant on (e, A;)
w.r.t. bij; ] S NZ-_(.I, fi7 Al) N NZ-_(.I/, fi7 Al),
(a.3) the inclusion N;i(z, fi, B;) C N;(z, fi, A;) holds for any B; € Q(e, A;).
The vector function f(x, B) is called a-regular at A if f;(xz, B;) is a-regular at
A; for each i € N,,.

Informally speaking, the a-regularity concept ensures that there exists such
a neighbourhood of the initial point A, in which equal perturbations of each
sensitive for minus element result in equal perturbations of solutions to which
this element belongs. Moreover, within the neighbourhood, the appearance of
new sensitive elements is prohibited.

For an arbitrary pair of solutions z and z’ we define a binary relation fFA

according to the rule:
T f,FA ¢ & VieN, (gi(z,2',4;,)=0 =
N (a, fi, Ai) © N (x, fi, Ai) A Nj (x, fi, Ai) € Ny (2, fi, Ai)).
In addition, we introduce the following notation
Pr(f,A) =X\ P"(f A),

Pz, f,A) = {2’ € P"(f,A): Vie N, (gi(z,2',4;) >0)}.

Obviously, P"(z, f, A) # () for any z € X. Moreover, z € P"(z, f, A) if and
only if x € P™(f, A).
Now we are ready to formulate the first main result of this paper.

THEOREM 1 Suppose that the function f = f(xz, B) is a-reqular at A for any
x € SI"(f, A). If the problem (X, f, A) is stable, then

Vo e SI™(f, A) 3’ € P (x, f, A) (:17 fFA a:/> . (1)

The proof of Theorem 1 can be found in the Appendix.

DEFINITION 2 Let x € X, i € N,,. The function f;(x, B;) is called S-regular at
A; if there exists a positive number e = (i, x) with the following valid conditions:
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(B-1) the function f;(x,B;) is continuous on the set Q(e, A;) w.r.t. by, j €
Ny s
(B.2) for any x' such that N;" (', fi, A;) C N (=, fi, A;) and N (z, fi, Ai) C
N7 (2, fi, A;), the function g;(xz,x',B;) is nonnegative at any B; €
Q(E,Ai).
The wvector-function f(x,B) is called B-regular at A if its every component
filx, B;), i € Ny, is S-regqular at A;.

In particular, the property of S-regularity guarantees that for each point
B € Q(e, A) the inequality g(xz,z’, B) > 0 derives from the binary relation
x fFA z'. Now we formulate the second main result of this paper.
THEOREM 2 Suppose that the condition (1) is fulfilled. Then the problem
(X, f, A) is stable if for any x € X the function f = f(x,B) is B-regular at
A.

The proof of Theorem 2 can be found in the Appendix.

Consequently, for a certain class of vector functions f, Theorem 1 provides
the necessary condition and Theorem 2 — the sufficient condition for stability of
(X, f, A). We specify below some representatives of this class. It is easy to check
that the vector function f(x, A) composed of an arbitrary combination of the
(SUM), (MAX), or (k-MAX) partial criteria is a- and S-regular at A € R"*™
for any z € X.

Many types of vector functions defined on X are [-regular at every point
A € R™™ for any z € X, but at the same time they are a-regular only for a few
solutions x and points A. This happens, for example, when f(¢, A) is composed
of an arbitrary combination of the (MIN), (k-MIN), (p-SUM), or (p-NORM)
partial criteria. This can be explained by the fact that a-regularity property
guarantees condition P"(f, B®) ¢ P"(f, A) on matrix B° used in the proof of
Theorem 1. In principle, if we use another perturbing matrix to guarantee the
condition, then the limitations on f could be different.

It is known, see Emelichev et al. (2002), that the coincidence of the Pareto
set P"(f, A) and the Slater set SI"(f, A) gives necessary and simultaneously
sufficient condition for stability of (X, f, A) with vector criterion of type (SUM).
Using Theorem 1 and Theorem 2, this result can be easily generalized for the
entire class of functions.

COROLLARY 1 Let functions f;, i € Ny, be continuous and o-regular at every
point of R™ for any solution x € X and suppose that for every index i € N,, the
following condition holds

VB; e R™ Vzx e X (Nj(d?, fl,Bl) = Ni_(x,fi,Bi) = .I) (2)

Then
P*(f,A) = SI"(f,A) < (X, f, A) is stable.
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As a matter of fact, due to (2) the implication (1) transforms into an equality
P*(f,A) = SI"™(f, A), and on account of its continuity the function f is S-
regular at A. Therefore, based on Theorem 1 and Theorem 2 we conclude that
Corollary 1 is true.

COROLLARY 2 The single objective (n = 1) problem (X, f, A) is stable if [ is
B-reqular at A € R™.

Actually, since P1(f, A) = SI'(f, A) and z fFA x, then based on Theorem 2

the problem (X, f, A) is stable.
For any index i € N,,, we introduce the notation

N (z, A;) = Argmax{a;; : j € z},
N; (z,A;) = Argmin{a,; : j € z}.

COROLLARY 3 Emelichev and Kuzmin (2008) The problem (X, f, A) with par-
tial criteria of type (MAX) is stable if and only if for any solution x € SI™(f, A)
the following condition holds

o' € P™(z, f,A) Vi € N, (gi(z,2',A;) =0 = N (2/,4;) C N (2, A)).

Indeed, we have
N:_(‘TufzuAl) = Ni-‘r(xaAi)a

N; (z, fi, Ai) = { 0 if |NZ+($,A1)| > 9.
Hence, the inclusions
Nj(xlufiaAi) g Nlﬂ»(xafiuAi)a

and
N (z, fi, Ai) € Ny (2, fi, Ai)

are equivalent to the inclusions
N'L'Jr(x/v A’L) c Ni—i_(xv A’L)

Considering - and SB-regularity of the vector-function f at A we use Theorem
1 and Theorem 2 to see the correctness of Corollary 3.

COROLLARY 4 Emelichev et al. (2012a) Suppose that
o' € P™(x, f,A) Vie N, (gi(z, 2, A;) = 0= N; (x,4;) C N; (2, 4)).

Then (X, f, A) with partial criteria of type (MIN) is stable.
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Since we have

Ni7($7 fiuAi) = Nii(‘ruAi)u

_ [ NS (@A) NG (2, A =1,
N (o fi) = { NCEAT R NS

then the inclusions

Ni-i_(‘rlvfivAi) - N;_(x?fiuAi)a
Ni_(xvfiv 1) CN, ( f17 z)

are equivalent to

N; ({E, Al) g N; (I/, Az)
Taking into account S-regularity of f at A we use Theorem 2 to infer correctness
of Corollary 4.

As it was mentioned above, f = f(z, B) with partial criteria of type (MIN),
in principle, is not a-regular at A € R™*™. Another stability criterion was
obtained in Emelichev et al. (2012a), which we present here. Once P"(f, A) =
X, the problem (X, f, A) is stable for any A € R"*™. The problem (X, f, A)
with nonempty P7(f, A) is called non-trivial.

Denote

V(z, I, A) = [[N; (2,4), TCN,,
i€l

I(v,2") = {i € Ny : gi(x,2', A;) = 0}.

Let vy be a projection of vector v € R™ to the coordinate axes with numbers
from the set I C N,,.

THEOREM 3 Emelichev et al. (2012a) The vector non-trivial problem (X, f, A),
n > 1 with partial criteria (MIN) is stable if and only if for any x € Sl"(f, A)
the following condition holds

Vo € V(2,Ny, A) Jz* € P™(z, f, A)  (vi(wr) € V(2" I(z,37), A)).

4. Quasistability conditions

The property of quasistability describes another property of invariance of the
Pareto set. This property is opposite to the property of stability and represents
the case where every original optimum preserves optimality under admissible
perturbations. In this section, we obtain necessary condition for quasistability
of (X, f, A) with an arbitrary type of vector function f, and also describe certain
classes of functions for which the same condition is not only necessary but also
sufficient.

Following Emelichev et al. (2002, 2005) the problem (X, f, A) is called qua-
sistable if

Je >0VB e Qe, A) (P"(f,A) gP"(f,B)),
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i.e., if there exists e-neighborhood in the space of initial data of (X, f, A) such
that none of efficient solutions disappears.
For any = and 2’ define a binary relation fNA as follows

x j,\:4 & f({E,A) = f(x’, A) = VieN, (Nl(I, fi; Az) = Ni(.I/, fZ7A’L))
THEOREM 4 If (X, f, A) is quasistable, then the following formula holds
/ n /
Vo, x' € P"(f,A) <3:f7A:17). (3)

The proof of Theorem 4 can be found in the Appendix.

DEFINITION 3 Assume x € X, i € N,. The function f;(xz,B;) is called -

regular at A; if there exists a positive number € = (i, x) satisfying the following

conditions

(v.1) the function fi(z, B;) is continuous on Q(e, A;) w.r.t. by, j € Ny

(v.2) for any x’ such that N;(z, f;, A;) = N;i(2/, fi, A;), the function g;(z, 2, B;)
is constant on Q(e, A;).

The vector function f(x, B) is called v-regular at A if f;(x, B;) is y-regular at

A; for every i € N,,.

In particular, the property of y-regularity guarantees that for each point
B € Q(e, A) the equality g(z,2’,B) = 0 derives from the binary relation

x fm:4 z'. It is also worth mentioning that in spite of the coincidence of

the properties (5.1) and (v.1) neither S-regularity implies v-regularity nor ~-
regularity implies S-regularity. However, under certain additional conditions
this may happen. For instance, g-regularity derives from ~-regularity when
NZ+(:E7JC17A1) = Ni_(x,fi,Ai) = Nl(I, f’L;A'L) for any r € X and i € N,.
THEOREM 5 Suppose that (3) holds. The problem (X, f, A) is quasistable if for
any solution x € X the function f = f(x, B) is y-regular at A.

The proof of Theorem 5 can be found in the Appendix.

Notice that y-regularity validity test for a certain type of vector functions
can be done easily. Moreover, many well known types of vector criterion defined
on X are y-regular at every A € R"*™ for any x € X. For example, this is
true for the vector-function f(x, A) being an arbitrary combination of (SUM),
(p-SUM), (p-NORM), (MAX), (MIN), (k-MAX), or (k-MIN) partial criteria.

COROLLARY 5 Let functions fi, i € Ny, be y-reqular at every point of R™ for
any x € X and let there be an index s € N,, such that

VBs e R" Ve e X (Ns(z, fs, Bs) = t). (4)

Then
P*(f,A) =Sm"(f,A) = (X, f,A) is quasistable.
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Indeed, due to (4), formula (3) transforms into the equality P"(f, A) =
Sm™(f, A). Therefore, based on Theorems 4 and 5 we can conclude that Corol-
lary 5 is true.

From Corollary 5, we derive the following known, see Emelichev and Pod-
kopaev (2010), result. Let f be an arbitrary combination of (SUM), (MAX),
or (MIN) partial criteria, with at least one criterion of (SUM)-type. Then the
problem (X, f, A) is quasistable if and only if P"(f, A) = Sm"(f, A).

Corollary 5 implies also the following fact.

COROLLARY 6 Let continuous functions f;, i € N, satisfy
VB, e R™ Ve e X  (Ni(z, fi, B;) =t).
Then the problem (X, f, A), n > 1 is quasistable if and only if
Sm"(f,A) = P"(f,A).
From Corollary 6 we also derive the following statement.

COROLLARY 7 Let f;, i € Ny, be of type (p-SUM) or (p-NORM). Then the
problem (X, f, A) is quasistable if and only if P™(f, A) = Sm™(f, A).

As before, we set
N (z, A;) = Argmax{a;; : j € z},
N; (z,A;) = Argmin{a,; : j € z}.

COROLLARY 8 Emelichev and Kuzmin (2008) The problem (X, f, A) with par-
tial criteria (MAX) is quasistable if and only if

flz,A) = f(a',A) = VieN, (N'(x,A4)=N;(z,A))
for any xz,x’ € P™(f, A).

COROLLARY 9 Emelichev et al. (2012a) The problem (X, f, A) with partial cri-
teria (MIN) is quasistable if and only if
flx,A) = f(a',A) = VieN, (N (z,4;)=N; (2", A))

for any xz,x’ € P™(f, A).

Notice that based on Theorems 4 and 5 we can obtain the majority of the
results previously studied in the literature (for the survey see Emelichev et al.,
2012; Emelichev and Podkopaev, 2010; Gurevsky et al., 2012). Using Theorem 4
and Theorem 5, we can establish quasistability criteria for many new problems.

We describe below certain families of such problems . The function f;(z, B;),
which is y-regular at A;, is called peculiar at A; if for any 2/ € X from

Ni(z, fi, Ai) = Ni(2', fi, Ai) the equality fi(x, A;) = fi(z', A;) follows.
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PROPOSITION 1 If function f;(x, B;) is peculiar at A; and function
h:R—=R
is continuous and strictly monotone, then h(f;(x, B;)) is y-regular at A;.

Thus, if every component f; of f is peculiar at A;, then according to Proposi-
tion 1 as well as Theorem 4 and Theorem 5, the problem (X, f, A) is quasistable
if and only if (3) holds.

The following statement is also true and follows from the above.

PROPOSITION 2 If f;(x, B;) is vy-regular at A;, then the function

£filz, B)
is y-reqular at A; for any & € R.

The functions f! = f}(x, B;) and f? = f2(x, B;), which are y-regular at A;,
are called correlated at A; if for any ¢/ € X

Ni(xafil + f?vAl) = Ni(xlafil + ffaAZ) =
Nl(I 1 Al) = NZ(I/ 1 Al) A NZ(.I, 12;141) = Nl(I/ 2 Az)

sJi sJi yJg 0

PROPOSITION 3 If functions f!(z, B;) and f?(x, B;) are correlated at A;, then
the function

filz, B;) = f}(z,Bi) + f}(x, By)

is y-regular at A;.

Therefore, due to Proposition 2 and Proposition 3, as well as Theorem 4
and Theorem 5, the implication (3) is a necessary and sufficient condition for
quasistability of (X, f, A) when every component of vector-function f is a linear
combination of functions correlated at A;, i € N,,.

As an example, consider (X, f, A) with partial criteria defined as

fi(z, A;) = )\meax ai; + umein @ij, 1 €N, (MAX+MIN)
JET JjET

where A\, u € R. It is easy to check that for any index i € N,, the functions

maxb;; and minb;; are correlated for any x € X, B; € R™. Then, based on
JET JET

Proposition 2 and Proposition 3, every function f;(x, B;), ¢ € N,, is y-regular at
A;, i.e., [ is y-regular at A. From here, due to Theorem 4 and Theorem 5, we
conclude that implication (3) gives a criterion for quasistability of (X, f, A).
Notice that when A # —p for any i € N,,, x € X, B; € R™, the following
equality is valid
Ni(z, fi, B;) = Ni(x, By),

where

Ni(l', Az) = N;F(LL', Az) U N; (,T, Al)

Therefore, the following statement is true.
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COROLLARY 10 If A\ # —pu, then the necessary and sufficient condition for qua-
sistability of (X, f, A), n > 1 with partial criteria of type (MAX4+MIN) is the
fulfillment of the following implication for any x,z’ € P"(f, A):
f(:v, A) = f(LL'/, A) = VieN, (Ni(:v, Al) = Ni(:v/, Al)) (5)
If \= —p for any ¢ € N,, and B; € R™, then the equality holds

_ o Ni(z,B;) if |z > 2,
N’L(I)f’HB’L) = { (Z) it |£L‘| —1 (6)

Moreover, if A\ = —u > 0 and |z| = 1, then f;(z, B) =0, i € N,,,, for any matrix
B € R™™ ™ and therefore the inclusion holds

X* C P(f,A), (7)

where
X ={zxeX: |z|=1}.

Since the criterion for quasistability of (X, f, A) is the fulfillment of the implica-
tion (3), then using (6) and (7) it is easy to see the correctness of the corollaries
formulated below.

COROLLARY 11 Assume A = —p and either
X*=0

or

X*2£X and A<0

holds. Then the problem (X, f,A) with partial criteria (MAX+MIN) is qua-
sistable if and only if for any x,x’ € P™(f, A) implication (5) is fulfilled.

COROLLARY 12 If A = —p and X* = X, then the problem (X, f, A) with partial
criteria (MAX+MIN) is quasistable for any A € R™*™,

COROLLARY 13 Assume A = —pu > 0 and ) # X* # X. The problem (X, f, A)
with partial criteria (MAX4+MIN) is stable if and only if

P*(f,A) =X
Notice that in the partial case of A = 1, Corollary 11, Corollary 12 and Corol-

lary 13 give the known conditions for quasistability of (X, f, A) with interval
partial criteria, see Emelichev et al. (2012a).
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5. Conclusion

In this paper, we considered a generic multiple criteria combinatorial opti-
mization problem with arbitrary partial criteria under variations of its param-
eter weights. The uncertainty of initial data was modeled using a traditional
concept of stability analysis, i.e., by perturbations of element weights. We scru-
tinized two main types of stability for a discrete optimization problem: stability
itself, which implies that no new Pareto optimal solutions appear, and qua-
sistability, which means that none of Pareto optimal solutions disappears. As
a result, for large classes of multiple criteria combinatorial optimization prob-
lems, necessary and sufficient conditions of these types of stability were obtained.
These conditions are based on the idea of identification of sensitive elements in
feasible solutions, and are independent of the specific combinatorial problem
considered.

In addition, we introduced some properties of regularity on partial criteria
which could guarantee necessity and/or sufficiency of problem stability and qua-
sistability. As corollaries a number of well-known and new results on stability of
multiple objective problems with specific types of partial criteria were derived.

The generalized approach presented in the article allows for replacing the
methodological tools of stability analysis with methods based on finding sensi-
tive elements of solutions and testing regularity of partial criteria. The more
precise methodological recommendations can be developed on this basis. This
could be a potential subject for the further research in this area.

6. Acknowledgement

The authors thank the anonymous referees for their helpful comments and sug-
gestions which substantially improved the presentation and the contents of this

paper.

References

EHRGOTT, M. (2000) Multicriteria Optimization. Springer, Berlin.

EMELICHEV, V., GIRLICH, E., NIKULIN, Y. and PODKOPAEV, D. (2002)
Stability and regularization of vector problems of integer linear programming.
Optimization 51 (4), 645—676.

EMELICHEV, V., GUREVSKY, E. and KUZMIN, K. (2010) On stability of
some lexicographic integer problem. Control and Cybernetics 39 (3), 811-826.

EMELICHEV, V., KARELKINA, O. and KUZMIN, K. (2012) Qualitative sta-
bility analysis of multicriteria combinatorial minimin problems. Control and
Cybernetics 41 (1), 57-79.

EMELICHEV, V., KOTOV, V., KUZMIN, K., LEBEDEVA, T., SEMENOVA
N. and SERGIENKO T. (2012) Stability and effective algorithms for solving
multiobjective discrete optimization problems with incomplete information.
Journal of Automation and Information Sciences 26 (2), 27-41.



376 K. G. KuzMmiN, Y. V. NIKULIN, M. M. MAKELA

EMELICHEV, V. and KUZMIN, K. (2006) Stability radius of an efficient solu-
tion of a vector problem of integer linear programming in the Golder metric
Cybernetics and Systems Analysis 42 (4), 609-614.

EMELICHEV, V. and KUZMIN, K. (2007) On a type of stability of a multi-
criteria integer linear programming problem in the case of a monotone norm.
Journal of Computer and Systems Sciences International 46 (5), 714-720.

EMELICHEV V. and KUZMIN, K. (2008) Stability criteria in vector combi-
natorial bottleneck problems in terms of binary relations. Cybernetics and
Systems Analysis 44 (3), 397-404.

EMELICHEV, V., KUZMIN, K. and NIKULIN, Y. (2005) Stability analysis of
the Pareto optimal solution for some vector Boolean optimization problem.
Optimization 54 (6), 545-561.

EMELICHEV, V. and PODKOPAEV, D. (2010) Quantitative stability analysis
for vector problems of 0-1 programming. Discrete Optimization 7 (1-2), 48—
63.

GORDEEV, E. (2015) Comparison of three approaches to studying stability of
solutions to problems of discrete optimization and computational geometry.
Journal of Applied and Industrial Mathematics 9 (3), 358—-366.

GORSKI, J. and RUZIKA, S. (2009) On k-max optimization. Operations Re-
search Letters 37 (1), 23-26.

GORSKI, J., KLAMROTH, K. and RUZIKA, S. (2012) Generalized multiple
objective bottleneck problems. Operations Research Letters 40(4), 276-281.
GREENBERG, H. (1998) An annotated bibliography for post-solution analysis
in mixed integer and combinatorial optimization. In: Woodruff, D. (Ed.),
Advances in Computational and Stochastic Optimization, Logic Programming

and Heuristic Search. Kluwer Academic Publishers, 97-148.

GUREVSKY E., BATTAIA, O. and DOLGUL A. (2012) Balancing of simple
assembly lines under variations of task processing times. Annals of Operations
Research 201 (1), 265-286.

KASPERSKI, A. (2008) Discrete Optimization with Interval Data, Minmaz Re-
gret and Fuzzy Approach. Springer, Berlin.

KOUVELIS, P. and YU, G. (1997) Robust Discrete Optimization and its Appli-
cations. Kluwer, Norwell.

KUZMIN K. (2015) A general approach to the calculation of stability radii for
the max-cut problem with multiple criteria. Journal of Applied and Industrial
Mathematics 9 (4), 527-539.

LAI, T., SOTSKOV, Y., SOTSKOVA, N. and WERNER, F. (2004) Mean flow
time minimization with given bounds on processing times. Furopean Journal
of Operational Research 159 (3), 558-573.

LIBURA, M. and NIKULIN, Y. (2004) Stability and accuracy functions in mul-
ticriteria combinatorial optimization problem with X-minmax and Y-minmin
partial criteria. Control and Cybernetics 33 (3), 511-524.

LIBURA, M. and NIKULIN, Y. (2006) Stability and accuracy functions in mul-
ticriteria linear combinatorial optimization problems. Annals of Operations

Research 147, 255-267.



Conditions for stability and quasistability in combinatorial multicriteria optimization 377

MIETTINEN, K. (1999) Nonlinear Multiobjective Optimization. Kluwer,
Boston.

NIKULIN, Y. (2014) Accuracy and stability functions for a problem of mini-
mization of a linear form on a set of substitutions. In: Y. Sotskov and F.
Werner, eds., Sequencing and Scheduling with Inaccurate Data. Nova, New
York.

NIKULIN, Y., KARELKINA, O. and MAKELA, M. (2013) On accuracy, ro-
bustness and tolerances in vector Boolean optimization. Furopean Journal of
Operational Research 224 (3), 449-457.

NOGIN, V. (2018) Reduction of the Pareto Set. Springer, Cham.

SOTSKOV, Y., ALLAHVERDI, A. and LAI, T. (2004) Flowshop scheduling
problem to minimize total completion time with random and bounded pro-
cessing times. Journal of the Operational Research Society 55 (3), 277-286.

SOTSKOV, Y., EGOROVA, N. and LAI, T. (2009) Minimizing total weighted
flow time of a set of jobs with interval processing times. Mathematical and
Computer Modelling 50 (3—4), 556-573.

SOTSKOV, Y. and LAI, T. (2012) Minimizing total weighted flow under un-
certainty using dominance and a stability box. Computers and Operations
Research 39 (6), 1271-1289.

SOTSKOV, Y., SOTSKOVA, N., LAI, T. and WERNER, F. (2010) Scheduling
under Uncertainty, Theory and Algorithms, Belorusskaya nauka, Minsk.

SOTSKOV, Y., TANAEV, V. and WERNER, F. (1998) Stability radius of an
optimal schedule: a survey and recent developments. Industrial Applications
of Combinatorial Optimization 16, 72-108.

7. Appendix

PROOF OF THEOREM 1. If x € P"(f, A), then, due to the facts that x €
P*(x, f,A) and x fl—A x, formula (1) holds. The proof that (1) holds also

for any = € Sl"(f,'/i) \ P™(f,A) is done by contradiction. Assume we have
z° € SI"(f, A)\ P"(f, A) such that for any z € P™ (2, f, A) the relation 2" fl—A x

does not hold. Then (since 2° € SI"(f, A)) for every x € P"(z", f, A) there
exists s = s(z) € N,, with gs(2°, 2, As) = 0, such that

N;r(x,fs,AS) Z N;r(xoaf&AS) or N;(Ioaf&AS) Z N;(x,fs,As),

i.e., the set (N (z, fs, As) \ N (20, fs, As)) U (N (20, fs, As) \ N (2, fs, As))
is nonempty. Let p = p(z) be an index of that set. The following two cases are
possible.

Case 1: p € Ny (a0, fs, As) \ N7 (=, fs, As). Since there exists € = £(t) > 0
such that the property («.1) holds. Taking into account the definitions of the
sets N, (20, fs, As) and N (z, fs, As) it is easy to see that for any positive
number J < ¢ the following relations are true

fs(xouAs - 5Ep) < fs(xouAs)a fs(qus - 6Ep) = fs(x7AS)7
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in other words gs(2°, z, As — 0E,) < g5(2°, z, As).

Case 2: p & Ny (29, fs, As) \ N (w, fs, As). Similarly to the previous case
we infer there exists ¢ = £(¢) > 0 such that for any positive number § < € the
relations take place

fs(,TO,AS + 5Ep) = fs(xouAs)a fs(qus +6Ep) > fs(x7AS)7

ie., gs(20, 3, Ag + 0E,) < gs(2%, 2, As).
Summarizing what has been proven for both cases, we conclude that

gs($07$7A5+0EP) <gs($07$7A5)5 (8)
where

0 otherwise.

0= 0(s) :{ 6 Hpe N, (@ fu AD NN (@, for Au),

Set €0 = {a( ) x e P (2% f,A)}, 0 < 6° < €° and define matrix
B = [b;] € Q(°, A) according to the followmg
;=0 ifieN,, je N (a% fi, A),
CLZJ—F(SO leENn,jEN \N (O,fi,Ai).

Note that the matrix B° does not depend on z, however, for each = €
P (20, f, A) and p = p(x) we have

gS(IOa €, Bg) = gS(IEO,ZE,AS + GOEP + y/ + y”)v
where §° = 0(8°); ',y € R™,

r_ { —50 lfj S Ni_(IO,fi,Ai) ﬂNi_({E,fi,Ai),

0  otherwise,

—60 if j & Ny (2%, fi, A\ (N (=, fi, Ai) U {p}),
y;»/: 60 iijNm\(Nii(wovfivAi)U{p})’

0 otherwise.

Without loss of generality we can assume that the vector A; was changed
(perturbed) successively in the following way: at first the vector 0 E,, was added,
and then the vector 3’ joined and then, finally, the vector y” was added. Due
to (8), after the first perturbation, we get

gs(2%, 2, As + 0°E,) < gs(2°, 2, As).
On account of (a.2), after the second perturbation, we have
9s(2°, 2, Ag + 0°Fp + o) = g5(2°, 2, As + 0°E,).
Lastly, due to (a.1) and («.3) after the third perturbation, we find

9s(2°, 2, Ay + °Ey + ¢ +3") < gs(2°, 2, A, + 0°Ey).
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Therefore, from the above we finally infer
gs(xou x, As + eEp + y/ + y”) < gs(xou x, As) =0.

Thus, for any z € P"(2°, f, A), the following relation holds

0 —

- . 9
T (9)
If 2° € P*(f, BY), then P"(f, B®) £ P"(f, A). If 2° € P"(f, BY), then because
of the external stability of the Pareto set P™(f, BY) there exists x* € P"(f, B?)
such that

20 =zt

f,B°

Consequently, z* € P™(f, A) due to (9), whence P"(f, B®) ¢ P"(f, A), which
means that the problem (X, f, A) is not stable.
Theorem 1 has been proven. O

PROOF OF THEOREM 2. If P(f, A) = (), the statement is self-evident.
Henceforth assume P"(f, A) # (. Let 2 € P"(f, A). There are two possible
cases.

Case 1: x € SI"(f, A). Then, there exists 2’ € P"(f, A) with

z =2 and z F 2.
f,A

A

Therefore, the set N, is split into two disjoint subsets N! and N2, determined
via conditions

vie N'  (gi(z,2', 4;) > 0),
Vi e N2 (gi(:zr,:zr/,Ai) =0,
N;r(‘rlu fiuAi) g N;’_(xathi)u Ni_(xafi7Ai) g Ni_(‘rlu fi7Ai))'

From the above, using S-regularity at A of the functions f(x, B) and f(2’, B) we
conclude the existence of € > 0, satisfying (due to property (5.1)) the condition

Vie N' VB; € Qe, 4)  (gi(z,2',B;) > 0),
and (on the grounds that property (5.2) holds) the condition

Vie N* VB; € Qe, 4;)  (gi(z, 2, B;) > 0).
Summarizing, we get

Je >0 VBeQe,A) (x ot z'). (10)
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Case 2: z € X\ SI"(f, A). Then, there exists a solution 2’ € X \ {z} such
that
VieN, (gi(x,x/,Ai) > O).

Therefore, using the property (8.1) of the functions f(z, B) and f(a’, B) we
conclude the existence of € > 0 satisfying the condition

VieN, VB; e Q(E,Ai) (gi(x,:v’,Bi) > O),

and hence (10) is valid. L
Thus, it was shown that for any solution ¢t € P7(f, A) there exist 2’ € X\ {x}
and € = g(z) > 0 such that z f>_B 2’ for all B € Q(e, A). Setting e* = min{e(x) :

x € P(f, A)} we deduce
J* >0 VBeQ(E*A) Voe Pr(f,A) (xeP(f B)).

And hence the problem (X, f, A) is stable.
Theorem 2 has been proven. g

Proor orF THEOREM 4. Conversely, let (X, f, A) be quasistable, but
there exist solutions z% z* € P"(f, A) such that z° o x* does not hold.

Then f(zY,A) = f(z*,A) and there exists s € N, with Ng(zV, fs, As) #
Ng(z*, fs, As). Therefore, without loss of generality, assume Ng(z°, fs, As) \
Ny(x*, fs, As) to be nonempty. Further, let p € Ny(z, fs, As) \ Ns(a*, fs, As).
Then according to the definition of sets N, (20, f, As) and Ny(x*, fs, As) we get

Ve > 036° = 6%Ce) € (—¢,¢) (fs(:vO,AS) £ fo(2®, Ay + 60Ep)),
Je* >0V € (—e*,¢e%) (fs(x*,As) = fo(z*, As + 6Ep)).
From the above, upon setting

0 §) ife<er,
T 80 ife>er,

it is easy to see that for any € > 0 there exists 6 € (—¢,¢) such that
fs(xoa As) # fs(xoa As+ eEp) and fs(‘r*a As) = fs(x*u As + eEp)
Define the elements of B® = [b);] € Q(e, A) as

o — | ag+0 i (i) = (s,p),
Y Qij if (4,7) € Np x Nop \ {(s,p) },

Taking into account that f(z°, A) = f(z*, A) we get

95(500750*732) = gs(xoax*uAs'*'eEp) = fs(xouAs"’eEp)_fs(x*aAs'i'eEp) #
# fS(IO,AS) — fs(z", As) =0,
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gi(xo,x*,B?) = g;(2%, 2%, A)) = fi(2Y, Ay) — fi(a*, A)) =0, i e N, \ {s}.

0 - 20, and therefore P"(f, A) ¢
B

So, we conclude that either x - z* or z*
f,B

f
P™(f, BY). Summarizing, we conclude that

ve >03B° € Q(e,A)  (P"(f,A) £ P"(f,B")).

The last contradicts the quasistability of (X, f, A).
Theorem 4 has been proven. O

PROOF OF THEOREM 5. Let z € P*(f,A) and 2’ € X \ {z}. Then, due
to vy-regularity of f(x, B) and f(a’, B) there exists ¢ > 0 such that functions
fi(z, B;) and f;(2', B;) satisfy (v.1) and (v.2), respectively, for any i € N,, .
The two cases are possible

Case 1: f(x,A) = f(a’, A). Then, from (3) we get

VieN,  (Ni(z, fi, 4) = N;(2', fi, Ay)).
Therefore, for every i € N,,, based on property (v.2), we have
VB; € Q(e, A;) (gl-(:zr,:zr/,Bi) = gi(x,x’,Ai)).
Thus,

Je > 0 VB € Q(¢g, A) (:vj%x’). (11)

Case 2: f(z,A) # f(a', A). Then, there exists s € N,,, with gs(z,2’, As) < 0.
Therefore, using (v.1), it is easy to see that there exists a positive number ¢
such that for any matrix B € Q(e, A) the inequality gs(z,z’, Bs) < 0 holds.
Thus, in this case formula (11) is true.

Summarizing what has been proven for both cases, we conclude that any
efficient solution x remains efficient in the perturbed problem (X, f, B) for any
B € Q(e, A), and hence (X, f, A) is quasistable.

Theorem 5 has been proven. O

PROOF OF PROPOSITION 1. For brevity sake, h(f;(x, B;)) is denoted by h.
Since f;(x, B;) is vy-regular at A;, then there exists € > 0 with valid conditions
(v.1) and (v.2). Let us check that the same conditions are true for h for the
same €.

Validity of (.1) for h is obvious, since it is continuous, and f;(z, B;) satisfies
(v.1). Further, we validate (7.2) for h. Let x and 2’ be such that

Ni(z, fi, Ai) = Ni(2', fi, As). (12)
Then, due to the strict monotonicity of h for any B; € (g, 4;), we have

Ni(z,h, B;) = Nyi(, fi, B;) = Ni(2', fi, Ai) = Ni(2', b, 4;). (13)
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On the other hand, since f;(x, B;) satisfies (7.2) and it is peculiar at A; from
(12) it follows that

VB; € Q(E, Al) (gi(ac, ,T/, Bl) = O)
Thus, due to the strict monotonicity of h, we get
VB; € Qe, Ai)  (h(fi(w, Bi)) = h(fi(2', Bi)))-

From the last and (13) we conclude that h satisfies (7.2).
Proposition 1 has been proven. O

PROOF OF PROPOSITION 3. Denote f}(z, B;), f2(z, B;) and fi(z, B;) as
1 f? and f;, respectively. Since f} and f? are y-regular at A;, then there
exists € > 0 such that for each f} and f? the conditions (.1) and (v.2) hold.
Therefore, it is clear that f; satisfies (v.1).

Further, we will show that f; satisfies (7.2). Let 2’ be such that the equal-
ity Ni(z, fi, A;)) = N;(2/, fi, A;) remains. Then, due to the fact that func-
tions f! and f? are correlated at point A;, we have the following equalities:
Ni(x, f1, A;) = Ni(a/, £}, A;) and N;(x, f2, A;) = N;(2', f2, A;). Consequently,
based on property (v.2), valid for functions f} and f? on Q(e, A4;), the functions
i@, By)— fH(2', B;) and f?(z, B;) — f?(a', B;) are constant. Thus, g;(z,2’, B;)
is also constant on Q(e, A;). Hence, f; satisfies condition (v.2).

Proposition 3 has been proven. O



