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1. Introduction 

The problem of determining the reliability function of 

the system with dependent components is important 

but difficult to solve. Many papers are devoted to it i.e. 

[1], [2], [3], [4]. In the Barlow & Proshan book [1975], 

there is defined, based on the reliability theory, 

multivariate exponential distribution as a distribution 

of a random vector, the coordinates of which are 

dependent random variables defining life lengths of the 

components. Their dependence arises from some 

environmental common sources of shocks. Using that 

idea we are going to present some examples of systems 

with dependent components, giving up the assumption 

that the joint survival probability is exponential and 

accepting the assumption that the failure occurs only 

because of two independent sources common for two 

neighbour components. 

Assume that due to reliability there are n ordered 

components  

 

   ).,...,,( 21 neeeE 
 

 

Assume also that n+1 independent sources of shocks 

are present in the environment  

 

   ),,...,,( 121  nn zzzzZ  

and each component ei can be destroyed only because 

of shocks from two sources   zi  and  zi+1.  

Let Ui be non-negative random variable defining the 

time to failure of the component caused by the shock 

from the source  zi. Thus the life length of the object 

depends on the random vector       

 

   ),,...,,( 121  nn UUUUU .                                     (1)   

                                     

Admit that the coordinates of the vector are 

independent random variables with distributions 

defined as follows  

                                                    

   
.1,...,2,1),()(  niuUPuG iiii  

                   (2) 

                                    

The life length of the component ei   is a random 

variable satisfy  

 

   
niUUT iii ,...,2,1),,min( 1   .                           (3)                 

 

Notice that two neighbour components in the sequence 

),...,,( 21 neee  have one common source of shock – 

depend on the same random variable. The random 

variables T1, T2,…,Tn   are dependent. Their joint 

distribution is expressed by means of the multivariate 

reliability function and it can be easily determined: 
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Abstract 

The models of the non-renewal reliability systems with dependent times to failure of components are presented. 

The dependence arises from some common environmental stresses and shocks. It is assumed that the failure 

occurs only because of two independent sources common for two neighbour components. The reliability function 

of series and parallel systems with components depending on common sources are computed. The reliability 

functions of the systems with dependent and independent life lengths of components are compared.  
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Thus          
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where 
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The reliability functions of the components can be 

obtained as marginal distributions computing the limit 

of the function (4), when 
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.,...,2,1),()()()( 1 nitGtGtTPtR iiiiiiii      (5)                                        

 

The bivariate reliability functions can be determined 

by computing the limit of (4), when      
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it could be proved that 
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and generally   
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That property asserts that the life length of ei depends 

only on the life length of the next component ei+1, does 

not depend on the life lengths of the rest of the 

components. That is a certain kind of Markov property. 

 

2. Reliability of the object with the series 

structure 

If the object has a series reliability structure then its 

life length T is the random variable defined by the 

formula     

                              

   
),...,,(min 21 nTTTT  .                                          (10) 

 

Using   (4) we can determine the reliability function: 
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Let us compare the function with the reliability 

function of a series system in which the life lengths of 

the components   T1, T2, …,Tn   are independent and 

their reliability functions are defined by (5). Let  

0),(
~

ttR  be a reliability function of that system. It 

satisfies   
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~
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 Thus, for 0t    

                                
  )()(

~
tt RR   

holds. 

The inequality means that the reliability of a series 

system with dependent (in the considering sense) life 

lengths of components is greater than (or equal) to the 

reliability of that system with independent life lengths 

of components and the same distributions as the 

marginals of  T1, T2, …, Tn   .   

Accepting the assumption about independence of the 

life lengths of the components even though the random 

variables describing the life lengths are dependent, we 

make an obvious mistake but that error is „safe” 

because the real series system has a greater reliability. 

That estimation is very conservative. 
 

 

Example 1. 

Assume that a non-negative random variable Ui, 

describing time to failure of the component caused by 

the shock from source zi    has a Weibull distribution 

with parameters 
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for  ui > 0 
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The reliability function of a series system with 

dependent components satisfies  
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For  n = 3   and  
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we get 

 

   
)32.02.21.022.02.11.0()()( ttttetTPt R  

 

The graph of the function is presented in Figure 1.  
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Figure 1. The graph of the series reliability function 

with dependent components  

 

The reliability function 0),(
~

ttR  of the series system 

with independent life lengths of components, the same 

marginals satisfies   

 

   )32.02.22.024.02.11.0()()(
~ ttttetTPt R . 

 

3. Reliability of the object of the parallel 

structure 

The life length of the object of a parallel structure is a 

random variable defined by    

 

   
),...,,(max 21 nTTTT  .                                         (13)     

                                        

Let us compute the reliability function of the object: 
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Using the formula of probability of a sum of events we 

obtain  
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Hence and from (4), (6), (7) we get 
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Particularly, for   n=3    we have, 
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If T1, T2, …,Tn   are independent then
  

 

   ),...,,(1)( 21 tTtTtTPt n R


 

 

          )()...()(1 21 tTPtTPtTP n   

 

          )](1[...)](1[)](1[1 21 tRtRtR n  

 

          

.)]()(1[...

)]()(1[)]()(1[1

1

3221

tGtG

tGtGtGtG

nn 



 

 

For n = 3 
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After multiplication we get 
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Notice that 
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Let Ai,   i=1, 2, 3, 4   be independent events with 

probabilities defined by 
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The expression 

    

   )()()()()()( 412141 tGtGtGtGtGtG   

 

   )()()()()()( 432143 tGtGtGtGtGtG   

 
can be rewritten as  
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So 
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Thus 

 

   )()( tt RR 
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The inequality can be proved for any n by the 

induction. It assures that the reliability of the parallel 

system with the independent components is greater 

than (or equal) to the reliability of that system with 

dependent components.  

 Computing the reliability of the real systems we often 

assume that the components life lengths are 

independent even though the random variables 

describing the life lengths are dependent. That example 

shows that such assumption leads towards careless 

conclusions. The real parallel system may have 

significantly lower reliability. Moreover, we come to 

the similar conclusions if we take under consideration 

more general assumption about the association of the 

random variables T1, T2, …,Tn   [1].  

  

Example 2. 

Assume as previously that a non-negative random 

variable Ui , describing time to failure of the 

component caused by the source  zi    has a  Weibull 

distribution with parameters 
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Let  n = 3. Then for  ui > 0 
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As previously 
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Using (16) we obtain the reliability function of the 

parallel system with dependent components. For t > 0 

it satisfies 
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Figure 2. The graph of the reliability function of the 

parallel system with dependent components 
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4. Conclusion 

The reliability of a series system with dependent (in 

the considered sense) life lengths of components is 

greater than (or equal) to the reliability of that system 

with independent life lengths of components.  

 Assuming the independence of the life lengths of the 

components even though the random variables 

describing the life lengths are dependent, we make a 

mistake but that error is „safe” because the real series 

system has a greater reliability. The estimation of the 

reliability function is very conservative.  

The reliability of the parallel system with the 

independent components is greater than (or equal) to 

the reliability of that system with dependent 

components.  

Computing the reliability of the real systems we often 

assume that the components life lengths are 

independent even though the random variables 

describing the life lengths are dependent. The 

examples presented here show that such assumption 

leads towards careless conclusions. The real parallel 

system may have significantly lower reliability. 
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