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Abstract: A new structure to design observers for linear systems is presented in this 
work. The key step is the construction of two layers where the first consists of multiple 
observers and the second connects them providing the weighted estimation state. The 
main difficulty is to find a new feedback which is responsible for control weights. To 
define observation law, we rely on multi observers from the first layer. The proposed 
structure significantly improves the transient characteristics of the observation process, 
which is shown in illustrative examples. 
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1. Introduction 
 
The observer design is an important problem in the control systems theory. The most po-

pular observer has been proposed long time ago by Luenberger [7]. Currently the observation 
problem is solved for linear and nonlinear systems [4, 6, 11]. In this paper our goal is to 
improve transients in the observation process in the case of a linear system. Thus, we consider 
Luenberger based observers. 

The crucial problem connected with the observer design is to achieve the desired perfor-
mance. An attractive idea is to alter the observer gain, which has been analyzed in other works 
[9, 11-13]. 

Another approach is found in the work [2] where a plant is described by switching a finite 
set of models. This requires a switched observer structure. The set of observers is applied to 
provide the convergence of an estimation process despite time varying parameters. However 
in every time instant only one observer is chosen to estimate the state hence we can say no-
thing about a multi observer structure. 

An interesting idea is to refine the structure of the observer. For example, in the work [10] 
the transient improvement is obtained by introducing the additional dynamics into the ob-
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server process. In this approach the static Luenberger observer is transformed into dynamic 
form by replacing a static gain within a dynamic gain. 

The purpose of this paper is to define a new framework which may be called Multi Ob-
server. The authors are partially motivated by an approach formulated for the adaptive control. 
In works [8] the indirect adaptive controller is designed by using the identification process 
relying on many models, which are working simultaneously. 

In this paper, our goal is to refine a structure of the Luenberger observer by its extension 
from a single to a multiple observer. This produces two layers. The former is a set of Luen-
berger observers with different estimation states. The latter calculates the weights of the first 
layer observers. Thanks to the auxiliary layer, we are enabled to provide a new estimation law. 
The proposed technique may be applied to any kind of Luenberger observer, for instance 
reduced order observer. Furthermore, the authors already applied the Multi Observer structure 
to reduce a peaking phenomenon in High Gain Observers in work [3]. In the presented work, 
thanks to linearity of the Luenberger observer, we may solve the problem Multi Observer pro-
blem in a very elegant way. The improvement of observer process performance is examined 
by simulations. To show advantage of its application in the real world, we apply a Multi Ob-
server to a sensorless problem of a DC motor. Relying on simulations we show that a Multi 
Observer is not significantly affected by noise. 

 

2. Multi observer definition 
 
We analyze the observer design technique for a multi input multi output linear system 

given by: 

  )()()(
d
d tButAxt

t
x += , (1) 

  )()( tCxty = , (2) 

where: nx R∈  is the system state, mu R∈  is the input variable, py R∈  is the output vari-
able. The matrix nnA ×∈R , mnB ×∈R , npC ×∈R  consists of known parameters. We assume 
that the system is observable. 

A typical approach is to design a Luenberger observer, which consists of a single system: 

  ( ))()(ˆ)()(ˆ)(
d

ˆd tytyLtButxAt
t
x −−+= , (3) 

  )(ˆ)(ˆ txCty = , (4) 

where npL ×∈R  is the gain matrix. Next, we obtain an autonomous system 

  ( ) )()(
d
d teLCAt

t
e −= , (5) 

where )()(ˆ)( txtxte −=  is the estimation error. We assume that LCA −  has poles in the left 
plane. This is easy to obtain for any observable system by designing gain L . 
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The above structure, where for a one plant is only one observer is common for the previous 
work. In our approach we would like to extend the number of observers to more than 1. Hence 
we define M  observers 

  ( ))()(ˆ)()(ˆ)(
d
ˆd

tytyLtButxAt
t

x
kk

k −−+= , (6) 

  )(ˆ)(ˆ txCty kk = , (7) 

where 11 += nk K  is the observer index. It is worth noting that the difference between the 
observers is only between the initial state. Due to the introduction of many observers, we have 
many state vectors kx̂ .  

Nonetheless in the control system we require only one value of a state estimate. Thus, we 
combine all vectors from M observers into one 

  )(ˆ)()(ˆ
1

1
txttx

n

k
kk∑

+

=
α= , (8) 

where R∈kα  represents weight coefficients. Please note that the proposed structure gives us 
a chance to estimate the observer state in two layers. The first is well known and is based on  
a Luenberger observer. The second is related to adjusting the influence of k observer on the 
final result. Now, we may define our goal of this work. We would like to find how to define 
the observation law in the second layer. 

 
 

3. Main results 
 
In this section we would like to present two main statements. The first proves that there 

exists such *α k  that estimates state x  through Equation (8). The second defines the mapping 
which enables us to construct an observer. 

To build the observer we calculate the observation error for all models. The error is 
defined as: 

  ∑
+

=
σ −α=−=

1

1
)()(ˆ)()()(ˆ)(

n

k
kk txtxttxtxte . (9) 

The error is found between the Multi Observer state x̂  and the system state x . We assume 
that 

  ∑
+

=
=α

1

1
1)(

n

k
k t  (10) 

and hence 
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  )()()(
1

1
tette

n

k
kk∑

+

=
σ α= , (11) 

where ke  is the single observer error, whose derivative is the same as in Equation (5) 

  ( ) )()(
d

d
teLCAt

t
e

k
k −= . (12) 

Lemma 1. Suppose )0()0(ˆ 1+− nk xx , nk K1= as linearly independent vectors. Then, there 
exist weights *α k , 11 += nk K  which are satisfied by the equation 

  ∑
+

=
α=

1

1

* )0(ˆ)0(
n

k
kk xx . (13) 

Furthermore, if the equation 

  ∑
+

=
α=

1

1
)0(ˆ)()0(

n

k
kk xtx  (14) 

is true, then *)( kk t α=α . 

Proof. With the help of (10), we consider the following equation 

  [ ]∑∑
=

+

+

=
−α+=α=

n

k
Mkkn

n

k
kk xxtxxtx

1
1

1

1
)0(ˆ)0(ˆ)()0(ˆ)0(ˆ)()0( . (15) 

Because )0()0(ˆ 1+− nk xx , nk K1=  are linearly independent vectors, we can choose *α k  to 
span any vector in 1×nR . Hence, we can choose such *α k  that (15) is equal to )0(x . This as-
sures that (13) is true.  

To show second statement, we consider the following equation 

  [ ]∑
=

+ −α+=
n

k
Mkkn xxtxx

1
1 )0(ˆ)0(ˆ)()0(ˆ)0( . (16) 

Because of linearly independent vectors )0(ˆ)0(ˆ 1+− nk xx , we conclude that *)( kk t α=α . 

Lemma 2. Under the foregoing conditions, the observation error σe  is 0  for ∞→t  if 
and only if *α)(α kk t = . 

Proof. Let consider *α)(α kk t = . Then 

  )()(ˆ)()(ˆ)(
1

1

* txtxtxtxte
n

k
kk∑

+

=
σ −α=−= . (17) 

The solution of equation error (12) for k  observer is given by 
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  )0()()( kk ette Φ= , (18) 

where )(tΦ  is the state-transition matrix. Hence, with the help of Lemma 1 we obtain: 

  0)0()0(ˆ)()(
1

1

* =
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−αΦ= ∑

+

=
σ

n

k
kk xxtte , (19) 

which finishes the first part of the proof.  
If we consider 0)( =σ te , then 

  0)0()0(ˆ)()(
1

1
=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−αΦ ∑

+

=

n

k
kk xxtt . (20) 

Because )(tΦ  is invertible for 0>t  then  

  0)0()0(ˆ)(
1

1
=−α∑

+

=

n

k
kk xxt . (21) 

From Lemma 1, we conclude that *α)(α kk t = .  
From the point of view of the observation process, we search an algorithm which could 

estimate )(α tk  such that they produce 0)( =teσ . It could be expected that if it is possible to 
estimate )(α tk  coefficients simultaneously with decaying )(tek , then the observation process 
will converge faster. Unfortunately, in Equation (11) error )(tek  is unknown in the observa-
tion process, hence we require additional mapping to obtain accessible signals. Let us consider 
the most obvious case 

  )()( tCet kk =η  (22) 

and the following mapping: 

  )()()()()()()( 1111 ttttttt nnkk ++ ηα++ηα++ηα=η KK .  

 Transform )()(η tCet σ=  is not invertible. Therefore 0)(η =t  does not ensure that )(σ te  
is equal to 0. This motivated us to search more sophisticated transformation. We calculate 

1−n derivatives of (7) 

  )()()(
d

d
)(

d
d

tCLtCAet
t

e
Ct

t kk
kk η−==

η
, (23) 

  )(
d

d
)()()(

d
d 2

2

2
t

t
CLtCALteCAt

t
k

kk
k η

−η−=
η

, (24) 

M  

  )(
d

d
)()(

d
d

2

2
1

1

1
t

t
CLteCAt

t n
k

n

k
n

n
k

n

−

−
−

−

− η
−−=

η
K . (25) 
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The above equations can be integrated 1−n  times and they can be expressed as a matrix 
equation 

  

43421

K
M

1
0 0

1

)()(

−
−

∫ ∫ ττ

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

=ξ

n

t t

n

k de

CA

CA

C

t , (26) 

where 1×∈ξ n
k R  is defined as 

  

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

=ξ
−

−− )(

)(

1

01

001

)(

,0

,1

12 tv

tv

LCALCA

CL
t

k

kn

nn

k M

K

MOMM

K

K

. (27) 

The signals R∈)(, tv kj , where j  denotes an index and k is the observer number, create 
the integration chain 

  )()(,0 ttv kk η= , (28) 

  )(
d

)(d
,0

,1 tv
t

tv
k

k = , (29) 

  )(
d

)(d
,1

,2 tv
t

tv
k

k = , (30) 

  M , (31) 

  )(
d

)(d
,2

,1 tv
t

tv
kn

kn
−

− = . (32) 

It is worth to note that )(ξ tk  is found relying on output error )(η tk and its integrals. 
Hence, it is easily accessible in the control system. Now, we are ready to state a theorem 
which enables estimation of )(α tk  coefficients.  

Theorem 1. Let consider )(ξ tk  defined by (27) and (28-32) and introduce an auxiliary 
error 

  )()()(
1

1
ttte

n

k
kk∑

+

=
ξ ξα= , (33) 

then, for 0>t  auxiliary error )(teξ  is equal to 0  if and only if *)( kk t α=α .  

Proof. Let consider *α)(α kk t = . Thanks to )0()(Φ)( kk ette =  the solution on )(ξ tk  is 
equal to 
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  )0()()(

1

k

n

k et
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CA

C

t Γ

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

=ξ

−
M

, (34) 

where ( )
4434421

K

1
0 0

)(

−

∫ ∫ ττΦ=Γ

n

t t

dt . The auxiliary error may be rewritten as 

  ∑
=

−

ξ αΓ

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

=
M

k
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n
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CA

CA

C

te
1

1

)0()()()(
M

 (35) 

and with the help of (10) 

  
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−αΓ

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

= ∑
+

=
−

ξ )0()0(ˆ)()()(
1

1
1

xxtt

CA

CA

C

te
n

k
kk

n
M

. (36) 

From Lemma (1), we conclude that 0)( =ξ te . This finishes the first part of the proof. 
Now, let assume that 0)( =ξ te . This yields to 

  0)0()0(ˆ)()(
1

1
1

=
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−αΓ

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

∑
+

=
−

xxtt

CA

CA

C
n

k
kk

n
M

. (37) 

From the properties of the transition matrix we known that )(Γ t  is invertible for 0>t . 
Additionally, we have also assumed that the matrix is observable, hence ][ 1−nCACAC K  
is invertible. Thus, we conclude that 

  0)0()0(ˆ)(
1

1
=−α∑

+

=
xxt

n

k
kk  (38) 

and from Lemma *α)(α kk t = . 
The above result describes how to estimate state )(tx  in the second layer. The key-note of 

the estimation algorithm is to find *α k  whose value is unknown at the beginning of the obser-
vation process. As soon as we estimate *α k , we known from Theorem 1 that )(σ te  is reduced 
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to 0 . This means that )(ˆ tx  is equal to )(tx . In the next section we will show how to find *α k  
based on (33). 

Now, the main point of applying a Multi Observer is clearly visible. It has to be em-
phasized that the goal of using many observers is not to find the initial starting guest of )0(x̂  
as close as )0(x . The second layer is introduced to provide additional mapping and thereby 
expand the capabilities of the observation process. 

 
 

4. Estimation algorithm 
 
In this section we describe a method of estimation of weights )(α tk . Relying on 

Theorem 2 we would like to find *α k  which reduces 0)(ξ =te . Hence, with the help of (10) it 
is worth to rewrite (33) as 

  [ ]∑∑
=

++
=

++ξ ξ−ξα+ξ=ξα+ξα=
n

k
nkkn

n

k
kknn tttttte

1
11

1
11 )()()()()()( . (39) 

The simplest method to find *α k  is to solve the above equation such that 0)(ξ =te . How-
ever, such a solver is difficult to implement in a real time system and the disturbances will 
greatly influence the solution. Hence, we propose to find )(α tk  coefficients by an RLS algo-
rithm which works in a discrete domain. 

Let consider that the second layer works in the sampled time frame. We assume that the 
weight factors )(ˆ ppk Tnα  and integration chain )(ξ ppk Tn  are sampled and available as dis-
crete signals. This means that the observers from the first layer and the integration chain (27) 
work in a continuous domain. In the considered problem, the regressor is specified as 

  ][][ˆ][][ prlsprlsp
T
rlsprls nnnny ε+θϕ= , (40) 

where: 1ˆ ×∈θ n
rls R  is the vector with estimated parameters, nn

rls
×∈Rϕ  is the vector of known 

functions and 1×∈ n
rlsy R  is the output. The above vectors are defined as 

  T
ppnppppprls TnTnTnn ])()()([][ 21 ααα=θ K , (41) 

  

T

ppMppM

ppMpp

prls

TnTn

TnTn

n

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

ξ−ξ

ξ−ξ

=ϕ

− )()(

)()(

][

1

1

M , (42) 

  )]([][ ppMprls Tnny ξ−= . (43) 

Please note that if an estimator reduces rlsε  to 0  then from Equation (33) we conclude 
that ξe  is also equal to 0 . This means that *α)(α kk t = and hence the estimated state )(tx  is 
equal to )(tx .  
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The control theory provides many algorithms for solving an estimation problem based on 
regressor. In this work we have chosen an RLS algorithm. Relying on [1], we apply the fol-
lowing estimator 

  ( ) 1
][]1[][][]1[][

−
ϕ−ϕ+ϕ−= prlspp

T
rlsprlspp nnPnInnPnK , (44) 

  ( ) ]1[][][][
1

−ϕ−=
−

pp
T
rlspp nPnnKInP , (45) 

  ( )]1[ˆ][][][]1[ˆ][ˆ −θϕ−+−θ=θ prlsp
T
rlsprlspprlsprls nnnynKnn , (46) 

where: nnI ×∈R  is the identity matrix, nnK ×∈R  is the auxiliary gain and nnP ×∈R  and 
IpP rls=  with 0>rlsp . The specified estimator error converges to 0  because matrix rlsϕ  is 

full rank.  
In the next section, we will show that the proposed methodology provides great transient 

improvement in the observation process. 
 
 

5. Simulation 
 

5.1. Compare with Luenberger Observer 
To show the properties of Multi Observer, we consider a linear system defined as 

  
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−−−

=

1

0

0

,100

010

012

B

aaa

A , (47) 

  ]001[=C , (48) 

where a0 = −263.5, a1 = −129.1, a2 = −20.1. The single observer gains are set to 

  ]5.7946.811.8[1 −−=L , (49) 

  ]28168.2439.39[2 −=L , (50) 

  ]8.31885.26379.99[3 −=L , (51) 

and hence CLA j− , 31K=j  poles are equal to 

  ]5.445.3[1 −−−=p , (52) 

  ]152025[2 −−−=p , (53) 

  ]354045[3 −−−=p . (54) 
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We consider three different gains in a single observer to show the influence of Multi 
Observer on an observation process. Now, we define the number of a multiple observer equal 
to 41 =+n . The initial estimation points are equal to: 

  
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

==
⎥
⎥
⎥
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⎢
⎢

⎣

⎡
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⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

==
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

==

0

0

0

)0(ˆ,

4

0

0

)0(ˆ,

0

4

0

)0(ˆ,

0

0

4

)0(ˆ 4321 xxxx  (55) 

and weight's coefficients are given by: 

  25.0)0()0( 41 =α==α K . (56) 

Thus, the initial estimation point is: 

  [ ]Tx 111)0( = . (57) 

The RLS gain is set to 10=rlsp . The plant and observer have been simulated by the Euler-
forward method with sampling time Tp = 1 ms. The output signal has been disturbed by white 
noise with variance 0.05. The input signal is square waveform with an amplitude of 4  and a 
period of 250 ms. The results are presented in Fig. 1. It is visible that for all gains 1L , 2L and 

3L  Multi Observer has a smaller overshoot and faster converge time than the single observer. 
It also does not increase the level of noise in estimated states. It is visible that for high gain 
values, a single observer has peaks at the beginning of transients. This effect does not take 
place for a Multi Observer. 

 
5.2. Observer for speed-sensorless DC 

Let consider an observer applied to a constructed speed-sensorless DC drive [4]. We 
assume a DC motor model as 

  L
t T

J
i

J
k

J
b

dt
d 1−+ω−=ω , (58) 

  u
LL

k
i

L
R

dt
di t 1+ω−−= , (59) 

where: ω  is the motor speed, i  is the phase current, LT  is the constant load torque, u  is the 
phase voltage, R  is the resistance, L  is the inductance, tk  is the torque constant, b  is the 
viscous friction and J  is the rotor inertia. Motor parameters are defined in Table 1. 

 
Table 1. Motor DC parameters 

Parameter name Symbol Value Unit 
Resistance  R 3.2 Ω
Inductance  L 8.6 mΗ 
Torque constant kt 0.0319 Nm/A 
Viscous friction b 0.00012 Nms 
Rotor inertia J 30 @10-6 kg @m2
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Fig. 1. Converge of error estimation for Multi Observer (a, c, e) and single observer (b, d, f) 

 
In the speed-sensorless problem we accept that motor speed and load torque are inacces-

sible. Hence, it is useful to consider load torque as motor state variable. This gives possibility 
to estimate its value. Thus, we transform model (58-59) into state space system (1) 
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  [ ]TLTix ω= , [ ]iy = , [ ]uu = , (60) 
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  [ ]010=C . (62) 

Now, to construct an observer we choose matrix L  as 

  [ ]μ−= 00L , (63) 

which gives the following linear time-invariant system 
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where: ω−ω=ω ˆe , iiei −= ˆ  and LLT TTe −= ˆ  represent the estimated speed error, estimated 
current error and estimated load torque error respectively. We set μ  equal to 0.06 Nm/As. 
Thus, system (64) has poles equal to −361.11, −13.46, −1.53. 

In our system, load torque is modelled as a state variable. This provides that the observer is 
represented by A, C and L matrixes of system (3). Now, we can apply a Multi Observer 
extension. The number of single observers is equal to 41 =+n . Each observer has a different 
initial point 
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The above points satisfies condition (13). We choose initial weights coefficients equal to 

  25.0)0()0( 41 =α==α K  (66) 

and hence the initial estimated state is given by ( ) [ ]T02011000 .=x . The RLS algorithm 
gain is set to 50=rlsp . To execute simulation, the motor model and Multi Observer are 
approximated by the Euler-forward method with sampling time ms1.0=pT . The motor 
voltage is equal to 10 V and load torque is equal to 0.01 Nm. To imitate real environment, 
white noise is added to the output of the motor model with a variance of 05.0 . The simulation 
results are presented in Figs. 2, 3 and 4. Fig. 5 shows the transients of weights "k which are 
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implemented only in the Multi Observer case.The figures consist of the motor state and 
estimated state by Multi Observer (MO) and the single observer (SO). The latter is a Luen-
berger observer defined by A, C and L matrixes. It is visible that the Multi Observer converges 
faster than the single observer in all the cases. It has also a small overshoot. The estimated 
speed and motor current are also not affected by noise. 

 
Fig. 2. Convergence of motor speed, estimated speed by single observer (SO) and Multi Observer (MO) 

 
Fig. 3. Convergence of estimated motor current by single observer (SO) and Multi Observer (MO) 

 
6. Conclusions 

 
In this work a new framework has been proposed to solve the observation problem for  

a linear system. Based on the presented simulation, we have shown that it significantly 
improves transients. The analysis of properties of Multi Observer was performed as well. The 
future work is to apply the Multi Observer to real application. 

Brought to you by | Uniwersytetu Technologicznego w Szczecinie - Biblioteka Glówna Zachodniopomorskiego
Authenticated

Download Date | 9/21/17 12:06 PM



                                                   J. Bernat, J. Kołota, P. Superczyńska, S. Stępień                   Arch. Elect. Eng. 520

 
Fig. 4. Convergence of estimated load torque by single observer (SO) and Multi Observer (MO) 

 
Fig. 5. Transients of Multi Observer weights 
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