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Abstract. In this paper we propose a new mathematical model describing the
deformations of an isotropic nonlinear elastic body with variable exponent in dynamic
regime. We assume that the stress tensor o?() has the form

o) () = (zu + |d(u)|p(')_2) d(u) + AT (d(u)) I,

where v is the displacement field, u, A are the given coefficients d(-) and I3 are the
deformation tensor and the unit tensor, respectively. By using the Faedo—-Galerkin
techniques and a compactness result we prove the existence of the weak solutions,
then we study the asymptotic behaviour stability of the solutions.
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1. INTRODUCTION

In recent years, the study of the problems with variable exponent is a new and important
topic. These problems are motivated by the applications of electrofluids, non-Newtonian
fluid dynamics, applications related to image processing, Poisson equation and elasticity
equations see [5,6,11,13,25,28]. Moreover, the variable exponent spaces are involved
in studies that provide other types of applications, like the contact mechanics [4].
Recently, the parabolic and elliptic equations which involve variable exponents
have been intensively studied in the literature. For the questions of the existence and
the uniqueness, we mention: Antontsev and Shmarev in [2] proved the existence
and uniqueness of weak solutions of the Dirichlet problem for the nonlinear degenerate
parabolic equation. In the article [1] Antontsev proved the existence and blow up
for the weak solution of a wave equation with p(-;t)-Laplacian and damping terms.
Boureanu in [3] studied the existence of solutions for a class of quasilinear elliptic
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equations involving the anisotropic p(-)-Laplace operator, on a bounded domain with
smooth boundary. Steglinski in the work [27], used the Dual Fountain Theorem to
obtain some infinite existence for many solutions of local and nonlocal elliptic equations
with a variable exponent. Simsen et al. [26], studied the asymptotic behavior of coupled
systems of p(-)-Laplacian differential inclusions; they obtained that the generalized
semiflow generated by the coupled system has a global attractor, and proved the
continuity of the solutions with respect to initial conditions. Otmani et al. in [22], they
focus on the numerical side of the problem of the parabolic equations with variable
exponent. A comprehensive analysis of nonlinear partial differential equations with
variable exponent can be found in [24].

For the stability of solutions of the hyperbolic problems with nonlinearities of
variable-exponent type, there are some interesting works, for instance, Messaoudi and
Talahmeh [19], proved the finite-time blow up of solutions of the following equation

m(-)—1 @ B
ot

82u . 7»(.)_2
o2 div (|Vu| Vu) +a

ou

Fn BluPO 1y, (1.1)

Messaoudi et al. [20], studied (1.1) with 8 = 0 and proved decay estimates for the
solution under suitable assumptions on the variable exponents m(-), 7(-) and the initial
data. Ghegal et al. [12], considered the problem (1.1) with r(-) =2, m(-) =1(:) — 1,
and a = 8 =1, in a bounded domain, with Dirichlet-boundary conditions, and proved
a global existence and a stability result. Lian et al. [16] were interested in a fourth-order
wave equation with strong and weak damping terms. They obtained the local solution,
the global existence, asymptotic behavior, and blow-up of solutions for the arbitrarily
positive initial energy case. Rahmoune in [23], considered a semi-linear generalized
hyperbolic boundary value problem associated to the linear elastic equations with
general damping term and nonlinearities of variable exponent type, where he proved
the existence, uniqueness and stability of weak solutions.

On the other hand, several authors studied the system of elasticity with laws
of particular behavior. For example, in [8] Duvant and Lions studied the existence
and uniqueness of the classical and frictional problems of elasticity in the boundary
domain. Oden in [21], proved the existence theorems for a class of problems in nonlinear
elasticity. Lagnese in [15], proved some uniform stability results of elasticity systems
with linear dissipative term. In the paper [7] Dilmi et al. investigated the asymptotic
behavior of an elasticity problem with a nonlinear dissipative term in a bidimensional
thin domain 2¢ and proved some convergence results when the thickness tends to zero.

In this work we generalize a hyperbolic boundary value problem associated to
the nonlinear elastic equations involving variable exponents with variable exponents
nonlinear source and linear dissipative term. More precisely, we are interested to study
the existence and stability behavior of the solutions of the following initial-boundary
value problem.

Let Q is a bounded domain in R?, the boundary 92 of  is assumed to be regular
and is composed of two parts 901 and 9. For 2 € Q and ¢ € 0, T[, we denote u(x,t)
to be the displacement field, we consider the law of the nonlinear elasticity behavior



Existence and asymptotic stability for generalized elasticity equation. . . 411

with the variable exponents given by
3
" (u) = (zﬂ n |d(u)\p(')_2> dij(w) + 23" din(u)dyy, 1<i,j <3,
k=1

where

- 1 6ui 6’11,]‘
dis(w) = 3 (axj * zm-) ‘

Here 6,5 is the Krénecker symbol, A, 1 are the Lamé constants and d;;(-) the deformation
tensor.

The equation which governs the deformations of an isotropic nonlinear elastic body
with variable exponent and a nonlinear source and a linear dissipative term in dynamic
regime is the following

02 0
8T1; —div (Up(')(u)> + afuPO 2y + 58—1; =f, inQx]0,T7Y, (1.2)
where | - | denotes the Euclidean norm of R3, f represents a force density, p(-) is the

variable exponent such that 2 < p(:) and a, § € Ry.
To describe the boundary conditions we use the usual notation

Up =un, Uy =u—un, ob)= (a”(').n) n, o) =¢P0 p— (Uﬁ(')) N,

where n = (n1,n2,n3) is the unit outward normal to 0€Q.
The displacement is known on 9 x]0, T'[:

u(z,t) =0 on 90Q;x]0,T]. (1.3)
On 0%), the stress tensor satisfies the following condition
o?J(u)n =0 on 9Qyx]0,T]. (1.4)

The problem consists in finding u satisfying (1.2)—(1.4) and the following initial
conditions:
ou

u(z,0) = do(x), 5

(x,0) = 01(z), Vxe. (1.5)
The paper is organized as follows: In Section 2, we introduce some basic properties of
the variable exponent spaces and notations, also we give the weak formulation of the
problem. In Section 3, we prove the existence of the weak solutions by Faedo—Galerkin
methods. Finally, the global existence and the stability of solution are established
in Section 4.
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2. PRELIMINARIES AND WEAK FORMULATION

In this section, we present some materials needed in the proof of our results.

For an open 2 C R™, let p : Q — [1, +00[ a measurable function, called the variable
exponent. We say that a real-valued continuous function p(-) is log-Holder continuous
in Q if
< ¢
= flog |z —y)I’

with a possible different constant C. We denote

_ 1
Ip(z) — p(y)] for all z,y € Q such that |z —y| < 3 (2.1)

Cy (Q) = {p : p is log-Holder continuous function with
1<p_§p(as)§p"'<c>ofo1ralla:€§2}7

where

p~ =essinf (p(x)), pT =esssup(p(z)).
z€Q z€eN

We define the variable exponent Lebesgue space for p € C'y (Q) by

LPO(Q) = {u Q0 —R: uis measurable,/|u|p(r)dx < oo},
Q

the space LP()(Q) under the norm

ullLr () = inf {)\ >0: /

Q

u p(x)
- <
M d < 1}’

is a uniformly convex Banach space, and therefore reflexive. We denote by L4()(Q)

the conjugate space of LP() (), where
1 1
o p =1
p()  a()

Now, we define the variable exponent Sobolev space by
WO ()3 = {u e LPO(Q) : Vu e Lp(')(Q)3X3} .
The space W1P()(Q)3 with the norm

lullwreer = lull ooy @ys + 1VUll Loe) (@2xa 5
is a Banach space.
We denote by Wy (Q)? the closure of D(Q)? in WP (Q)3, and W—140) ()3
is the dual of the space VVO1 P (')(9)3. Additionally to the Lebesgue and Sobolev spaces
and their generalizations, we introduce the closed convex set

KPO) = {U e WHPO(Q)? :v =0 on 891} ,

to get a weak formulation, and for the treatment of the generalized elasticity problems
with variable exponent, we will need the following results.
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Proposition 2.1 ([9,10]). Let u,, u € LPO)(Q) and p* < +o0, then:
(D) Nlullpeer@y <1 (resp., =1,>1) <= [, |ulP@dx < 1 (resp., =1, > 1),
@) Il ooy > 1= ullf 0 gy < Jo lulP@de < ||UHLP() @)
@) lullroro) <1 = HUHZ[);(-)(Q < Jo lulP@dz < J[ullf ) )
(4) Junllocr ) = 0 = Jo lunl"") dz 0.
We will also need the following inequalities.

(i) Holder’s inequality [9]: For any functions u € LP()(Q) and v € L1)(Q), we have

1 1
[t telde < (= + ) Tl ol ©2)
Q
where
L + i =1
b0 a0 ="

(ii) Poincaré’s inequality [6]: For every u € KP() there exists a constant ¢* > 0
depending only on the dimension of , p~ and pT such that

[ull Lo ()e < ¢ diam(Q) [|Vul| ooy (gyaxs » (2:3)

for all u € KP(),
(iii) Korn’s inequality [6]: Let p € C(Q) with 1 < p~ < p* < co. Then

Ck HVUHLZD(')(Q)3X3 < Hd(u)||Lp(-)(Q)3><3v (2.4)

for all u € KP().
(iv) Young’s inequality [9]: For all u,v € Ry, we have

(wr® | @™

p q

If the condition (2.1) is fulfilled, and Q has a finite measure and ¢(-), p(:) are
variable exponents so that ¢(-) < p(-) almost everywhere in Q, then the embedding
LPO)(Q) — L10)(Q) is continuous.

If p: Q@ — [1,400] is a measurable function and p* > esssup,cop(z) with
p* < 22 then the embedding W2(Q) — LP()(Q) is continuous and compact
(see [6])

For convenience, we note

L'Uﬂj p(:E) X
ol Q/W)I() dz.

112, :/|U(x)|p<z> dr,
Q

uv < (2.5)

and

forall v € Lp(')(Q).
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Now, we derive the variational formulation of the problem.
By multiplying equation (1.2) by a test-function ¢, then integrating over 2 and
using the Green formula, we get the following variational formulation:

Find u € KP),Vt € 0, T[ such that

0%u p()—2 u _ (")
(atQaw) +a’p(-) (u7<p)+a(|u| u7<)0) +6<8t3§0) *(fﬂo)a VSOEK ’

u(e,0) = dofa), O(a,0) = va(x),

(2.6)
where

() / 20+ |d(u ‘p(‘)—Q) d(u) : d(p)dz + )\/div(u)div(go)dx,
Q

Q
with
3
= Z dij(u) dt
1,7=1

Also, we denote by A the nonlinear operator

A WP Q)P — W haO(Q)3,
u— A(u),

where
(A(u),v) = apy(u,v), forallve Wol’p(')(ﬂ)?’.

3. EXISTENCE OF A WEAK SOLUTION

In this part, we are interested the local existence of the solution for the problem
(1.2)—(1.5).

Theorem 3.1. Under the assumptions

1, %{ e 90 (0,1, L1O(9)*),

Vo € WHPO(Q)3) 9, e L2(Q)?,
there exists a weak solution u of (2.6) such that

we L™ (o,T, Wlm(ﬂ(m?’) : (3.2)

% € L™ (O,T, L2 (Q)?’) . (3.3)
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Proof. We use the standard Faedo—Galerkin method to prove our result.
We introduce a sequence of functions (v;) having the following properties:

(i) for every j € {1,...,m}, v; € K?C)

(i) the family {vy, v, ..., vy} is linearly independent,
(iii) the space Ky, = [vjli<j<m generated by the family {vi,vs,..., v} is dense
in KPO),

Let t, = um(t) be an approached solution of the problem (1.2)—(1.5) such that

()= mimt)v;, m=1,2,...,

verifies the system of equations

0%uy, N Ouyy,
( o2 J) +ap”(u”“”j)+a(|“m|p() 2“m’“j>+ﬂ( " > (3.4)
:(favj)a 1§]Sm7

which is a nonlinear system of ordinary deferential equations and will be completed by
the following initial conditions:

m

U (2,0) = Jom = ijmvj — ¥y when m — ocoin WHPO(Q)3  (3.5)
i=1
and
O, - . 3
W(m,O) =Vim = ;ijvj — 91 when m — ooin L?(Q)°. (3.6)

From the general results on systems of differential equations, we are assured of
the existence of a solution of (3.4) (note that det (v;,v;) # 0) thanks to the linear
independence of vy, va, ..., v, in an interval [0, t,,], (see [17]).

Multiplying the equation (3.4) by 77, (t) and performing the summation over j = 1
to m, we find

Pty up +a u Oum + o JumPO2u Oum
oz’ ot plz) \ Tmo Ta m ™ot

Ouy, Oy, Oy,
+ﬂ<at’8t> <f’ >
On the other hand, we have

o O 1 d
(|um|p<> m@t) = 50 a e OI0 @ (38)

(3.7)

ou, d[ 1
ap(y | tm, —— | = = | = ld(um(t NIEC e + lld(tm (D)1 2 s
ot dt | p(+) ) (3.9)

A
3 1 ()0
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By using Egs. (3.8)—(3.9) in Eq. (3.7), we obtain

O, (t d

L2(Q)3 Ta dt { () ld (um (t ))”LP()(Q 3x3

si |5

i ()2 Px3+-kndwrum<>>iqﬂj

2

o 8Um
+ﬂ%||um( )| p<>(9)3+BH

<f7 U (t )) .

By integrating the last equation on |0, ¢[ and applying Holder and Young inequalities

we deduce

L[| dum (1) || 1 p()
a d m X d m . X
5| % mm)+un<u<>mmﬂp3+ a0
O (t 2
+mm(mmum3+5/‘
() L2()?

2 2p+ A 2
< ||191m||L2(Q)3 + pi H190m||€15'1) p()(Q)3 + (2 ||190m||W1,2(Q)3

+—w%mmmgy+/wm L, e ds

2p j]j70)
+ <a> £ ais @2 T

+wwm§%m3+w%mmwg

(3.10)

«
2 ot [[wm (s )”Lp()(gz

ds
La( )(9)3

Now, using Korn’s inequality (2.4) and WP()(Q) — LP()(Q) we have

Ck

S M O e < 575 14 DS gy

() 1550y < e Nm (I s gays -
() ()
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Then the inequality (3.10) will be

Qum (1) |I? uCy 2 Ck
— _— m t m 1,
5 H ot Loy + B ||U ( )||W1,2(Q)3 +— p H ( )”W 2()(Q)3

Oy (s
+ 27+ [t (2)] p< @) T 5/ ‘ L2()p ds
3f
<oy / et (L s g s + ds + 1) 1250, 0o
La0)(Q)3

»Q

2p 2
n (a) IO @ + 192 e

14+ acy+  2u+ A
+(1+ —— + 5 )||190m||wlp<>(§z)37

as
q(-) ‘%
2p*
s+ ()" IO e + IOTED
LaC )(Q
1+ac,+  2u+A . 2
+ (1 + - P + 2 ) ||790m‘|€1(/1),p(-)(9)3 + ||?91m||L2(Q)3 S C,

for all m € N, where C' is a constant independent of m. So, we get

O (1) ||? uCr 2
] S R G AR ST S
O (s
+ F [[tm (2)] LP() ()3 "’ﬁ/ H ds (3.11)
2(q)3
<Ctep / (O
0
By using the Gronwall inequality, we obtain
et )15 ) < Cr (3.12)
Therefore, (3.11) gives
un(®) | :
ot + lum (t )HLp( )(Q)3 <C. (3.13)
L2(Q)3
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The estimates (3.12) and (3.13) imply

Uy, bounded in L™ (0,T;W1’p(')(Q)3) ,

8;—;” bounded in L (0,T; L*(Q)?),

from this, we deduce that we can extract a subsequence u,, such that

Um —u i L (O,T; WLP(')(Q)?’) , (3.14)

Oum _ Ou

at ot

PO 2y — x  in L® (O,T; L‘I(‘)(Q)3) ,

in L (o,T; L2 (9)3) ,

Aum) =0  in L™ (o,T; W‘W(')(Q)?’) .

We have the sequences u,,, 85;" are bounded in L? (0,T; L*(Q)%) = L*(Q), then

by the compactness lemma of Lions [17], we can deduce
U, SO in L2 (0,T; L*()?) .
On the other hand, we have
(@)-2, |1 p()
‘|um\p v um’ de = | |up|™" doz < C.
Q Q
S0 [t [P ~2u,y, is bounded in L (0,7 L10)(Q)3).
As up, SO in 12 (O,T; LQ(Q)3) we get

[t PO 20 — x = [uPO 720 in L™ (O,T;Lq(‘)(Q)3> . (3.15)

As the operator A(-) is bounded, monotone and hemicontinuous, we can prove that

(see, for example [18])

0< /(9(5) — A(u(s)),w(s))ds, Yw e L? (O,T; Wol’p(')(Q)?’) .
0

From this we conclude that 6 = A(u).
Now, let j be fixed and [ > j. Then, using (3.4), we get

0%y, N— Ouy
(W’Uj) + Ap(.) (ul,vj) + o (|ul|p( ) 2ul,vj) + 3 (at,?}j)

(3.16)



Existence and asymptotic stability for generalized elasticity equation. . . 419

From (3.14) and (3.15), it results that

(™= g ) " (O, 0) i L2(0,7),

aul weak star ou .
((%’vj) e (&f’vj) in L?*(0,T),
ap(.y (ur,vy) weak star ap(.y (u,v)) in L*(0,T),

therefore
82ul 82u .
(at27vj> — <at2,’UJ) m D/(O,T)

Then (3.16) as | — oo takes the form

0%u 1o}
<8t27 ) +(lp( )(’U, UJ) +a (|u|p( ’lL vj) +ﬁ (;:avj> = (fvvj)'

Now, using the density of K,, in K?(), we obtain

0%u ou .
(at?’@) + apy (,9) + a (JulPO 20, ) + 8 <at’90) =(f.¢), Ve KO

Thus, u satisfies (1.2)—(1.4).
To handle the initial conditions, we note that

ue L2 (o,T; lep(')(Q):g) ,

Ou ¢ g2 (o T, L2 (Q)° )

ot '

Thus, using Lion’s Lemma [17] and Eq. (3.5), we easily obtain
u(z,0) = 9g(x).

For the second condition, we have

1% 0)

T

/m() |ds+a/] [u()PO~2u(s), (o)) | ds
+ﬂ/\(

ds

T
@ )‘ds—k/(f( ), 0(s))ds, Ve(s) € L2 <O,T;Kp(')).
0
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This implies

/’< s )‘ C/T<Ilu IIWlm(Q)ﬁHf’g&S)
2

1 acr@ys ) 190N o s ds,

<c ||¢||L2(07T;W1,pm(9)3) . Vo(s) € L? (O,T;KP(.)) ,

L2(Q)3

it means that
0%u 2 La() ()3
8t26L<OTW ’ (Q)).

Recalling that 2% € L2 (0,T; L?(€)*), we obtain

% e (oW a0 (@)).

So, W makes sense and

O (z,0)  du(z,0)

n W10 ()3,

ot ot
But 5 0
Qum(@,0) _\ 5 (2) i L2(Q)°,
ot
hence du(z,0)
u(z,0)

4. STABILITY BEHAVIOR

We will now show a stability behavior of the solution of the problem (1.2)—(1.5) with
f = 0. To this aim, we introduce the “modified” energy associated to the problem by
the formula

£(t) = % Hagit) 2

+ pllu ()5 + —— [l
L) whAHD? p() T

+ 5 I ((®) 20y + SO

Lemma 4.1. The energy £ : Ry — Ry is a nonincreasing function for allt > 0.
3u(9)

Proof. Choosing ¢ = n (2.6), we get

ds.

L2(Q)3

£(t) - £(0) = —5/ st
o
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This means that

<0
L2(Q)

for all ¢ > 0. (4.1)

7

LT

Theorem 4.2 (Global existence). Under the hypotheses of Theorem 3.1, the solution
u of the problem (1.2)—(1.5) satisfies

ueC <R+, W17p<'>(9)3) : % € C (R, L2(0)%).

Proof. We have u and %1; verify the identity (4.1). Then

2

du(t)
ot

U .
+ 5”11,(15)“%{/1,2(9)3 + — p( ) HU( )H?}[(/I),P(‘)(Q)B

2

d

L2(Q)3
A

+ 5 lldivu()| 7 ) + o0 )Ilu( ME @y

< £(0),

for all ¢ > 0. This estimate holds independently of ¢. O

Next, we establish several technical lemmas for proof the main result of stability
behavior.

Lemma 4.3 ([14, Theorem 8.1]). Let £ : Ry — Ry be a nonincreasing function
verifying the estimate

/ EVTl(s)ds < KEV(0)E(t), Vte Ry,
t
then

K+ vK

1
vVte R ) 0
K+l/t> ) € Ry, Zf v >0,

£(t) < £(0) (

and

E(t) <EO0)e "R, WteRy, if v=0,

where v > 0 and K > 0 are two constants.
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Lemma 4.4. The energy functional E(-) satisfies the following estimate for all

T>Ty>0:
[ - (7 —udx
Je dt<[ of% d]
+p(')2_2/( Er / daz) dt (4.2)

Ty Q

p)-2 2 Ju
/g 0 [ (25| - e ) oo
Q

Proof. By multiplying Eq. (1.2) 2y (t).u and integrating over Q x [Ty, T'[, we get

ou|?
ot

T

p()=2 0%u ou

= T Z 7 dive?P® p(z)—2 i dt

0 /5 (t) /u {&2 dive?'" (u) + alul u+6at} dzxdt,
Q

To

using the fact that

we easily obtain

0= {g""%”(t) auudx] _p) =2 /5”2‘4 (t)E' (t)/%udxdt

ot
] dzxdt.

Q To To Q

ou
ot

ou
ot

t) / [—udivap(w)( )+ afulP®) + Bu
Q

On the other side, we have

2
/ [—udiv oP@ () 4 a|u|p(1)} dx > 2E(t) — / % dz,
Q Q
thus, we get
T T
p()=2 ou p(-) —2 p()=4 o, /
> 2 — — -
0> |:5 (t)/ 5 ud:z::| 3 /5 (t)E'(t) 5 udzdt
Q ’T0 TO Q
p()-2 ou |’ Ou |Ou
4 / g8 (p) / [25@) o R T ] dadt,
To Q
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then
T T
() ou p(-)—2 p()—4 , / ou
> — — 2 —
0>1|¢& (t)/ 5 udx 3 /5 tE'(t) 5 udxdt
Q To To Q
r 0 ou
»() p()-2 U
+2/5 (t)—/é‘ (t)/( o Bat)dxdt
To To Q
The proof of the lemma is finished. O

In what follows, we denote by ¢ generic positive constant, which may have different
values at different occurrences.

Lemma 4.5. There exist a positive constant ¢ independent of £(0), To and of T' such
that the energy E(-) verifies the following estimate:

2t)/< %
Q

Proof. We know that there exist a positive constant ¢; such that

T
/5$(t)dt < c5$(To) +

- 5u> dxdt, (4.3)

for all T > Ty > 0.

/ —udive? @ (w)dz = o1 [l + lully o @] = @ / Juf?da.
Q Q

The use of the Young inequality gives

2
<cé& (t) <‘8u — udlvop(f’:)(u)> dx
ot
)
<c&2 (TQ)
On the other hand, we have
) T 5 T
pt) =2 / 5 (e (1) / L dwdt| < ¢ / 5 (1) (fgl(t)>5(t)dt
2 ot
To Q Ty

()

<cle¥ (m) - % (1)

p()
c&7 (Tp).

| A

Then, we replace these two estimates in (4.2) to find (4.3). O



424 Mohamed Dilmi and Sadok Otmani

Lemma 4.6. For all ¢ > 0, we have

i p()—2 ou|?
t —| dxdt
[eF 0 [|5]
To Q
r (4.4)
< q/s“%(t)dt +e(Q)E (To) + €5 (Ty),  for allT > Ty > 0.
To
Proof. For t € R, fixed, we see that
oul? oul? oul?
—| dx = —1| d —| dx.
/ ot / ot ar|
@ |%¢|<1 | B2 [>1
Also, there exists a constant ¢ > 0 such that
2
p(x)
oul? oul?
e < e
/ 5 de <c¢ / 5 dx
|5 [<1 |5 ]<1
Then
2
p(x)
ou|? oul? oul?
i < -~ el
/ 5 dr <c 5 dx +c 5 dx
& |52 |<1 |52 [>1
< e (—E'(4)70 — &' (t).
Therefore
T oul? T T
p(-)—2 p()—2 2 p()—2
/57(3 (t)/’a;t dwdt < c/g S (1) (=€ (1)) 70 dt—c/é’ S (e (bt
To Q To To
using the Young inequality, we get
T ()2 T ) T
p()—2 2 p(-) — PO+ ,
o [ €52 (e )T dt < e /5 (t)dt+c—/( £'(t)) dt
/ p() p()
To T[) 0
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So, we find
T T
/57’“%’2 (t)/ ] < / 1)dt + () E(Ty) + c€7F
Ty Q Ty
thus (4.4) holds. O
Lemma 4.7. The energy £(-) satisfies the following estimate, for all ¢ > 0:
T T
p()-2 ou () 10}
ET(b) uadxdt <c¢ [ EZT (W)dt+c(s)E7 (Tp). (4.5)
Ty Q Ty
Proof. By applying the Young inequality, for all ¢ > 0, we have
/u—dx < /|u| dz + c(s Ou dx
° ot
< g/—u div (ap(x) (u)) dx + c(g)/ Ou : dx
- ot
Q Q
< GE(t) +cs) (=€'(1) -
Then we conclude that, for any T' > Ty > 0
T 5 T
/57“'%’2 (t)/uait”dxdt < g/gf)( )t + (<)% (Ty),
Ty Q Ty
which finishes the proof. O

Lemma 4.8. For all T > Ty > 0, we have the estimate

T

/5( ()t < e

To

0) e,

— Bu ) dzdt

< 2g/5¥(t)dt 4 e(Q)E(Ty) + ()€™ (T).
To

Proof. By (4.4) and (4.5), we obtain

8u
ot
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Choosing ¢ = i, we get

2

T T
p()—2 1 p( p(
/5%(75)/ 2|24~ 502 dar < X /5%(t)dt 1 cE(Ty) + 55 (Ty).
ot ot 2
Ty Q To
(4.6)
Now, we use the inequality (4.6) in (4.3), we get
T . T
/e’@(odt <3 /8¥(t)dt b E(To) + €5 (Ty), 0<Ty<T.
T() TU
This implies that
T
/5¥(t)dt <c(1+€557 (M) £Ty) < e (14557 (0)) E(Th).
To
This completes the proof. O

Lemmas 4.1 and 4.8 imply that £ : Ry — R, is a nonincreasing function and
verify the following inequalities

+ 2

/EPT(s)ds < EEFR(0)EW), V>0, (@.7)

Theorem 4.9 (Stability of the solution). There ezists two positives constants A and B
such that the solution of the problem (1.2)—(1.5) verifies the following estimates:

E(t) < At73, V>0, if pt>2,

E(t) <E(0)e' P, vt>0, if pt=2,
where the constant A depends on the initial energy £(0) and the constant B independent
of £(0).

Proof. The proof follows directly by application of Lemma 4.3 and the inequality (4.7).
O
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