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Abstract. In this paper we consider the Poisson integrals of functions of two vari-
ables for Hermite and Laguerre expansions in the spaces LP(R?; exp(—z? — 23)) and
LP (R%; (2122)® exp(—21 — 22)), respectively. We state some estimates of the rate of
convergence of the Poisson integrals.

1. Introduction

In [1] Muckenhoupt considered the Poisson integral A(f) of a function
feLlP(Ry;z%xp(—=2)), 1 <p<oo,a>-1, Ry =[0,00), defined by

A(f)(r,y) = A(f;ry) = /K(T,y,z) f(2) 2% exp(—2) dz,
0
where

> r"n!
K = > —————L5(y)L]
(T’yﬂz) = F(n+a+1) n(y) n(z)

= (Tyz)ig exp <_T1(y+ Z)> 1, <2(ryz)2> , O0<r<1,

1—r -7 1—17r

L% is the nth Laguerre polynomial and I, is the modified Bessel function.
Reference [1] also considered the Poisson integral of a function
f € LP(R;exp(—2?)) for Hermite expansions defined by

B(f;r,x) = /00 P(r,z,2)f(z) exp (—zQ) dz, 0<r<l,
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with the Poisson kernel

x)Hy(2) 1 —r22% + 2rzz — r22?
P(r,z,2) Z \/_Q”n' = TR exp 2 ,

where H, is the nth Hermite polynomial. Some approximation properties of

these operators are given in [2].
Let us consider the operator U(f):

U(f) (’I", y17y2) - U(f;’l", y17y2)

//K T, Y1, 21) K (1,92, 22) f(21, 22) (2122)% exp(—21 — 22) dz1 dza,

where f € LP (]Ri; (z122) exp(—2z1 — zg)), 1<p<oo, a>-—1.
This paper contains some properties of the above operator and of operator
W (f) defined by
W( Tyl,?/2 (far yhy?)
/ / P(r,y1,21)P(r,y2, 22) f (21, 22) exp (—2{ — 22) dz dzg,

where f € L? (R2 exp(—z} — 22)) 0 < r < 1. The norm of a function f in
LP (X% w(z1, 22)) is given by

1
(/ / F(ty )P w (tl,tz)dtldm)p, 1< p< oo,
I fllp =

sup ess | f(t1,t2)], p = 00,
(tl,tg)ERQ
where X = R; and w(z1,22) = (z122)%exp(—2z1 — 22), or X = R and

w(z1,22) = exp(—2%2 — 22), respectively.

We state some estimates of the rate of convergence of the integrals U(f)
and W (f) using the classical moduli of continuity.

2. Auxiliary results

In this section we shall give some properties of the above operators which
we shall apply to the proofs of the main theorems. We begin this section by
recalling the following results of Toczek and Wachnicki [2].

Let ony(2) = (2 —9)", n € N={1,2,...}, y,z € X, where X = Ry or
X =R, respectively.
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Lemma 1. For each y € Ry we have
Alliry) = 1,
Alpryimy) = (=r)(l+a-y),
Alpayiry) = Q=) {y*(1—7)+2(a+2)ry —2(a+ 1)y
+Ha+2)(a+1)(1—1)},
Alprgiry) = (1= {5 — 12— da(r - 1%* — 4(4r> 5 + 1)
+ 6(a +4) (o + 3)r?y? — 12(a + 3)(a + 2)ry?
+6(a+2)(a+ 1)y —12(a+3)(a+2)(r — 1)y
+ (a+4)(a+3)(a+2)(a+1)(r— 1) }.

Lemma 2. For each y € R

B(l;ry) = 1,
B(ery;my) = —y(l—r),

B(payiry) = (1—71) {y2(1 —7r)+ %(r + 1)} ,
Blowyira) = (1= {(r =179 =30 - 0y + 3+ 17
holds.

From the definitions of U and W we easily obtain:

Lemma 3. If f1, fo € LP (Ry;2%exp(—2)), 1 <p < oo, a > —1, then

U(fsr,y1,92) = A(frisr, 1) A(f2s 7, 92)
for (y1,y2) € Ri, 0 <r <1, where f(z1,22) = fi(z1)fa(z2), 21,22 € R4.
Lemma 4. If fy, fo € LP (]R; exp(—z2)), 1 <p<oo, then

W (f;ry1,y2) = B(fiim,y1) B(f2i 7, 92)

for (y1,42) € R2, 0 <r < 1, where f(z1,22) = fi1(21)fa(22), 21,22 € R.

49

Applying Lemmas 1 and 2, it is easy to prove the following two lemmas.
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Lemma 5. For every (y1,y2) € R% it follows that

U(]-;Ta yhy?) = 1)
U(Sol,yi;’raylayQ) = (1_T)(1+a_yl)a
Ulpayirsyiy2) = (L= {gi(1 =) +2(c+ 2)ry; — 2(a + Dy,

+(a+2)(a+1)(1—1r)},
Ulpayiryye) = (1= {yi(r —1)* —da(r —1)%y;) — 4(4r* = 5r + 1)
+ 6(a 4 4)(a + 3)r?y? — 12(a + 3) (o + 2)ry?
+6(a 4 2)(a + 1)y? — 12(a + 3)(a + 2)(r — D)y;
+ (a+4)(a+3)(a+2)(a+1)(r—1)%}

for 0<r<1,i=1,2.

Lemma 6. For every (y1,y2) € R? it follows that

Wl y,y2) = 1,
W(@l,yi;r) yhy?) = _yl(l - T)’
1
Wiezsirmm) = (=0 {20-n+ 3+,
W(904,y1 + Pa,yas Ty Y1, y?) = (1 - T)z {(T - 1)2(yil + y%)

-3~ )6} + )+ S+ 17

forO<r <1, i=1,2.
Using the Holder inequality and Lemma 5, we obtain
Lemma 7. For (y1,y2) € Ri and 0 <r <1 we have
Ulprglimye) < (=72 {21 =) +2(a+2)ry; — 2(a + 1y,
Fa+2)(@+ D)1 -}, i=1,2
Similarly we get
Lemma 8. For 0 <r <1 and (y1,y2) € R? we have

1
2

1 1 .
W onlirann) < a=nifRa-n+geenf, -2

Applying the Riesz-Thorin theorem, it is easy to prove
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Lemma 9. Let f € LP (R%;(z122)" exp(—2z1 — 22)), where o > —1 and
1<p<oo. Then U(f;r,,:) € LP (Ri; (2129)* exp(—21 — ZQ)) and

WUyl < 1 (1)
for 0 <r <1.

In a similar fashion we can prove the following theorem for operator W.

Lemma 10. Let f € LP (Rz;exp(—z%—zg)), where 1 < p < o0o0. Then

W(fir,-) € LP(R¥%exp(—2f —23)) and [[W(f;ir,-), < |fll, for
0<r<l1.

3. The rate of convergence

In this section we present some estimates of the rate of convergence of the
integrals U and W. We state this estimates using the classical modulus of
continuity defined by

w(f;01,02) =  sup { sup | f(y1 + hi,y2 + ha) — f(y1,12)| },

0<h1<61  (y1,y2)€X?
0<ha<do

01,09 > 0, where X = R, or X = R, respectively.
Theorem 1. Let f € C(R%) N LP (R%; (2122)* exp(—21 — 22)), 1 < p < o0
and o > —1. Then
U(fsr,y1,92) = f(y1,y2)] < 6w (f;01,02)
for 0 <r <1 and (y1,y2) € R%, where
b = (1—-1)% {g21 1) +2(a + 2)ry;
~2a+ Dy + (a+2)(a+ 1)1 —7)}7, i=1,2.
Proof. First we suppose that f € C'(RZ) N LP (RZ; (2122)* exp(—21 — 22)),

1 <p<oo,a>—1 Let f(z1,22) — f(y1,y2) = Ay, (21,22) + Ty (21, 22)
for every (21, 22) € R?2, where

Z1 z2
0 0
Ay (21, 22) :/%f(u,@)du, Tys (21, 22) :/%f(yl,v)dv.
Y1 Y2
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Observe that

21 21
0
Ay (21, 22) = /a—f(% zo)du| < / du|- sup W
! (y1,y2)€R% Y1
Y1 0"
= |21 —y1|- sup W
(y1,y2)€R% Y1
and
6 )
|7y, (21, 22)| < |22 —yo| - sup f(gilw) )
(y1,y2)€RZ Y2
Using Lemma 7, we get
a 7
U(|)\y1|;r,y1,y2) < U(|801,y1|;7“,y1,y2) sup w
(y1,y2)€R% Y1

< (1= {yi(1 =) + 20+ 2y — 2(a + Dy,

f (y1,y2)

Hat 2t DA -} swp |ZEIE

2
(y1,y2)€ERZ

)

Ul srynam) < (1= 1)3 {301 = 1) +2(a + 2)rys — 2(a + 1y,

af(yl ) ?/2)
Y2 .

N

+a+2)(a+1)(1—-7r)}

sup
(ylva)eRi

Hence we have

U (fsroy1,92) —fyny2)l SU (|57 y1,92) + U (I7g,] 57,91, 92)
< (=2 {—r)+2a+2ry —2a+ Dy

1 0
—|—(oa—i—2)(04—1—1)(1—7“)}é sup M
(y1,y2)€R? I

+(1—7)7 {431 — ) +2(a + 2)rys — 2(a + 1)y,

sup 8f(y1, ?JQ) .

+ (a+2)(a+1)(1—1r)}
(y1,y2)€R? Oy2

Let f € C(RYL)NLP (R%; (2122)* exp(—21 — 22)), 1 <p < o0, &> —1 and
let f5, .5, be the Steklov function of a function f of two variables given by the
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formula
61 02

1
f51,52(y1,y2) = E //f(yl + U, Yo +U) du dv for (yl,yg) € Ri, (51,(52 > 0.
0 0

If f € C(RZ) N LP (RY; (2122)" exp(—21 — 22)) , then
fsr.60 € CHRY) N LP (R%; (2120)” exp(—21 — 22))
for fixed 01,99 > 0 and

sup |f61,62(yl,?/2)—f(?/1,?/2)| Sw(f;él)CSQ)a
(ylva)ER%,.

sup S 26;1W(f, 515 62))

2
(yl vy2)€R+

0
a—ylfél,(b (?/1,?/2)

sup < 265 w(f;01,02)

(y1,y2)€RY
for all 61,652 > 0.
Moreover, for f € LP (R%; (z122)% exp(—z1 — 22)) we can write
U(firy,92) — v, v2)]
< |U(f = fsr60imy1,92)| + U (fs1,60:7 91, ¥2) — fo1.6, (W1, 92)] (2)
+ [ for.00 (Y15 y2) — f (Y1, 92)l,

0
a—y2f61,62 (?/1,?/2)

where (y1,y2) € R2, 61,02 > 0.
Now, from the first part of this proof we have

\U(f51,6257 Y1, Y2) — fo1,6, (Y1, 92)|
< 20(f301,8) {07 (1= 1)% [y3(1 = 1) + 2(a + 2)ryn — 20+ 1y,

+a+2)(a+1)(1 - 7“)]% 551(1 — 7“)% [y%(l — )+ 2(a+2)rys

b

=

_|_
—2(0+ 1)y + (o + 2)(a + 1)(1 — r)]
Observe that

‘U(f _f61,62§7"7y17y2)’ S
//K(’F, y1,21) K(r, 92, 22) (2122)" exp(—21 — 22) dz1 dzo
00

X sup | fsy.6,(y1,92) = f(y1,92)] S U157, 91, 92) w(f;01,02) < w(f;01,02)
(ylva)ERi.
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and

| f51.6. (Wi, y2) — f(y1,92)| < w(f;01,62).

From (2) we have

\U(f5m,91592) — fy1,92)]

< {1—}—5;1(1—7“)

=

[y%(l —r)+2(a+2)ry; — 2(a+ 1)1

NI

+a+2)(a+1)(1—-1r)2 + 52_1(1 — 7“)% [y%(l —r)
+2(a+ 2)rys = 2+ Dy + (0 +2)(a+ 1)1 —1)]2 } 2w(f:61,6)
for 0 <r <1, 61,02 >0 and all (y1,y2) € Ri. Setting

5 = (1—r)2 (yi(1 =)+ 2(a + 2)ry1 — 2(e + Dy + (@ + 2)(a + 1)(1 — 7“))%,

dy = (1 — r)%(y%(l — 1)+ 2(a+2)rye—2(a+ 1)y2 + (o + 2)(a + 1)(1 — r))%

for fixed (y1,y2) € Ri, we get the required inequality.
In a similar fashion we obtain:

Theorem 2. Let f € C(R?) N LP (Rz;exp(—z% - z%)) , 1<p<oo. Then
W (f;r,y1,92) — f(y1,92)] < 6w (f;61,02)

for 0<r <1 and (y1,y2) € R%, where
2 1 .
51' = (1—7') yz(l_T)+§(T+1) ’221’2.
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