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Abstract. Using the winding of measures on torus in “rational directions” special classes of
unitary operators and pairs of isometries are defined. This provides nontrivial examples
of generalized powers. Operators related to winding Szego-singular measures are shown to
have specific properties of their invariant subspaces.
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1. INTRODUCTION

In the “one-dimensional” case of the disc algebra A(D) the normalized Lebesgue
measure m is the unique representing measure on the unit circle T for the evaluation
at 0 functional. The structure of “two-dimensional” representing measures for A(ID?)
is quite complicated. Its better understanding plays essential role in studying Banach
algebras of analytic functions of many variables.

In order to understand the rich family of all representing measures on the torus T?
a special class of measures Jy,,(v) was defined in [6]. Here by a representing measure
we mean a positive Borel measure p such that u(0) = [}, u(z)dpu(z) for all functions
u analytic on the bidisc D? and continuous on its closure. By B(T?) (respectively
by B(T)) we denote the corresponding sigma — algebra of Borel sets.

For any pair of relatively prime positive integers (p,q) a process of “winding
of m on the torus” yields a one-parameter family of measures 7, where w € T
(i.e. w € C,|w| = 1). Now this family is integrated with respect to a given probabilistic
Borel measure v on T, yielding a representing measure p = Jp,(v) described below.
On the other hand, representing measures satisfying certain additional conditions are
shown to be decomposable as infinite sums of measures of this type.
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In this short note we study a related class of pairs (Uy, Us) of unitary operators on
the space L?(p) for such a measure p = J,, (). Their restriction to a certain invariant
subspace H is shown to be a pair of generalized powers (and compatible isometries)
in the sense of [1,5]. On the other hand, compatible isometries are important due to
their relation with stochastic processes. More precisely, a two-dimensional stochastic
processes with a so-called half-plane past is compatible as a pair of isometries. The con-
sidered measures Jy, () provide examples of generalized powers and of two-dimensional
stochastic processes as well. The examples are far more interesting than those previously
known which were uncorrelated pairs (a white noise) and pairs of powers of the same
unilateral shift. (The latter example was very close to the one dimensional case.)

We also consider the measures Jp, () related to a special class of Szeg6-singular
measures v, obtaining some additional properties in this case.

2. “WINDING” MEASURES ON THE TORUS

Throughout this paper (p, q) will be a fixed pair of relatively prime positive integers.
For a complex number w € T let w™/? be the inverse to the principal value of its
p-th root. Then we have a family of measurable mappings ¢, : T — T? defined in [6]
for z € T by

Opg(2) = (2P, w™/P29). (2.1)

These mappings pushforward the normalized Lebesgue measure m yielding the family
of Borel measures 7, := ¢ (m) on T?, so that

/udn;”q = /uow;“,”q dm, wu € C(T?). (2.2)

T2 T

Finally, for a probabilistic Borel measure v on T let

= daw) = [ o dviw)

This means that yu is a probabilistic measure on the torus T? such that
/ud,u = /(/udn;“q> dv(w), wue C(T?). (2.3)
T T2
For any k,l € Z, we have [6, Proposition 2.5]:

Proposition 2.1. The Fourier coefficient fi(k,l) := [ 27 %25  du(21, 20) equals zero
unless k = aq, | = —ap for some integer a € Z . In the latter case fi(k,1) = D(a).

Let U; (i = 1,2) denote the operator of multiplication by the variable z; on L?(u),
where p = J,4(v). Since |z;| = 1 on T?, the pair (Uy, Us) consists of unitary operators,
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which clearly commute. Let E : B(T?) — £(L?*(u)) be its common spectral measure.
So for any Borel set o € B(T?) we have

(E(0)f.g) = / fadu,  f.g€ L*(w). (2.4)

Moreover,

Wit0) = (( [ 5dE)1.9) = [mdlBO)1.9) = [fadn foe 2. @5)

Put
w

(qu(Z,’U)) = (lppq(z)'

By (2.2), (2.3) and by Fubini’s Theorem we have for any bounded Borel function u
on T2 the equalities

/ud,u = / (/u(Ap7w_1/p)\q)dm()\)> dv(w)
= / ( / u()\p,wl/p)\q)dy(w)) dm()\).

AP9 = {(WP,w VPN s w e o, N € T}.

(2.6)

For o C T, put

As a consequence of (2.1), for z = A\ we can write the equations
21 =M, 29 = w /PN,

Solving them we obtain
A=277 w=2927

Define the mappings
My, : T2 2 (21,22) = 2825 P €T, Apg:T?3 (21,22) = z}/p eT.

By (2.1), we have
Ppq(Apq(21, 22), Ipg (21, 22)) = (21, 22).

Hence, 1T ! (o) = ALY

3. A UNITARY OPERATOR ASSOCIATED WITH THE PAIR (U;,Us)
Applying our mapping II,,, to the pair (Uy,Usz) we obtain the unitary operator
U = (U;)PU]. (3.1)

Although it depends on (p, q), we use here U to simplify the notation.



750 Z. Burdak, M. Kosiek, P. Pagacz, K. Rudol, and M. Stocinski

Proposition 3.1. The spectral measure F' of the above operator U is obtained from E
by the formula F : B(T) 3 0 — E(IL,}(0)) € L(L?(w)).

Proof. Since (Il,q (U1, Uz))* = U* for a € Z, by the Stone-Weierstrass theorem we have

[ oMy dE = 1,0 0) = 1) = [ far

for all bounded Borel functions f on T. Applying this equality to an arbitrary charac-
teristic function y, of a Borel set o C T, we get

F(o) = / Xo 0 Il,q dE = / X151 (o) 4B = E(I1, (0)). O

A pair (V1,V3) of isometries is called compatible if projections onto the ranges
R(Vi™), R(V5") commute for all positive integers m,n (see [5]). Of course any pair
of commuting unitary operators is trivially compatible. Pairs of generalised powers
were defined in [1] where the definition provides a precise but also a little com-
plicated geometrical description. Fortunately, in the case of compatible pairs of
isometries, the results of [1] imply the following, more reader — friendly equivalent
definition: generalized powers are pairs of compatible unilateral shifts (V7, V5) satisfying
VI = UVy™ with some positive integers k,m and a unitary operator U commuting
with V17 ‘/2

By [6, Proposition 2.5 (i)], we have for a € Z

/ 99 G o) = / w® dv(w) (3.2)

and

/zl_kz;l du(z1,22) =0
if (k,1) # (ag,—ap) for all a € Z. In particular, the monomials wy (21, z2) = 252}
and 27"z will be orthogonal in L?(y), if the difference (k —m,l —n) does not belong
to the subgroup Z - (q,—p) of Z2. If a subspace of L?(u) contains the monomial
wg, and is invariant under (Uy,Usz), it must contain also {wyiri4s @ 7,8 € Z1}.
If it reduces U, it has to contain {Wxtaq,i—ap : @ € Z}.

Let us consider for n € Z the following subspaces H,,, H of L?(u):

H, =span{z{""" 2, " a € Zyng <r < (n+1)q,0 < 5 < p},
o0
0@
n=0
Observe that
oo
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and
p—1 (n+1)g—1

Hn:@ b = (3.4)

r=ngq
where H"® := span{z{*"" 2, “*** a € Z}.
Corollary 3.2. The subspaces Hy, (k € Z) and H are reducing for U. Moreover H

is invariant for (Uy,Usz) and the restrictions (Ui, Us|) form a compatible pair of
generalized powers.

Proof. In view of the preceding remarks, it remains to show that (Uy,Us) form
a compatible pair of isometries which means the commutativity of the projections:
P, ,,, onto the range of U™ with P, -onto R(U3). Let

A={(ag+7r,—ap+s)€Z*:a €l sc T},

so that H = span{zFz, : (k,1) € A}. Also let us define two sets
A ={(k+m,0): (k1) € A} and As, :={(k,l+n): (k1) € A}

The range of U™ is spanned by {z¥z} : (k1) € Ay}, while R(US) is spanned
by {zF2} : (k1) € Aa,}. These two sets Aa,, A1, are saturated with respect to
the equivalence relation modulo subgroup {(aq,—ap) : a € Z} of Z?, so is their
set-theoretical differences and intersection - which we denote

Bm,n = A2,n n Al,m-

The monomials 2§25 with (k,1) € Aj,, \ As, are orthogonal to those with
(k,1) € By, n. Analogous orthogonality takes place for the monomials correspond-
ing to (k,1) € Aa , \ A1, and (K¥',1") € By, (and for (K',l') € A1 \ A2,). The
subspaces of H spanned by such monomials are also orthogonal and from this one
can easily deduce that both Py ,, P ,, and P>, P; ,,, are equal to the projection onto
span{zfz : (k1) € By, }. Hence these projections commute. O

4. UNITARY OPERATORS WITH CYCLIC VECTORS

The following property of unitary operators seems known, but uneasy to find in
the literature, so we include its proof for the sake of completeness.

Proposition 4.1. If a unitary operator on a Hilbert space has a cyclic vector, then
all its invariant subspaces are reducing.

Proof. Let U € L(H) be an arbitrary unitary operator with a cyclic vector o € H
and let Hy C H be reducing for U. Hence Py, commutes with U and with the
polynomials ¢(U). Now any vector y € Hy can be approximated by ¢(U)xzq for some
polynomial ¢. Then Pg,¢(U)zo = p(U) P, approximates P,y = y.

Hence for any reducing subspace Hy for U the vector Py,z is cyclic for Ulg,.

In particular, if there is a U wandering vector y € H, then Hy = @, ., CU"y
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reduces U, so Uy, has a cyclic vector. However, U| g, is a bilateral shift of multiplicity
one, so it is equivalent to M, € L(L?(T)). If there is a cyclic vector f € L*(T), then
M;H?*(T) = L*(T) which is impossible.

Suppose that U has a nontrivial invariant subspace H’ which is nonreducing. Then
U|n has a nonzero unilateral shift part and consequently has a nonzero wandering
vector which leads to the contradiction. O

5. SZEGO SINGULAR MEASURES

For any non-negative regular Borel measure n on T¢, d = 1,2 we denote by H?(n)
the closure in L?(n) of the algebra of all analytic polynomials (i.e. spanned by 2", resp.
by 2824, k,1 € Z,). We say that n is Szegd singular if H?(n) = L?(n). In the case of
the unit circle T we say that n is a Szegé measure, if for any w € B(T) the inclusion
XoL?(n) € H?(n) implies n(w) = 0. For preliminaries on Szegd measures see [2-4].
By U we denote the unitary operator on L?(Jp,()) defined in (3.1).

Theorem 5.1. If v is Szegd singular measure, then every invariant for U subspace is
reducing.

Proof. Take an arbitrary e > 0 and k € NU {0, —1}. Since v is Szegd singular, we can
find a polynomial hy(w) divisible by w**! (i.e. with vanishing first k + 1 coefficients)
and such that

/|hk(w) —w*? dv(w) < e. (5.1)

Using the equality
[ (w) — w*? = (A (w) — w®) (i (w) —w™*)

and applying (3.2) to each monomial of its right hand side, by (5.1) we have
/'h’f(zfng) — 2 PP dp(z, 2) < e

Since € was arbitrary, we conclude that z; qué:p € Hy. By induction also 279z, “¥ € H
for a € N. For r, s € Z we have

[ e 238) = o )82 e, 22) < [ (o 958) — o 7 dien, 22) < e
Since 2§ 2z5hi (21 1285) € H,,, we conclude for any k¥ € NU {0,—1} and n > 0 that

o0
—kq _kp— ¢ r—kq _kp—
21 PR e \/ U™ (2] "25777%).
m=1

This implies that U|g-s has a cyclic vector. By Proposition 4.1, we conclude that
every invariant for U subspace H' C H,, is reducing. By (3.3), (3.4) and Corollary 3.2,
we obtain the desired conclusion. O
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