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Abstract. This article is concerned with the study of the Borel summability of divergent
power series solutions for certain singular first-order linear partial differential equations of
nilpotent type. Our main purpose is to obtain conditions which coefficients of equations
should satisfy in order to ensure the Borel summability of divergent solutions. We will see
that there is a close affinity between the Borel summability of divergent solutions and global
analytic continuation properties for coefficients of equations.
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1. INTRODUCTION AND MAIN RESULT

In this paper, we study the following first-order linear partial differential equation
with two complex variables:

Pu(z,y) = f(z,y),
P = {1+a%+ B(2,9)}yDy + {z + b(z,y)}y* Dy + 1,

where z, y € C, D, = 0/0x, D, = 0/0y. The coefficients 3, b and f are holomorphic
at (z,y) = (0,0) € C2. Moreover, 3 and b satisfy

(1.1)

B(x,0) = b(x,0) =0. (1.2)

The equation (1.1) is called of “nilpotent type” (cf. Remark 1.4). We expound the
incentive to consider (1.1) in Subsection 1.2.
First of all, let us consider the existence of formal power series solutions @(z,y) =

Zfrjn:() Umnx™y™ around (z,y) = (0,0). Then, we can prove the unique existence
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of 4(x,y). Moreover, we see that it takes the form of 4(z,y) = >~ u,(z)y™, where
tn(x) are holomorphic in a common neighborhood of x = 0. However, this formal
power series solution 4(x,y) with respect to the y-variable diverges in general and the
rate of divergence is characterized in terms of the Gevrey index (cf. Definition 1.1,
(1)-(3) and Theorem 1.5). So, we are interested in the Borel summability of such a
divergent solution (cf. Definition 1.1, (4)—(6)). Our main purpose in this paper is to
obtain the conditions under which the divergent solution is Borel summable.

The content of this paper is as follows. In Subsection 1.1, we give the definitions
of divergent power series of the Gevrey type and Borel summability (Definition 1.1).
Some necessary and sufficient condition for the Borel summability is also stated (Detf-
inition 1.2 and Theorem 1.3). In Subsection 1.2, we state the theorem which assures
the unique existence of divergent power series solutions (Theorem 1.5). Moreover, we
explain the incentive to consider (1.1). Theorems 1.3 and 1.5 play basic roles through-
out this paper. In Subsection 1.3, we state the main theorem (Theorem 1.6); that is,
we give conditions which the coefficients should satisfy in order to ensure the Borel
summability of the divergent solution. Some global analytic continuation properties
for coefficients will be required. In Subsection 1.4 we introduce literature studying
related topics. The proof of Theorem 1.6 is given in Sections 2-4. In Section 2, the
proof of Theorem 1.6 is reduced to that of the global solvability of some integral
equation (cf. (2.11) and Proposition 2.1). In Sections 3 and 4, we prove the global
solvability of that integral equation by applying an iteration method, and complete
the proof of Theorem 1.6.

1.1. DEFINITIONS AND FUNDAMENTAL RESULT
Definition 1.1.

(1) O[R] denotes the ring of holomorphic functions on the closed ball B(R) =
{z € C; |z| < R}, where R is a positive number.
(2) The ring of formal power series in y (€ C) over the ring O[R] is denoted by

O[R][[y]]:
O[R][[ly]] = { Zun " un(x) € O[R ]} (1.3)

(3) We say that a(z,y) = > 07 un(z)y" (E O[R][ly]]) belongs to O[R][[y]], if there
exist some positive constants C' and K such that

‘HllaX lun(2)] < CK™n! (1.4)
for all n = 0, 1, 2, .... The suffix 2 of O[R][[y]], expresses the Gevrey index of
power series. Elements of O[R][[y]], are divergent power series in general.

(4) For 0 € R, k > 0 and 0 < p < 400, the sector S(, k, p) in the universal covering
space of C\ {0} is defined as

K
S(0,k,p) = {y; larg (y) — 0l < 5, 0 <[yl < p}- (1.5)
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We refer to 6, k and p as the bisecting direction, the opening angle and the radius
of S(6,k, p), respectively.

(5) Let d(z,y) = > ooy un(z)y™ € O[R][[yl], and let u(z,y) be a holomorphic func-
tion on X = B(R) x S(0, k, p). Then we say that u(z,y) has @(z,y) as an asymp-
totic expansion of the Gevrey order 2 in X if the following asymptotic estimates
hold: there exist some positive constants C and K such that

N-1
max lu(z,y) = 3 un(@)y"| < CKN N[y (1.6)
IS n=0

for all y € S(0,k,p) and N =1, 2, .... Then we write this as
U(l’,y) = ’EL(CL’,y) in X.

(6) Let @(z,y) = > oy un(z)y™ € O[R][[y]],. We say that @(z,y) is Borel summable
in a direction 6 if there exists a holomorphic function u(z,y) on X = B(r) x
S(0,k,p) for some r (0 <7 < R), k> mand p (0 < p < +00) which satisfies
u(z,y) =9 4(x,y) in X. A given divergent power series @(x,y) € O[R][[y]], is not
necessarily Borel summable in general. However, if 4(z,y) is Borel summable in
a direction #, then we see that the above holomorphic function u(x,y) is unique
(cf. Balser [1,3]). So we call this unique u(z,y) the Borel sum of 4(z,y) in a
direction 6.

As mentioned above, a given divergent power series @(z,y) € O[R][[y]], is not
necessarily Borel summable. When we would like to check the Borel summability of
a given 4(x,y), the following Theorem 1.3 is used frequently. Theorem 1.3 gives the
necessary and sufficient condition for the Borel summability, and gives the explicit
formula of the Borel sum.

Definition 1.2. For i(z,y) = Y.~ un(z)y" € O[R][[y]],, we define the convergent

2
power series B[i](x,n) in a neighborhood of (z,7n) = (0,0) as

n

Bl (x.m) = Y () L. (17)
n=0 :

We call B[d](z,n) the formal Borel transform of a(x,y).

Theorem 1.3 ([1,3]). For a given formal power series a(z,y) = > .o un(z)y™ €
O[R][[yll,, let us put v(x,n) = Bli|(z,n). Then the following two statements are
equivalent:

(i) @(z,y) is Borel summable in a direction 6.

(i) v(x,n) can be continued analytically to B(rg) x S(6, ko, +00) for some rq > 0
and ko > 0, and has the following exponential growth estimate for some positive
constants C' and 6:

max |v(z,n)| < CM e S8, ko, +00). (1.8)

|z|<ro
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When condition (1) or (ii) (therefore both) is satisfied, the Borel sum u(x,y) in the

direction 0 is given by
16

ocoe

/ e Yoz, n) dn. (1.9)

0

u(z,y) =

< | =

Theorem 1.3 plays a significant role in the proof of the main theorem (Theo-
rem 1.6) of this paper. Throughout this paper, we call condition (ii) in Theorem 1.3
condition (BS).

1.2. INCENTIVE

In this subsection, we state the problem, precisely. First, we consider the problem in
a more general framework. Let us consider the following equation:

{A(z,y) Dy + B(z,y) Dy + 1ju(z,y) = F(z,y), (1.10)

where all coefficients are holomorphic at the origin. Moreover, we assume the following
three fundamental conditions:

A(z,0) =0, (1.11)

0A

@(O’O) £0, (1.12)
_ 0B _

B(z,0) = 8—y(x,0) =0. (1.13)

Remark 1.4. Conditions (1.11) and (1.13) imply A(0,0) = B(0,0) = 0, which means
that (1.10) is singular at the origin. Moreover, it follows from (1.11)—(1.13) that the
Jacobi matrix 9(4, B)/9(x,Y)l(, ,)—(0,0) 15 @ nilpotent matrix

(8 <aA/aé/><o,o>> | (1.14)

In this sense, our equation is called of nilpotent type.

Now, on the existence of formal power series solutions, we already know the fol-
lowing fact, which will be fundamental in the argument below.

Theorem 1.5 ([6]). Let us assume (1.11)—(1.13). Then (1.10) has a unique formal
power series solution i(z,y) = > oo un(x)y™ € O[R][[y]ly for some R > 0.

A short proof of Theorem 1.5 is also given in [7]. On the basis of Theorem 1.5,
we can study the coming problem; the Borel summability of the formal solution:
When is the formal solution @(z,y) Borel summable in a given bisecting direction 0,

that is, when does the formal Borel transform v(x,n) = B[d](z,n) of u(x,y) satisfy
condition (BS)?
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Hereafter, we consider the above problem. To begin with, let us rewrite (1.10)
to state the main result. It follows from (1.11)—(1.13) that (1.10) is rewritten in the
following form:

{a(a) + B(z,y)}yDx + {a(z) + b(z,y) }y* Dy + Nu(z,y) = f(z,y), (1.15)
where each coefficient is holomorphic at the origin. Moreover, «, 5 and b satisfy

a(0) #0, (1.16)
B(x,0) = b(z,0) = 0. (1.17)

In [7,8], we dealt with the case where a(x) = a (constant), and obtained the
conditions under which the formal solution is Borel summable. In [10,11], we studied
the case where a(z) = ag + az (cf. also [9]). So, in this paper we study the case
where

alr) =1+2% a(z) ==, (1.18)

that is, we consider (1.1) satisfying (1.2). The main purpose of this paper is to give
the conditions which coefficients 3, b and f of (1.1) should satisfy in order to assure
the Borel summability of the formal solution in a given direction 6.

1.3. MAIN THEOREM

Assumptions: First of all, let us define the region Q, ¢ .. by
Q0. = {—tan[arcsin (7)]; 7 € B(r) U S(0, k, +0)}. (1.19)

In order to ensure the well-definedness of 2, ¢ ., we assume the following:
(A1) 6+£0,0#m.
Under (A1) we obtain the following fact: by taking suitably small » > 0 and « > 0, it
holds that
|cos [arcsin (7)]| > M (7 € B(r)US(0, k, +00)) (1.20)
for some positive constant M. This implies the well-definedness of €, ¢ .. Hereafter,

we always take such » > 0 and x > 0.
Next, for the inhomogeneity term f(z,y) we assume the following:

(A2) f(z,y) can be continued analytically to Q,¢ . x {y € C; |y| < ¢} for some
¢ > 0. Moreover, it has the following growth estimate there. There exist some positive
constants C and § such that

lmlzix |f(z,y)| < Cexpld|sin (arctanz)|], = € Qpg . (1.21)
Yy|sc

Finally, we impose the following conditions for the coefficients 8(z,y) and b(z, y):
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(A3) B(z,y) and b(x,y) can be continued analytically to 2,9, x {y € C; |y| < c}.
Moreover, there exist some positive constants K, L > 0 and p > 1, which are inde-
pendent of m, such that

1 a77lﬁ m m

15 22 gm (2,0)| < KL™m/!|cos (arctan x)|™, (1.22)
9] 1 omp

14227~ 2 22,004 < KL™m! tan )™ 1.23
(1+27) 9z |1+ 22 aym (2,0) ¢| < m!|cos (arctan z)|™, (1.23)
x 8“%(3370) < Kme!|cjos (arctanx)\mﬂ’ (1.24)

1+ 22 oym {1 + |sin (arctan z)|}?
a™b (2,0)] < Kme!|c.os (arctan z)|™*! (1.25)

oy™ {1 + |sin (arctan z)|}?

forz € Q,p,, and m=1,2,....
Let us state the main theorem in this paper.

Theorem 1.6. Under assumptions (A1)—(A3) the formal solution 4(z,y) of (1.1) is
Borel summable in the direction 6.

1.4. SOME REMARKS ON RELATED TOPICS

In the theory of ordinary differential equations, there are many studies concerning
the summability of divergent power series solutions, and we can see many significant
results in Balser’s book [1,3] (cf. also Malgrange [13]).

On the other hand, in the theory of partial differential equations, there are not so
many studies. The first contribution is rendered by Lutz-Miyake-Schifke [12], where
complex heat equations are dealt with. Balser [2,4], Balser and Miyake [5] and Miyake
[14] generalized the result in [12]. In Ouchi [15] also, we can find some interesting
results for greatly general linear partial differential equations. We remark that our
equation (1.1) is a different type of equation from theirs, and that in the above articles
we can see quite different phenomena from ours.

2. PRELIMINARIES TO PROOF

By Theorem 1.3, in order to prove Theorem 1.6, it is sufficient to prove that the
formal Borel transform v(z,n) = B[d](x,n) of the formal solution d(z,y) satisfies
condition (BS) under assumptions (A1)—(A3). In order to do that, in Subsection 2.1
we write down the equation which B[@](z,n) should satisfy. Some integro-differential
equation (cf. (2.4)) will be obtained. Furthermore, in Subsection 2.2, we transform
that intego-differential equation into some integral equation.
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2.1. FORMAL BOREL TRANSFORM OF EQUATION

Let us operate the formal Borel transform to (1.1). Then we obtain the following
equality:
B[D

(1+4?) (2,1 — )BIDyil)(x, ) dt

o\d

|(z,m—t) [yD u](a:t)dt+B[ 1(z,m)

e[ 80
7 (2.1)
e [0

are the formal Borel transforms of

where B[g](z,n), B[b](z,n) and B[f](z,n
L on(@)y™ and f(z,y) = S0l fal)y”,

5($7y)=§:z®:15n($)y"a b(x7y) = ZZO:

that is,

o>~ —
3
—

M=)t BBl =3 b L Bl an

(2.1) is obtained by applying the following equality:

31, m+n+1 _ 1 m4n+1 _ nm+"+1 .
Bly J(n) = m+n+i) 1)|7] =B(m+1,n+1) p—— (Beta integral)
7
m-+n—+1
_ mon g 1 _ n 1
= [ (1—-5)"s"ds- T f/(n )™t dt - i

0

Bly™(n — t)B[y"](¢) dt.

o\: Ot

Next, let us calculate B[D,a)(x,n) and BlyD,a)(x,n) in (2.1). It is clear that
B[D, i) (z,n) = D B[a](x,n). On BlyDyd](x,n), it follows from the same argument as

~ /N
above that BlyDya](z,n) = [ B[D,t](x,t) dt. Moreover, by noting the commutative
0

diagram
n formal Borel tr. 77”

% —_—
y n!

Dyl lD,,nD,,

n—1

n—1 n n
formal Borel tr. (TL — 1)'

we have B[D,(z, 77) = D,nD,B[i](x,n). Hence, it holds that

ny

BlyD,i)(x,n) B[Dy)(z,t) dt = /DttDtB[ |(z,t) dt = nD,Bli](z,n). (2.2)

O\\
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(The Euler operator is transformed to the Euler operator.) By adopting (2.2) we
obtain

/ Blb)(z. 7 — t)BlyDya)(z. 1) dt
0

Therefore, we see that B[a](z,n) is a solution of the following equation:

7 U] Ul
(1+2?) /%xtdt—l—/lg’ :Cn—tvx(xt)dt—l—w/t'vn(x,t)dt
0 0 0

(2.3)

Finally, let us operate D, to (2.3) from the left. Then we see that B[a](z,n) is a
solution of the following initial value problem:

v(x,n)= / (x,n —t)v.(x, t)dt—B[b]n(x,O)-nm(x,n)
0
/ o (@ —1t) - t-v(z,t)dt + /[;’[b]n(x, n—t)v(x,t)dt (2.4)
0 0
+g(z,n),
v(z,0) = f(z,0),

where £ is the first-order linear partial differential operator defined by

L =(1+2%)D, + (1 +an)D,, (2.5)
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and g(z,n) = B[f]n(x,n). It is easy to prove that B[d](z,n) is the unique locally
holomorphic solution of (2.4). Hence, the proof of Theorem 1.6 has been reduced
to that of the following fact: the solution v(z,n) of (2.4) satisfies (BS). However,
we do not deal with the integro-differential equation (2.4) immediately. In the next
subsection, we transform (2.4) into the integral equation.

2.2. TRANSFORMATION TO INTEGRAL EQUATION

In order to transform (2.4) into the integral equation, we apply the following formula.
The solution V(z,n) of the initial value problem of the following first-order linear
partial differential equation

{Zv(mﬂl) :k(man)’ (26)
V(z,0) =1(x)
is given by
V(.’E, 77) = l(_ tan (%(1'7 7])))
7 (2.7)
+ [ b= tan (o = ), e =) 2) - (o - 2) da,
0
where
of (x,n) = arcsin {— sin (arctan z) + cos (arctan ) - n}, (2.8)
&(w,n) = cos (arctan x) (2.9)

cos (# (z,m))

We explain the derivation of the formula (2.7) in Section A. By (2.7), we see that
(2.4) is equivalent to the following equation:

v(z,n) = f(=tan (o (z,7)),0)

+/g(—tan(%(wm—2)),5(%77—2) 2)- Ea,n— 2)dz
0

4
+ ZIZ"U({L‘, 77),
i=1
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where each operator Z; (i = 1-4) is given by

0 0

X Vg (—tan (& (x,n — 2)),t) dt &(x,n — z) dz,

E(x

z)z

BB],,(— tan (& (2,1 — 2)), (@, — 2) - 2 — 1)

Tov(z,n) = — B[b]n(— tan (<7 (z,n — 2)),0) - E(x,n—2) - 2

Ot~ s

X U(f tan (d(l‘an - Z))vg(x,ﬁ - Z) ' Z) ’ g(x,ﬁ - Z) dZ,

0 0

x v(—tan (& (z,n — 2)),t) dt &(x,n — 2) dz,

E(x,n—z)z

B[b]m?(— tan (& (x,n — 2)),&(x,n—2) -z —t) - t

n &E(xz,n—z)z
I4v(x,77)=/ / B[b]n(—tan(%(x,n—z)),g(x,n—z)-z—t)
0 0

x v(—tan (o (x,n — 2)),t)dt &(x,n — z) dz.

Furthermore, for Zyv(z,n), Zsv(x,n) and Zyv(z,n), we practice an integration by
substitution

t(s) =&(x,m—2)-s. (2.10)

In addition, we transform Z;v(z, 7)) as follows: Let us apply equality o7, (z,n) = &(x,n)
and &,(z,n) = &(z,n)* - tan (« (x,7)). By an integration by substitution (2.10), we
have

z

Tyo(z,m) = — / / BIBL, (— tan (o (2,1 — 2)), £, — 2) - (2 — 8))
0 O

X vy (— tan (o (z,m — 2)), E(x,n — 2) - 8)ds &(x,n — 2)* dz
= Illv(x, 77) + Il”v(% 77)7
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where

I'v(x,m)

/0052 (A (x,n—2)) - B[ﬁ]n(— tan (& (x,n — 2)),E(x,n—2) - (2 — 9))
0

O\:

xé"(m,n—z)-%{v(—tan(%(az,n—z)),é"(m,n—z)-s)}dsdz,

7"v(z,m)
:—//cosz(,zzf(x,n—z))-tan(ﬂ(x,n—z))~s
0 0

x BIA], (— tan (o (2,1 — 2)), & (2,7 — 2) - (2 — 5))

x E(x,m—2)*- %{v(—tan(%(mm—z)),g(x,n—z)-s)}dsdz.

By changing the order of integration, we write Z; v(z,n) as

z

n non
0 0 0 s

Thereupon, we can transform Z;'v(x,n) by an integration by parts. Thereafter, let
us change the order of integration again. Z,”v(x,7n) can be transformed directly by
an integration by parts. Ultimately, we see that (2.4) is equivalent to the following
integral equation:

U(37>77) = f(_tan ('52{(‘73777))70)

+ 0/9(—tan (e (2, —2)),E(x,n—2)-2)-E(x,n—2)dz (2.11)

8
+ Z Iiv(xa 77)7
i=1
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where

Il”(x,n) =

Ly(z,n) =

IB’U(%TI) =

I4U(‘T7 TI) =

I5U(‘T7 77) =

IG’U(Z’, 77) =

n
s [ Bl - 2o(e )
0

/COS2 (o (x,n—2)) - {1 —tan((x,n—2)) - E(x,n—2) -2}

0
x B[A], (— tan (o (2,7 — 2)),0)
X v(—tan (d(x’n - Z))7£}(x777 - Z) ’ Z) : 5(%77 - Z) dz,

z

/ cos? (o (2,1 — 2)) - {1 — tan (/ (2,7 — 2)) - Ew.n — 2) - 2}
0

\:

X o

B[B]m](—tan (o (x,n—2)),8(x,n—2)(2—35))
x v(—tan (o (z,n — 2)),E(x,n — 2) - 8) - E(x,n — 2)* ds dz,

2 [ cos? (o (x,m — 2)) - tan (o7 (z,1 — 2))
/]
00

x BB, (— tan (o (z,1 — 2)), & (x,n = 2) - (z - 5))
x v(—tan (o (z,n — 2)),E(x,n — 2) - 8) - E(x,n — 2)* ds dz,
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We note that Zyv(x,n) = Zle Lv(z,n).
By the above argument, the proof of Theorem 1.6 has been reduced to that of the
following proposition.

Proposition 2.1. The solution v(x,n) of (2.11) satisfies condition (BS).

3. PROOF OF PROPOSITION 2.1

In order to prove Proposition 2.1, we employ the iteration method. Let us define
{vn(z,n)}2, inductively as follows:

vo(z,m) = F(— tan (e (z,1)),0) (3.1)
4 / g(—tan (o (2,5 — 2)), E (.0 — 2) - 2) - B, — 2) dz,
0
8

Unt1(x,n) = vo(z,n) + len(x,n) (n>0). (3.2)

i=1

Next, we define {wy,(z,n)},—, as wo(z,n) = vo(z,n) and wy(z,n) = vu(z,n) —
vn—1(z,n) (n > 1). Furthermore, we define {W,, (x,1n,t)} ~, as

Wn(xa th) = wn(ftan ("Qf(xvn - t))a g(x777 - t) ’ t)' (33)

Here, we break the proof, and provide the notation needed in the key lemma later.
We can take rqg > 0, kg > 0 and [ > 0 such that

|$‘ < To, C € S(aa Ko, +OO) - leie (3 4)
= —sin (arctan x) + cos (arctanz) - ¢ € B(r) U S(0, k, +0), '

where r > 0 and k > 0 are the constants given in Assumptions (Subsection 1.3).
Hence, it holds that

lz| <719, ¢ €80, ko, +00) — e = o (x,¢) € arcsin (B(r) U S(0, K, +00)).
(3.5)

Consequently, we obtain

>M and

)|
C)) S Qrﬁ,fw (36)

|cos (o (x,€)
€T,

<rg, €S0k, —le¥ =
lz| < 7o, € € 8(0, ko, +00) —le {—tan(ﬂ(
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where M is the constant given in (1.20). It follows from (1.22)—(1.25) and (3.6) that
there exist some positive constants Cy and M satisfying:

mas [cos? (o (2.)) - (= tan (4 (.))) - 6(2.0)"| < Cody”™
‘I;‘lgfo %{COSQ (JZ{(J:,C)) ’ ﬁm(— tan (ﬂ(x,g)))} . @(f(x7c)m < COMOm7
max |eos? (af (x,0)) - tan ( (,0)) - f(— tam (o (2, 0))) - &, ™|
COMOm
eI
— tan T . X m1 M m
max [bm(=tan (< (2,0))) - €@, 7| < 7y (S CoMo™)

(3.7)
for allm =1, 2, ... and all ¢ € S(0, ko, +00) — I'e?, where I' =1/2.
Next, we give the following definition.

Definition 3.1.
(1) For A > 0 and p > 0, U,[0, A] denotes the p-neighborhood of [0, A] in C. Precisely,
Upl0,A] = {7 € C; dist (7, [0, \]) =inf {|7 — o|; 0 € [0,A]} < p}.
(2) For n € C, we define the function G" as
G"(1) = ret?sM 1 e,
and define G and gg as follows:
G"={G"(R) € C; 0 < R < |n},
gy ={G"(r) € C; 7 € U,[0, [nl]}

We remark that G” is the segment from 0 to 1 and that GJ is the p-neighborhood
of gn.

Under these preparations let us take a monotonically decreasing positive sequence

(In)oeo so that
V'=> 1l (3.8)
n=0

Finally, we define (p,).—, as follows:

po = dist (S(6, o, +o0) — (I~ Io)e™, A(S(6. ko, +o0) — U'e™),

n n—1
pn, = dist <S(9,n07+oo) — (l’ - le)ew,@(S(ﬁ,no, +00) — (l' - Z lj)ei9)>
=0

=0
(n>1),
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where dist (A,B) = inf {|]a—b|; a € A, b € B}, and JA means the boundary of A.
Then we obtain the following lemma.

Lemma 3.2. W, (x,n,t) is continued analytically to
{(x,n, t) € C%; |z| < 7o, n € S(8, ko, +00) — (l’ Zl) 0 teggn}.
Moreover, on
{(x,n, )€(C3 |z| < rg, n €50, Ko, +00) — ( i@) e, teg"}
=0

we have the following estimate. For some positive constants C; > 0 and §; >
max {1, My},

W0, G (R))| < Cre® Ay {Z@( 0 (T4 Il — B )}n' (39)

k=0
0<R<|nl,
where
o0 M()m
M, = 10C, —_—
1 07; 51m—1

We prove Lemma 3.2 in Section 4. For the present, we admit it and let us accom-
plish the proof of Proposition 2.1.

Proof of Proposition 2.1. By Lemma 3.2, we see that wn(sc n) (= Wy(z,n,n)) is con-
tinued analytically to B(ro) x {S(6, ko, +00) — (' = Y7_1;)e”} with the estimate

|wn<x,n>—wn<x,n,c:"<|n>>gcleélann{z() 1 }m"

k=0
1\
= Crehinlpm (1 + > ‘i

p—1 n!

Hence, on B(rg) x S(0, kg, +00) we obtain

n
n
Z\wnxn|<0e‘5”’|ZM ( 1) %:Cw%'”',

where d; = 61 + My(1 4+ 1/(p — 1)). This shows that v,(z,n) (= > p_qwk(z,n))
converges to the solution V(z,n) of (2.11) uniformly on B(ry) x S(0, kg, +00). Con-
sequently, V'(z,n) is an analytic continuation of v(x,7), and it holds that

max [V(z,m)| < Cre®!™, - € S(6, ko, +00).

z|<ro
It follows from the above argument that v(x,n) satisfies (BS). This completes the
proof of Proposition 2.1. O
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4. PROOF OF LEMMA 3.2

Let us prove Lemma 3.2. It is proved by induction with respect to n.

Proof of Lemma 3.2. First we consider the case n = 0. Let us apply equality

d(ftan(d(zvn7t))ﬂ£}($an7t) 't) :W(%U),
o (—tan (o (z,n — 1)), E(w,n—1) - (t — 2)) = o (x,n — 2),
&(x,n - 2)

&= tan (o (.0 = 1)), S0 — 1) - (t = 2)) = Zr=—

Then, by (3.1) and (3.3), we see that Wy (z,n,t) has the following form:
Wo(z,n,t) = f(— tan (#/(z,7)),0)

—l—/g(—tan(;a/(x,n—z)),@@(mm—z)-z) -E(x,m—2)dz
0
= J1(9U,777t) + J2(1'7777t)'

Before proving the lemma for Wy, we remark the following. It follows from assumption
(A2) and Cauchy’s integral formula that g(z,7n) is analytic on €, 4, x C with the
estimate

|9(z,m)| < C” exp [d]sin (arctanz)[] - ", (2,7m) € Qg x C (4.1)

for some positive constants C’ and ¢’.
Let us prove that Ji(x,n,t) and Jo(x,n,t) are well-defined on

{(m77]7t)7 ‘l’l <ro, NE 5(67’%07—’_00) - (l/ - lo)ei97 te ggo}

Let |z| < ro, n € S(0,K0,400) — (I' = lo)e®, t € G, and let us write t € G as
t=G" (1) (T € Uy 0, |n]]).
Well-definedness of Ji(xz,n, G"(7)): it is clear from assumption (A2) and (3.6)
(note that S(6, ko, +00) — (I’ — lp)e?? C S(8, ko, +00) — I'e?® C S(0, ko, +00) — le™?).
Well-definedness of Ja(x,n,G"(7)): in the integral expression of Ja(z,n, G"(T)),
by taking a path of integration as

2(0) = o€t (g c0,7]), (4.2)

where [0, 7] is the segment from 0 to 7, it holds that n — z(o) € S(6, ko, +0) —
I'e?® (c S(0, ko, +00) — le'?). Hence, from the above remark and (3.6) we obtain the
well-definedness of Ja(z,n, G"(T)).

Therefore, Wy(x,n,t) is well-defined on

{(l‘,’l],t), |Z‘| <rg, NE S(Q,K,(),—FOO) - (l/ - ZO)eiea te ggo}'
Moreover, on

{(51777%75); |LE| < To, N € S(ea Ko, +OO) - (l/ - 10)6’”7 te gn}
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we have the following representation:

Wo(xz,n, G"(R))

= f(—tan (&/(z,7)),0)
R

+ / 9(— tan ( (2, (Jn] — Ra)e' ™)), & (x, (|In] — Ry)e' &) - Ryel =)
0
x &z, (|n| — Rl)eiarg(n)) . etarg () dR;
= ..71(37’777R)+u72($?777R>'

Let us estimate each J1(x,n, R) and J2(z,n, R).
On Ji(z,n, R): by (1.21), we have

|T1(z,m, R)| = [ f(—tan (/(2,71)),0)] < Cexp [§]sin (o (z,1))]]
= Cexp [d]—sin (arctan z) + cos (arctan x) - 7]

< C'exp [8]sin (arctan z)|] - exp [d]cos (arctan z)| - |n|] < C" e,

where C" = Cexp [0 max|, <y, [sin (arctan z)|] and §; = 6 max <., |cos (arctan z)|.
On Jo(z,n, R): it follows from (4.1) that

lg(— tan (&7 (z, (Jn] — R1)e' 8 ), & (@, (jn] — Ri)e W) - Ryt ()]
< C"exp [8sin (& (z, (In] — Ri)e 8 ™))]]

x exp [0'|& (, (jn] — Ri)e' W) - Ryet*e ()]
< "M I - exp 8716 (@, (In] — Ra)e’ ™' ™) |Ra],

where C"" = C” exp [6 max|y|<y, |sin (arctan z)|]. We remark that

max |&(x, (|n] — Ry)e' ™8 M)| < M = — max |cos (arctan z)| (4.3)
|z|<ro M |z]<ro

holds. Therefore, we have

l9(— tan (& (z, (|n] = R1)e' &), & (x, (In] — Ri)e' &) - Rye! e 0))
< C///e(sl\’ﬂe—(él—(;/”[)Rl.

Here we may take § > 0 so large that 6" = 6, — 0'M = d max|, <y, |cos (arctan )| —
0’ M > 0. Hence, we obtain

C//IM

5//

R
| Ja(,m, R)| < C"" Ml /6*5"31 dR, < ol
0

By the above argument, it holds that
[Wo(a,n, G"(R))| < Cre®1,
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where C; = C” + (C"'M)/". We may take § so large that d; > max {1, My}. There-
fore, the lemma has been proved for Wjy.
Next, we assume that the claim of the lemma is proved up to n and prove it

for n + 1.
By (3.2) and (3.3), we have the following relation between W,, and W, :

7
Wn+1(937777t> = Z‘ZWH(‘an’t)? (44)
i=1

where
W (x,n,t) = (Ilwn)(—tan (A (x,n—1)),E(x,n—1)-t)
= —cos? (o (x,n —t) /B —tan (& (z,n —t)),&(x,n—1) - (t — 2))

XWn(Ile*t‘FZaZ)'g(xvn*t)d ;

IoWy(x,m,t) = (lowy,)(—tan (& (x,n — t)),E(x,n —t) - t)

t

= /Cos2 (o (x,n—2))- {1 —tan (& (x,n —2)) - E(x,n—2) - 2}
0
X [;’[B]n(— tan (&7 (z,n — 2)),0) - Wy (2,7, 2) - &(x,n — 2) dz,

I3sWy(z,n,t) = (Iswy,)(—tan (& (z,n — t)),E(x,n —t) - t)
- //cos2 (o (2,1 — 2)) - {1 — tan ( (2,7 — 2)) - E (@, — 2) - 2}

B[ﬂ] o (—tan (o (2,1 — 2)), &(x,n = 2) - (2 — 5))
X Wo(z,n—z+4s,8) E(x,n—2) dsdz,

IW, (ar N, t) = (Lawy, + Iswy)(—tan (o (z,n — t)), & (x,n —t) - 1)

0/ s oot ((@.0)

x BB, (— tan (& (x,()), & (w,n — 2) - (2 — s))}

o\

¢=n—z
X Wy(z,n—2z+s,5) - &(x,n— z)dsdz,
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(xanvt) (I6wn)(*tan(9f($v77*t)),g(%n*t) 't)
/z —tan (o (z,1 — 2)),0) - Wa(z,n,2) - E(x,n — 2)*dz,

IsW,, (ac n,t) = (Iywy,)(—tan (& (x,n — 1)), 8 (x,n —t) - t)

//s B[b] (= tan (& (z,n — 2)), & (x,n — 2) - (2 — )
00
w,

X Wo(z,n— 24 s,8) - E(x,n—2)"dsdz,
ﬂ7Wn($ 7, ) (ISwn)(_tan(”Q{(mvn - t))w‘Z{(ﬂCﬂ? - t) 't)

Let us prove each Z;W,,(x,n,t) (i =1,...,7) is well-defined on

{(@0.0); |2 < 7o, € S0, m0,+00) = (' = 325 ;). te Gy}
Let |z| <1, n € S(0, ko, +00) —
ast = GTY( ) (T € Upn+1[0 |77|])

On AW, (z,n,G"(7)): let us take a path of integration as

(=330 e t e Gy,

7...»and let us write t € G

Pr+1

2(0) =o' (g€ [0,7]). (4.5)

Then we have n — G(7) + z(0) € S(0, ko, +00) — (I' = 37, 1,)e? and z(o) €
anffn m)+z(o) (c Gh, @ (THZ(G)) Hence, W,,(z,n—G"(7)+2(0), 2(0)) is well-defined,
which implies the Well definedness of AW, (z,n, G"(1)).

On SHW,(x,n,G"(7)) and I5W,(x,n7,G"(7)): let us take a path of integra-
tion as (4.5). Then we have 1 € S(6, ko, +00) — (I' = >°7_1;)e and 2(0) € G .
Hence, W,,(z,n, 2(0)) is well-defined. Therefore, it follows that W, (z,n, G"(1))
and S5W,, (z,n, G"(T)) are well-defined.

On W, (z,n,G"(1)) (i = 3, 4, 6, 7): we only state paths of integration. By taking
paths of integration as

(4.6)

2(0) = oe!>8 () (5 € [0,7]),
s(A) = Xete () (X € [0,0])

we see all Z,W, (z,n,G"(7)) (i =3, 4, 6, 7) are well-defined.
Hence, W, 41(z,n,t) is well-defined on

{(95777,75)5 “/I“| <o, 1€ S(@,Iio,—f—oo) - (l/ - Z;’H_(}l ) 1,9 te ggn+1}
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Moreover, on

{(2,n,1); |2 <ro, n € S, k0,+00) — (' = X525 1;)e, t € G}
we have the following representations:
I Wy (z,n,G"(R))

= —cos? (o (x, (|n] — R)e'*r&M))
R

x /B[mn(* tan (o (z, (|n| — R)e* & M),
0
E(x, (In] — R)e"™& M) . (R — Ry)el#& )
X Wplx,m, R, Ry) - &z, (In| — R)eiarg(ﬁ)) i) g,
IoW,(z,m,G"(R))
R

_ /COS2 (@7(1’7(‘77| _ Rl)eiarg(ﬂ)))

$ {1 — tan (o (2, (In] — Ra)e' ™)) - & (x, (|In| — By)e 8 D) - Rye! 20}

x BIB],,(— tan (< (z, (In] — Ri)e'*® (1)), 0)

X Wp(z,m, Ry, Ry) - &(x, (|n] — Ry)et e M) . gtare(m gR,
F3W(x,n,G"(R))

R R,

//cos x, (In| — Ry)e Mrg(n)))

x {1 — tan (& (z, (|n| — Rl)eiarg(n))) &z, (I — Rl)eiarg(n)) ‘Rleiarg(n)}

X B[ﬂ]m(*tan (o (x, (In| — Ry)e* & M)),

&(x, (In] — Ry)e'™& M) . (Ry — Ry)e' (M)

X Wp(z,m, Ry, Ra) - & (x, (|n] — Ry)et 28 (M)
FaWn(z,1,G"(R))

2, {6iarg(n)}2dR2dR17

R Ry
/ / Se{cos (@ (2,0 B8], (- tan (e (2,0))

8w, (] = R)e ) - (Ry = Ry)et =) |

X Wi, Ry, Ra) - & (x, (|In] — Ry)e' &™) . {¢1*5(}* 4R, dR,,
j5Wn($»777Gn(R))
R

= [ Rt B~ tan (o s (]~ Bt ), 0
0

¢=(|n|—Ry)eiars ()

X Wpy(x,m, Ry, Ry) - &, (Jn] — Ry)et ™= )" . gine ) gp, dR,
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W (z,n, G"(R))

Ry

R
//R sare () . Bl (— tan (o (z, (In] — Ry)e' =),
0 0

(ZIJ, (|7’]| —_ 1)elarg( )) . (Rl _ RQ)ezarg (17))

X W0, Ry, Ra) - E(z, (Jn] — Ry)e 50" et y* apy dRy

j7W’ﬂ($7 m, GU(R)) (47)
R Ry
= //B[b]n(— tan (o (z, (|n] — Ry)e' @& M),

&(x, (In| — Ri)e' ™) - (R, — Ry)e' &)
X Wo(x,n, R1, Ra) - & (, (In| — Rl)eiarg(n))2 . {eiarg(n)}Q 4R, dR,,

where
W1, 11, 1) = Wiz, ([In] — p+ v)e? 80 GUnI=ptn)et ™=y (g 8)

Here we note the following fact: in general, let
> 0 m
= Z &, (2)y™ and B[® Z D, (z

m=0 m=0

Then it follows from integration by parts that

/B[q>](x, Z-(n—1)) - U, t) dt

Y
e
<I>, Zm
— Z n / m J} t) dt
m=0 0
0o nom Mm
Z D, (x Zm// / T, Nmt1) At - - - dno diy. (4.9)
m=0 00

By applying (4.9) to (4.7), we obtain the following infinite-order integral representa-
tion:

Wn+1(x 777 Z/ .f 777 (410)
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where

fl(xﬂ% ) W, (l‘ n’G (R))

=_ Z cos? (o (z, (|| — R)e &™) . B, (—tan (¢ (z, (|n] — R)e' 28 M)))

m

&(, (Inl - R)e' =)

R1 Rpy—1

R m
x// / W@, 0, R, Rin) Ry, ... dRy dRy - {e! 5}
0 0 0
/2(%7771%) = ﬂZWn(x7naGn(R)) + j?)Wn(m?n?Gn(R))

0o R
= Z /COS |77| ) zarg(n)))
0

m=1
x {1 —tan (o (x, (In| — R1)e' ™)) - &(z, (|n| — Ri)e' M) - Ryet e}

X B(— tan (o (z, (1] = Ra)e! ™)) - & (a, (in| = Ry)et )"

Ri  BRm-
X/ / w(x,m, Ry, Ry) dRy, ... dRydRy - {25 M}

0

=1

o B
= Z / cos” (/ (2, (|n] = Ra)e &™) - B (— tan ( (2, (|n] = Ra)e'*=()))
0

x &, (In| — Ry)et & 00)™

R R Rm-
x // / (x,m,R1,Rmm) dRy, ... ddeRl.{eiarg(n)}m
00 0
w R
= > [ cos (o (] = Ra)e ) - tan (o (o (1] — Ra)et )
m:lo

X (= tan (7 (o, (1] = B)e ™)) - &, (in| = Ra)e' =)™ Ry

m+1

\

/ (2,0, R1, Rip) ARy, ... dRo dR, - {e' ™8 (M}
0

= fgl(m,n,R) + 7" (z,n,R),
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S /R > {cost (/10,00 (- an (2.0 |

) ¢=(In|—Ry)etars (1)
x &(z, (|| — Ry)et*sM)™
Ry R,
X / / Wol(x,n, R, Rny1) dRpq1 - .. dRo dRy - {eiarg(n)}7n+l,
0 0

j4(937777R) = <ﬂ5VV7L(£E7’r]’GY ( ))+j6 (I nvG (R))

m—+1

w R
= — Z /bm(— tan (o (z, (|n] — R1)e' 8 M) . &(x, (|n] — Ry)e'21& (M)

Rpy—1

Ry
x/ / Ry (2,10, Ry, Rip) ARy ... dRo dRy - {et 28 My
0 0

(@, R) = S7W,(x,1n,G"(R))

0o R
: m—+1
=2 /bm — tan (o (x, (|n] — Ry)e’ & ))) - &(x, (In] — Ry)e &™)
m:lo
Rl RWL
></ /Wn (2,7, Ry, Rns1) ARy ... dRy dRy - {ei 28"
0

Before estimating each _#;(z,n, R), let us note the following inequality. We omit the
proof.

Lemma 4.1. For § > 0, it holds that

R R1 Rm—l 1
// / e fm dR,, ... dRydR; < 5—me§R (R>0). (4.11)
0 0 0

Now let us estimate each _Z;(x,7n, R).
On _#i(x,n, R): it follows from the assumption of the induction that

|#r(z,m, R, Rp,)|
S Cleél\n\efélReﬁlRlin
- 1 1 R,,"
: {,; (k) - DF {1+ (Inl R+ Ry) — Ry ] [ (4.12)
_ 1 R"
< C 51‘77‘ R 61RmM —_— .
e 0 > T+ o - R)Fe=D [ nl
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Hence, by the estimate
cos2 (o (z, (|n‘ . R)eiarg(n))) < B (— tan (& (x, (‘77| _ R)eiarg(n))))

x &(x, (In| — R)e' =)™ | < CoMy™ (4.13)

which follows from (3.7), we have

dilnl ,—01 R n - n 1 1
| A1, n, R)| < Cre?t e M,y CO{Z (k) (—1F 1+ 1] —R)’f(p—l)}

k=0
Rpy—1

/ e Bm dR, ... dRydR;.
0

XZMO

m=1

Here let us adopt the estimate

R n R1 Rm—l

/Rl' / / 1 Bm dR . dRydR;
n.

0 0 0

R R
n n n+1
< L 71_1661]21 dRy < 71_1651R/—R1 dR; = 1_1661R al .
nl 5 5" nl 5" (n+1)
0

Then we obtain

| 1z, B)|

00 M m n n 1 1 Rn+1
< Silml p g, m 0 ‘
=A@ 2 s N ) o= r - R [
(4.14)

On _#5'(z,m, R): let us consider R; instead of R in (4.12). Then we have
|Wn(x7 n, R17 Rm)|

_ " /n 1 1 R"
< Cle5l|77|e 51R1e51RmM1n ( )
= \k) (p= D" (1+[n| = R)Fe=D [ nl - (415)

- 1 1 R"
<C 651|77|6—51R1651RmMn (n) 1 )
= ' ,; k) (0= 1DF (1+ [n] = R)}e=D [ "l

Hence, by a similar estimate to (4.13) it holds that

1
T }
R Ry —1

e i / / B qRr,. ... dRs dR;.
0 0 0

| 72" (.0, R)| < Cre® A" C(’{

[eS)
X Z MO
m=1
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Therefore, by using the estimate

R n R1 Rm—l
/R—lle*&Rl/... / e dR,, ... dRy dR;
n!
0 0 0
RR " 1 1 RR " 1 Rl
< /—1 e~ __—__ 0k gp — 7/—1 dR1 = ————
— n[ 51m—1 51m—1 n] 51m—1 (TL + 1)[’
0

we see that _#5'(x, 7, R) has the same estimate as (4.14) for _#(z,n, R).
On _#Zs3(z,n, R): it follows from the assumption of the induction that

|Wn($, n, Rlv Rm+1)|
S 016(51|7]|e—51R1 651Rm+1 M]_n

n n 1 1 Rm+1n
X
{Z (k> (p— 1)* {1+ (In] — R1 + Rynt1) — Rpy1 }r@=D } ol

k=0

B " /n 1 1 R
<C’1661|”|e 51R1651R"‘+1M1"{ E < ) - }
>~ _ _ k(p—1 |

= \k) (p=1F (1 +In[ = R)¥e=D [ !

Hence, by the estimate

gg{cos2 (o (2,Q)) - Bm(— tan (< (z, C)))}‘

¢=(|n|—Ry)eiore (m)

x &(z, (In| — Ry)e' & ™ < coM™,
we obtain
- 1
z,m, R)| < Cre®* M ( )
Al B < GGy 2, DF L+l — R)FeD
Ry R,
m 1 —61R1 01 Rm+1
XZMO / . //e dRpm+1 ... dRydR;.
0 0 0
Moreover, by using the estimate
R R Ri Rm
/71'67611%1 / / 651Rm+1 dRm+1 ...dRydR;
0 0 0
1 Rn+1 1 Rn+1
S -

<
S (n+1D)! — §m H(n+ 1)
we see that _#3(x,n, R) has the same estimate as (4.14) for _#1(z,n, R).
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On _Z5(x,n, R): by the estimate

b (— tam (o (z, (|n] — Ra)e ™ (D)) - £z, (jn] — Ra)e' = @)™ | < CoMy™,

similarly to the calculation for #3(x,7n, R) we see that _#5(x,7n,R) has the same
estimate as (4.14) for _#i(z,n, R).
Therefore, it holds that

|/1($,?7,R)| + |/2/(JC,77,R)‘ + |/3($’777R)| + |/5($77IaR

= My™ " /n 1 1 R+l
< Oyl (40 20 .
s Gqre 1 OMZ:l 61m—1 kzzo k (p — 1)k (1 + ‘77| _ R)k(p—l) (n I 1)|
(4.16)
On %" (x,n, R): by adopting (4.15) let us estimate #,,(x,n, R1, Ry+1) as
|Wn($777,R1aR
< C d1ln| ,—01 Ry 51RmM n n 71
1€ e kZ:O k 1) (1+ |n| — R)*@=D [ n!
n 1 Rn
< Cyedlnlg=01Ri 01 R pp 0 n R
- s k 1) (14 In| = Ry)k=1 [ n!
Then by the estimate
cos? (o (z, (|n] — Ry)e'®& M) . tan (o (z, (|n| — Ry)e'*& M)
iar, 7 ar, m+1
X Bon(— tan (o (z, (|n] — Ry)e' ™8 MY)) . &(x, (|n] — Ry)et 28 ™) .Rll
CoMy™ CoMy™ R
S @+ =Ry T A+l — Ry)p
we have
72" (x,n, R)|
n 1 o0
< C el o ny 1 Mo
<otiinney: (1) gt 2 0
7 e—01R1 By Bme - Rn+1
14m
X/ 1+ |n| — Ry)B+D (- 1)+1/ / € dRp, ... dRydRy
0 0 0
o M m
<csimir(co 3 245
m=1 1
R

n
n\ n+1 R
dR .
sz_o@ 7 | G REe R G

0
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Furthermore, by noting

/ Ri=R
AR — 1 1 1
(1+|n] — R1 CFDE-DF T E 1 p—1 (1 + || — By) DD
’ R1=0
< 1 1 1
T k+1p—1(1+]n - R)FEHHE-1)’
we obtain
| 72" (., R)| < Cre® AL ( Gy i M
o - — 5 m—1
o \k/ k+1 (p— 1)1 (14 |n| — R)E+D@=1 [ (n+ 1)!
(4.17)
o0 M m
1|7 0
= Cle |I|M1" <Comz_161m_1>
% 7’LZ+1< n >n+1 1 1 R"H‘l .
k=1 k—=1) k (p—1F 1+ n—R)Fr=D [ (n+1)!
Similarly, it follows from the estimate
b (— tan (s (, (|| = Ri)e" ™ 0))) - & (a, (Jn] = R)e =D)L R,y
< GoM™
(1+n| = R1)P

that _#4(z,7, R) has the same estimate as (4.17) for _#" (z,n, R). Therefore, it holds
that

|f2//($77],R)| + |/4(Z‘,77,R)|

s MOm
< Cleé1|7l|M1n 200 Z ; —

m=1

= n \n+1 1 1 R+l
B () e

k=1

(4.18)
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Finally, let us combine (4.16) and (4.18). Then we obtain
(Waia(z,n, G"(R))|

5
< Z|/$($>U7R)|

oo M m
< Credhnipnn <5CO Z 5m0—1>

m=1 1

1+§{<Z>+<ki1>nzl}(p_11)k(1+77|_13)k(p—1)

Rn+1
(n+ 1)

X

1 1
(0= 1" (L[] = B D)

+

Moreover, by noting
() ()= () () =)
k k—1) k k k - k)’
we have
(Whia(z,n, G"(R))|

n+1
+1 1 1 Rnt1
<C 51\77\M n+1 n
S L D G e (e fremvia

which implies the lemma for n + 1. The proof has been completed. O

APPENDIX

A. DERIVATION OF FORMULA (2.7)

In Subsection 2.2 we gave the formula of the solution V(x,n) of the initial value
problem (2.6) in the form of (2.7). Here we explain the derivation of it. Let (x,7n) =
(X (p,v),Y (1, v)) be the characteristic curve of the operator .Z, that is, the solution
of the following initial value problem:

d£:1+x27 —nzl—&—xn,
dp dp (A.1)
w0)=v,  7(0)=0.

Then, on this curve V(z,n) has the following form:
w

V(X (u,v), Y (p,v)) =1(v) +/k(X(T, v),Y(r,v))dr.
0
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Hence, if (z,n) — (u,v) = (M(x,n), N(x,n)) is the inverse mapping of (u,v)
(x,n) = (X(p,v), Y (u,v)) we have

M (z,m)
V(z,n) =U(N(z,n) + / k(X(r,N(z,n)),Y (7, N(z,n))) dr. (A.2)

By solving (A.1), it holds that

X(p,v) = tan (pu + arctanv),
v - cos (arctan v)
Y =t t —
(h,v) = tan ( + arctanv) cos (u + arctan v)’
M(z,n) = arctanz + o/ (z,n),
N(z,n) = — tan (o (z,)).

Therefore, it follows from (A.2) that

Vi, n) = I(—tan (o (z,7)))

arctan 447 (z,n)
+ / R(X (r, — tan (o (2,))), Y (7, — tan (< (. 7)) dr.
0

(A.3)

Moreover, in (A.3) we practice an integration by substitution
m(2) = (v,n) — A (x,n—2), 2z:0-=1.

Then we obtain (2.7).
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