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COMPARISON OF APPROXIMATION METHODS OF
POSITIVE STABLE CONTINUOUS-TIME LINEAR SYSTEMS
BY POSITIVE STABLE DISCRETE-TIME SYSTEMS

The positive asymptotically stable continuous-time linear systems are approximated by
corresponding asymptotically stable discrete-time linear systems. Two methods of the
approximation are presented and the comparison of the methods is addressed. The
considerations are illustrated by three numerical examples and an example of positive
electrical circuit.

1. INTRODUCTION

In positive systems inputs, state variables and outputs take only non-negative
values. Examples of positive systems are industrial processes involving chemical
reactors, heat exchangers and distillation columns, storage systems, compartmental
systems, water and atmospheric pollution models. A variety of models having
positive linear behavior can be found in engineering, management science,
economics, social sciences, biology and medicine, etc. Positive linear systems are
defined on cones and not on linear spaces. Therefore, the theory of positive
systems is more complicated and less advanced. An overview of state of the art in
positive systems theory is given in the monographs [5, 8]. The positivity of
electrical circuits composed of resistors, coils, condensators and voltage (current)
sources has been analyzed in [10].

Stability of positive linear systems has been investigated in [5, 8] and of
fractional linear systems in [2-4, 12]. The problem of preservation of positivity by
approximation the continuous-time linear systems by corresponding discrete-time
linear systems has been addressed in [9]. The approximation of positive stable
continuous-time linear systems by positive stable discrete-time linear systems has
been considered in [7].

In this paper two methods of approximation of positive stable continuous-time
linear systems by positive stable discrete-time linear systems will be presented and
a comparison of the methods will be given.
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The paper is organized as follows. In section 2 basic definitions and theorems
concerning positive continuous-time and discrete-time linear systems are recalled.
Two methods of approximation of positive stable continuous-time linear systems
by positive stable discrete-time linear systems and the comparison of the methods
are presented in section 3. Concluding remarks are given in section 4.

The following notation will be used: R - the set of real numbers, R"*"” - the

set of nxm real matrices, R - the set of nxm matrices with nonnegative

entries and R” =R™1, M, - the set of nxn Metzler matrices (real matrices
with nonnegative off-diagonal entries), M,s - the set of nxn asymptotically

stable Metzler matrices, R’ - the set of nxn asymptotically stable positive

matrices, [, - the nxn identity matrix.

2. PRELIMINARIES AND THE PROBLEM FORMULATION

Consider the continuous-time linear system
x(t)=A.x(t)+ B.u(t), x(0)=x, (2.1)

where x(¢) e R", u(t)eR™ are the state and input vectors and 4. e R™",
B, e R™™.
Definition 2.1. [5, 8] The system (2.1) is called (internally) positive if x(¢) € R},
120 for any initial conditions x(0) = xo € R} and all inputs u(r) e R}, 1>0.
Theorem 2.1. [5, 8] The system (2.1) is positive if and only if

A.eM,, B.eR™. (2.2)
Definition 2.2. [5, 8] The positive system (2.1) is called asymptotically stable if
for u(r)=0,¢>0

lim x(#) =0 for all x5 e R . (2.3)

t—>0
Theorem 2.2. [5, 8] The positive system (2.1) is asymptotically stable if and only
if all coefficients of the polynomial

det[ 1,5 — A, ]1=s" +a, s" ' +. . +ays+a, (2.4)
are positive, i.e. a; >0 for i=0,1,....,n—1.
Now let us consider the discrete-time linear system
Xip1 =Agx; +Byu;, ieZ,, (2.5)
where x; eR", u; eR™ are the state and input vectors and A; e R,

Bd S ‘:Rnxm .
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Definition 2.3. [5, 8] The system (2.5) is called (internally) positive if x; € R’,

i e Z, for any initial conditions xy € R’ and all inputs u; e R, ieZ, .
Theorem 2.3. [5, 8] The system (2.5) is positive if and only if

Ad € ‘:R?_Xn s Bd € ‘:szm . (26)
Definition 2.4. [5, 8] The positive system (2.5) is called asymptotically stable if
foru; =0,ieZ,

lim x; =0 for all x; e R . 2.7

i—o0
Theorem 2.4. [5, 8] The positive system (2.5) is asymptotically stable if and only
if all coefficients of the polynomial

det[1,(z+1)—Ay]=2" +a, ;2" ' +..+az+a, (2.8)

are positive, i.e. @; >0 for i=0,1,....,n—1.
In this paper two methods of approximation of positive stable continuous-time

linear systems by positive stable discrete-time linear systems will be presented and
a comparison of the methods will be given.

3. METHODS OF APPROXIMATION AND THEIR COMPARISON
3.1. Method 1

In this method the derivative x(¢) will be approximated by
xm:%, i=0,l,.. 3.1)

where x; = x(ih) and 4 > 0 is the sampling time (step).
From (2.1) and (3.1) we have

X4 = Agx; + Byu;, i=0,1,... (3.2a)
where

Ay =1,+hA,., B;=hB, (3.2b)
and u; =u(ih),i=0,1,....
From (3.2b) it follows that if 4. € M,, then 4; € R"*" if and only if

he— 1 (3.3)

max ‘al- l"
1<i<n

where a; ; (i =1,2,...,n) is the i-th diagonal entry of 4..

Therefore, we have the following theorem.
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Theorem 3.1. The discrete-time system (3.2a) is (internally) positive if and only if
the continuous-time system (2.1) is (internally) positive and the sampling time 4
satisfy the condition (3.3).

Let the positive continuous-time be asymptotically stable (shortly stable). In
this case by Theorem 2.2 the coefficients of the polynomial (2.4) are positive, i.e.
a,>0,k=0,1,...,n—1.

Theorem 3.2. The positive discrete-time system (3.2) is stable for any 4 > 0 if
and only if the positive continuous-time system (2.1) is stable.

Proof. By Theorem 2.4 the positive discrete-time system (3.2) is stable if and only
if all coefficients of the polynomial
det[,(z+1)— Ay ]=det[I,(z+1) (I, + hA,)] = det[ I,z — hA,] (3.4)
=z”+5n_lz”_1+...+c_zlz+c_10 ‘
are positive a; >0, k=0,1,....,n— 1.
It is easy to show that the coefficients a; and aj, kK = 0,1,....n — 1 of the
polynomials (2.4) and (3.4) are related by
— — 2 —
a,_1 =han_1,,an_2 =h ay_2,.--,4( =h”a0. (35)
From (3.5) it follows that a; >0 if and only if a; >0 for k=0,1,...,n — I and for
any & > 0. Therefore, by Theorem 2.2 and (2.4) the positive discrete-time system
(3.2) is stable if and only if the positive continuous-time system (2.1) is stable. O

Now let assume that the continuous-time system (2.1) is not positive but stable.
Let s; =—a; + jp; (i=1,2,...,n) be the i-th eigenvalue of the matrix 4. It is well-
known [6, 12] that if si is the eigenvalue of 4. then z; =1+ As; is the eigenvalue of

the matrix Zd defined by (3.2b). The discrete-time system (3.2) is stable if and
only if

|zi| =[1+ hs| = 1= her; + jhB;| <1 fori=12,....n. (3.6)
From (3.6) we have

(1-ha;)? +(hB;)? <1. 3.7)
Solving (3.7) with respect to h we obtain
. 2(11'
h < min .
1<i<ng? + B?

Therefore, the following theorem has been proved.
Theorem 3.3. The discrete-time system (3.2) is stable if and only if the
continuous-time system (2.1) is stable and the condition (3.8) is met.

(3.8)
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Example 3.1. Consider the positive continuous-time system (2.1) with the

matr iceS
0 - : ’ 1 ) :

For /4 = 0.4 the corresponding discrete-time system (3.2) is also positive since

0.6 04] o0 5 . [04] o 5,10
€ , = = € , .
0 02| t 2PdTeToam

but for 4 =1 it is not positive since

Zd 212+hAc=|:

_ 0 1 _ 1
Ad:12+hAc:{0 JeMZ,Bd:th:Hemi. (3.11)

. . - 1 1 .
Note that for 4 = 0.4 the condition (3.3) is satisfied # <——————=— but it is not

max ‘al- l"
1<i<2' 7
satisfied for 2= 1.
The positive continuous-time system (2.1) with (3.9) is stable since by

Theorem 2.2 the polynomial
s+1 -1

=52 +35+2 (3.12)
0 s+2

det[ 155 — A,.]=

has all positive coefficients.
The corresponding positive discrete-time system for # = 0.4 is also stable since
by Theorem 2.4 all coefficients of the polynomial

z+04 -04

det[I>z — hA,]=
Allz=hdl= " os

‘:zz+1.22+0.32 (3.13)

are positive.

Figures 3.1 presents the step response of the continuous-time and discrete-time
systems and discrete-time (green) systems with matrices (3.10) for 2 = 0.4 and
discrete-time (green) systems with matrices (3.11) for 2= 1.

Example 3.2. Consider the continuous-time system (2.1) with the matrices

I e o 3.14
“Tlo =3 "¢ |of (3-19)

The system is stable but not positive.

By Theorem 3.3 the corresponding discrete-time system is also stable for the
sampling time h satisfying the condition (3.8). In this case a;=2, a; =3,
B = B> =0 and from (3.8) we have

h< min —2%__2 (3.15)

1<i2g? 4+ g7 3
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Fig. 3.1a. Step response of continuous-time (blue) with matrices (3.9)
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Fig. 3.1b. Step response of continuous-time (blue) with matrices (3.9)

For 2= 0.5 we obtain

0 -05
Therefore, the discrete-time system with (3.16) is stable.
Example 3.3. Consider the electrical circuit shown in Figure 3.2 with given
resistances R;,R,,Rs, inductances L;,L, and source voltages ej,e; .

_ 0 -1
Ay :12+hAC:{ }einm. (3.16)
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) L)
_/ L
e, e,

Fig. 3.2. Electrical circuit

Using the Kirchhoff’s laws we can write the equations

i
e = Ry(iy —ip)+ Ryiy + Ly L,
d;. (3.17)
ey = R3(ip —i)+ Ryip +L2%
1

which can be written in the form

e
dt 5 5 e

where
Rl + R3 R3 1 0
_ L L | L
A. = Rs Ry+Rs | B.= . ot (3.18b)
L, L, L,

The electrical circuit is positive since the matrix 4. is Metzler matrix and the
matrix B, has nonnegative entries. It is also stable since the polynomial

Ri+R R
R
4= 1 |
det[le AC] R3 R2+R3
- sE—— (3.19)
L, L, '
R
_ 2 [ RitR Ry+ Ry | Ri(Ry+R3)+ RyRs
L L, LiL,

has all positive coefficients.
The corresponding discrete-time electrical circuit (3.2) for the sampling time
h > 0 has the matrices
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1— h(Rl + R3) hR3 h 0
yPR _ L L 7 _rp | D
Ay =1, +hA, = hRs l_h(R2+R3) , By =hB, = . 0 (3.20)
L, L, L,
and it is stable for any 4 > 0 since the characteristic polynomial
h(R; +R hR
L 1L+ 3) B L3
— — 1 1
det[ 15z —hA,] iR, MRy R)
B 2t (3.21)
L2 L2 .
2
2y BBy Ryt Ry hT(Ri(Ry +R3)+ RyR3)
L Ly L1y

has all positive coefficients.

Extending the result of Example 3.3 and using Theorem 3.2 we obtain the
following important conclusion.
Conclusion 3.1. The approximation of positive stable continuous-time electrical
circuits by the use of Method 1 yields for any /# > 0 corresponding positive stable
discrete-time electrical circuits.

3.2. Method 2

It is well-known [7] that if the sampling is applied to the continuous-time
system (2.1) then the corresponding discrete-time system (2.5) has the matrices

h
Ag=e’e", By = [ Bt (3.22)
0
where 4 > 0 is the sampling time.
In this paper the following approximation of the matrix 4, defined by (2.23)
will be applied

Ay =[A. + 1]l ,a—A.]" (3.23)
where the coefficients o = at(h) = % 50 is chosen so that [A. +1,a]e R 1t
h
is well-known [1] that if 4. € M, ¢ then det[/,00 — A.]# 0 for any a > 0.
If det A, # 0 then from (3.22) we have

By = A ' ~1,1B.. (3.24)
Theorem 3.4. If the positive continuous-time system (2.1) is asymptotically stable
then the corresponding discrete-time positive system (2.5) is also asymptotically
stable.
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It is well-known [6, 7, 11] that if 54, £ = 1,2,...,n are eigenvalues of the matrix
A, € M, then the eigenvalues z;, k = 1,2,...,n of the matrix A; e R" defined
by (3.23) are given by

Sy ta

Zp = for k=1,2,...,n. (3.25)
(Z—Sk

If the positive continuous-time system (2.1) is asymptotically stable then the
real parts —o; of its eigenvalues s; =—ay *jB;, k= 1,2,...,n are negative. In
this case using (3.25) we obtain
|Zk| :|a —a *jpx | _ |a s ijﬁk|

|a+ak$jﬁk| |Ol+0lk$jﬁk|
and the discrete-time system (2.5) is also asymptotically stable.
Theorem 3.5. If the continuous-time system (2.1) is positive and stable then the
discrete-time system (2.5) with the matrix (3.23) is also positive for any sampling
time /2 > 0.
Proof. If the continuous-time system (2.1) is positive and stable then 4. €M g

<1 (3.26)

and there exists such a >0 that [4.+1,a]eRT". If 4.eM,g then
det[/,00 — A4.]#0 for any >0 and [[,a—A.]'eR”". In this case

Ay =[A4, +L,alll,a —Ac]_1 eRT" and by Theorem 2.3 the discrete-time
system (2.5) is positive. O
Example 3.3. Consider the positive stable continuous-time system (2.1) with the

matrices
I e A (3.27)
o =30 ¢l '

Using (3.23) and (3.24) we obtain for # = 1 and a = 4 the matrices Zd and B, of
the corresponding discrete-time system (2.5) of the forms

_ y {2 1}{6 —1}‘1 {0.3333 0.1905}
Ad = [AC +12(Z][12(Z _AC] = = (3283)

0 10 7 0 01429
and
-
~2 17'T-08647 0.0855 o] [0.1156
By = A [ —1,1B, = = . (3.28b
a=Ae e~ 1alBe {o 3} { 0 —0.9502}{1} {0.3167}( )

The eigenvalues z;, z, of the matrix 4, can be computed by the use of (3.25)

=0t 248103333, 5, =202 3 L1400, (329)
a-—s8 4+2 3 a—Sy 4+3 7
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From (3.28) and (3.29) it follows that the discrete-time system is positive and
stable.

Figure 3.2 presents the step response of the continuous-time and discrete-time
systems and discrete-time (green) systems with matrices (3.28) for 2 =1 and a = 4.

Step Response
T

Amplitude

01 -

Time (zec)

Fig. 3.2. Step response of continuous-time (blue) with matrices (3.27)
3.3. Comparison of the methods

From (3.24) we have
s

a+s 1+t s s e\ s e\
zkz—kz—az(u—kj 1+—k+(—kj +o.|=142 —M(—kj +...|(3.30)
a—sp  1_5k a a \a a \a
a
for £=1,2,...,n. In this case from (3.30) and (3.23) we obtain [6, 12]

- _ 1 1
Ay =[A, +1,al[l,a—A4.1" =1, +2{—Ac A2 +} (3.31)
a a

Comparison of (3.2b) and (3.31) yields Zd representing for /= 2 only the linear
a

part of Zd defined by (3.23).
Using (3.24) and Ed defined by (3.2b) and taking into account that
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Ah (A.h)?
e —p Ach (AR (3.32)
I! 2!
we obtain
_ A.B.h?
By =A-'[e'" —1,1B, = Bch+02—fh+ (3.33)
From (3.33) it follows that Ed = B_h represents only the linear part of the matrix
By.

Therefore, we have the following important conclusions.
Conclusion 3.2. The method 2 gives better approximation of the positive stable
continuous-time linear systems than the method 1.
Conclusion 3.3. By Theorem 3.1 the method 1 provides a positive approximation
(3.2a) of the positive continuous-time system if and only if the sampling time £
satisfies the condition (3.3) and by Theorem 3.4 the method 2 for any sampling
time /.
Conclusion 3.4. By Theorem 3.2 and 3.4 for both methods the positive discrete-
time approximation (3.2) is stable for any 2 > 0 if and only if the positive
continuous-time system (2.1) is stable.

4. CONCLUDING REMARKS

The problem of approximation of positive asymptotically stable continuous-
time linear system by positive asymptotically stable discrete-time linear system
has been addressed. Two method of the approximation have been presented. The
comparison of the methods has shown that the method 2 provides the better
approximation of the positive stable continuous-time linear systems by positive
stable discrete-time linear system than the method 1 (Conclusion 3.2). For both
methods the positive discrete-time approximation is stable for any sampling time h
if and only if the positive continuous-time system is stable (Conclusion 3.4). The
considerations have been illustrated by three numerical examples and one example
of positive electrical circuit.

The considerations can be applied to the positive electrical circuits (Conclusion
3.1). An open problem is an extension of these considerations to the fractional
positive linear systems [12].
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