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Streszczenie: W artykule zostało opracowane kompleksowe podejście 
do modelowania macierzy źródło-cel w oparciu o stochastyczne hipo-
tezy dotyczące generowania popytu na usługi transportu publiczne-
go. Korzystając z analizy kombinatorycznej został opracowany model 
zmienności popytu i oszacowana możliwa ilość matryc. Opracowano 
metody modelowania macierzy źródło-cel za pomocą stopniowej symu-
lacji oraz metody Monte Carlo.
Słowa kluczowe: macierz źródło-miejsce docelowe, podróż pasażera, 
zastosowanie gęstości miejsc pracy, gęstość zaludnienia w mieście

Demand modelling for public transport 
service based on variation of needs  
in travel1

Introduction
The key role of the public municipal passenger transport 
is to service the demand on travel of the citizens. The big-
gest network load occurs during morning and evening rush 
hours when the labor trips are being executed. In those pe-
riods of time the city public transport has to provide punc-
tual arrival of the passengers to the destination points to 
start their labor activity. So it can be said that the main tar-
get of the public transport functioning is to deliver the pas-
sengers to the necessary city areas with the minimal time 
expenditure. In such condition one of the most important 
aspects is the presence of the precise data about demand on 
transport service in the city. If the designer of the public 
transport network has the incorrect data about transport 
demand this will lead to level the effectiveness of the design 
choices in network constructing. 

Related works
There are lots of the different methods, models and ap-
proaches to passenger transport demand determination. As 
usually it is formalized as origin-destination matrix (O-D 
matrix) which reflects the number of trips between pair of 
transport zones of the city [1 – 14]. The evolution of the 
procedure of trips number determination was rather spe-
cific. It can be formed two main branches of the researches 
in this field. The first one is the statistical group which 
includes growth factor models and regression models. The 
growth factor models include single coefficient method, the 
medium coefficient method, Fratar’s and Detroit method 
[3]. The most effective and adapted for calculation proce-
dure is the Detroit method that has following mathemati-
cal interpretation:
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wherewhere /
ijT – number of trips in forecast period between i and j transport zones, pass.; /

ijT –
number of trips between i and j transport zones in current period, pass.; ki, kj – accordingly, 
coefficients of the passenger flow growth in i and j transport zones; Mi , Mj – accordingly, 
local factors that are determined by iteration calculations.  
 The calculation procedure is executed by iteration method because of the determina-
tion in equal of the general trips sum by rows and column of the O-D matrix: 
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where iO – capacity of the i transport zone on origin, pass.; jD – capacity of the j transport 
zone on destination, pass. 
 In spite of the positive side of the extrapolation models such as calculation algorithm 
simplicity of the main disadvantage is included in preparation of the basic data and useful in 
short term forecast. The point is that the volume ijT  has to be defined using one of the total 
survey of passenger trips on the network. 
 The regression models are constructed on the results of survey on public transport 
network under condition of carrying out the passive or active experiment. As usually obtained 
data are handled using the mathematical statistics theory and the researcher as a result may 
obtain the polynomial model of two types: additive (4) or multiplicative (5,6):
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where 00,ba – absolute term (Y-intercept); ii ba , – regression coefficients; ix – numerical
values of factors that influence on resulting function ijT [1]. 
 The choice between two types of regression function is made on numerical value of 
the coefficient of determination. But it has to be noticed that regression analysis is based on 
least square method and oscillatory amplitude of the resulting function influences on value of 
the coefficient of determination. In this case the higher value of the coefficient of determina-
tion does not guarantee the minimal value of the approximation coefficient that in fact reflects 
the quality of the model. Also it has to be told that that the list of factors ix  is formed by the 
researcher and it can be passed by some important components. Besides that some factors 
have the qualitative character that complicates the regression model constructing. And finally 
it is hard to construct the regression model that will precisely describe the trips around the 
town because of plenty factors that influence on it.  
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value of the approximation coefficient that in fact reflects 
the quality of the model. Also it has to be told that that the 
list of factors xi is formed by the researcher and it can be 
passed by some important components. Besides that some 
factors have the qualitative character that complicates the 
regression model constructing. And finally it is hard to 
construct the regression model that will precisely describe 
the trips around the town because of plenty factors that 
influence on it. 

The second group of the O-D matrix modelling in-
cludes different methods that have in their bases physical 
hypothesis about trips forming. Because of that the second 
group is usually called as “synthetical” which means the 
O-D matrix modelling without grand-scale surveys but with 
the help of small quantity of transport factors [1, 2, 6]. By 
way of hypothesis may be used such as: gravitation law, the 
law of entropy variation, limits of the resettlement and 
others. Most of them can be characterized as the determin-
istic models. This shows their mathematical formalization. 
For example, the gravitation group models have the fol-
lowing statement of problem:

	  			              ,	 (7)

where k – calibration factor;  f cij( )– gravitation function.

The statement (7) has the relevant working approxima-
tion:
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where n – number of the transport zones.

As procedure of modelling is invariant the searches for 
accuracy of calculation have been focused on the type of the 
attraction function. The full range of them can be systema-
tized in four groups: classical (9), exponential (10), com-
bined (11) and based on law of random functions (12).

(9)

(10)

(11)

(12)

where b – empirical coefficient; t – the trip time between 
i and j transport zones; a – Maxwell distribution param-
eter.

As usually in case of cij it is assumed the distance be-
tween i and j transport zones or trip time. 

Another widely used model is based on hypothesis 
about trips forming analogy with the thermodynamic sys-
tems processes. It is supposed the system becomes stable 
when it entropy reaches the maximum value. The mathe-
matical statement is the following:
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where S – the system entropy.

According to [1] the (13) has similar to gravitation 
model practical application:
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It is clearly seen that entropy model may be considered 
as the special case of the gravitation approach (10) with it 
advantages and the list of disadvantages.
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 Another approach to O-D matrix modelling is based on hypothesis for labor resettle-
ment of city inhabitants [14]: 
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where ),( 21 ttiC – the passenger flow among isochrones t1 and t2; iN – object capacity of attrac-
tion; t – time expenditure on trip realization; T – extreme value of the resettlement. 

The main difference Shelejhovskij’s model from Wilson’s and models of gravitation 
group is not calibrated calculation algorithm but the model parameters are the same. The main 
determining factors are the transport parameters and according to regularities that obtained on 
 ijcf  changing it can be seen that probability of trip realization is being reduced when the 

trip distance is being increased. The hard determination of trips forming process does not cor-
relate to real distribution of trips on the city network. That is why it is necessary to form the 
stochastic approach to O-D matrix modelling. 

Mathematical statement of O-D matrix modelling 
 According to transport demand for public network service investigation the O-D ma-
trix is considered as a function of such variables: transport zones capacities and a list of ran-
dom factors which transport engineer may don’t know. Mathematically this can be formed as: 

 ,, ji DOfH  ,     (18) 

where H – origin-destination matrix;  – list of random factors.  
 The set of constrains is the following: 
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The set of constrains is the following:

(19)

where Q – the volume of the passengers that have been 
serviced in specified period.

Under mentioned above condition the number of O-D 
matrix variants may be more than one. If make the trans-
formation of O-D matrix by cycle changing random value 
of the trips, as a result it will be obtained the entirely new 
state of the O-D matrix. It has to be noticed that the vol-
ume of the general trips will be the same. The sample of 
the such transformation is showed on pic.1.

The detection of social and transport factors influence on 
trips forming
To define the level of transport and social factors influence 
on trips character it has been worked up the method of 
social survey that based on Likert scale. Every respondent 
have to estimate the weight of transport and social fac-
tors from the list according to the scale from 1 to 5. The 
maximum grade corresponds to high influence level and, 
accordingly, the minimal grade reflects the low influence 
level of the factor. To define the rate of the factor weight it 
has been introduced the following criterion:
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 According to criterion (21) it is made the estimation of the correlation between total 
score in the questionnaire and the score difference by the being analyzed factor. The value 

ik characterizes the level of the k factor contribution to the general sum of rates in i ques-
tionnaire and allows to trace the correlation ratio. The conclusion about significant influence 
of the factor on trip character forming is made if the value of the r criterion goes to 1. The 
survey has been made on the 17 different enterprises of business, education, financial, indus-
trial and medicine branches. The total number of the questionnaire is 387. The results are 
showed in the table 1. 
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Salary size 0,293
Social security 0,332
Career prospects 0,057
Work time schedule 0,4
Social status of the work 0,405
Additional income, bonuses 0,182

Transport

Trip time 0,698
Different variants of trip realization 0,563
Trip total costs 0,706
Number of transfers 0,665
Travel privilege 0,381
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The analyses of the obtained data allowed to make the 
conclusion that the transport factors make the bigger influ-
ence on labor trips than social. But these factors are not 
dominant. According to that it has been made the deriva-
tion that trips are formed under stochastic influence of the 
big list of factors.
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where Q – the volume of the passengers that have been serviced in specified period. 
 Under mentioned above condition the number of O-D matrix variants may be more 
than one. If make the transformation of O-D matrix by cycle changing random value of the 
trips, as a result it will be obtained the entirely new state of the O-D matrix. It has to be no-
ticed that the volume of the general trips will be the same. The sample of the such transforma-
tion is showed on pic.1. 

Pic.1. The sample of O-D matrix transformation 

 To estimate the state of the O-D matrix it is necessary to use some criterion. Taking 
into account the matrix of the distances between transport zones that is fixed it was chosen as 
the function the volume of the passenger turnover. Making it optimization we can obtain two 
extreme variants of the O-D matrix (minimal and maximum volume of the passenger turno-
ver). And it will be all possible variants of the O-D matrix in the obtained interval: 
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where b – the volume of the passenger turnover. 
 So, it is necessary to determine the most probable states of the O-D matrix. This can 
be done by stochastic modelling of O-D matrix transformation. But on the first step it is 
needed to estimate the rate of the transport factors influence on character of the trips forming.  
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where b – the volume of the passenger turnover. 
 So, it is necessary to determine the most probable states of the O-D matrix. This can 
be done by stochastic modelling of O-D matrix transformation. But on the first step it is 
needed to estimate the rate of the transport factors influence on character of the trips forming.  
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Teoretical and experimental researches of O-D matrix states
The modelling of the most probable states of the O-D ma-
trix executes step by step changing of the it “start” condi-
tion which is evaluation by formulas:

				        ,	 (22)

				         ,	 (23)

				             ,	 (24)

The calculation of trips value using formulas (22) – (24) 
levels the necessaty of obtained data calibration. It can be 
mathematically showed making the following transforma-
tions:

(25)

So, by mathematical expressions (22) – (24) it is ob-
tained the “start” condition of the O-D matrix. It transfor-
mation is proposed to make by such way. On the first step 
it is defined the value of the trips that will be transformed 
on a cycle:

(26)

On the second step it is being made the estimation of 
the turnover:

					     (27)

under condition

(28)

where b0
 – the turnover that reflects the “start” state of the 

O-D matrix; D h
2 – the number of trips that transforming 

on a cycle (the stochastic value); p – the number of the cycle 
transformations.

Because of O-D matrix transformation it is changed the 
volume of the turnover and in turn is made the change of 
the average trip distance. It can be estimated by following 
formula:

(29)

under condition

(30)

where l0
 – the average trip distance in the “start” state of 

the O-D matrix; D h
2 
– the change of the trip distance after 

one cycle transformation is realized; d – the number of the 

cells that are involved in the cycle transformation; l
f
 – the 

trip distance for the f trip that is involved in the cycle trans-
formation. 

The target of the cycle matrix transformation is to in-
vestigate all possible states of the transport demand and 
obtain the numerical values of the passenger turnover and 
the avarege trip distance. In such way it can be defined the 
statistical low of these two stochastic values distribution. 
But on the first step of modelling it is necessry to make the 
estimation of possible number of the O-D matrix cycle 
transformations. This will allow to determine the approxi-
mate modelling time and the general labor intensity of the 
investigation. Using the methodology of the combinatorial 
theory by induction method was worked up the mathemat-
ical model (31) that reflects the number of possible states of 
the O-D matrix. It has to be noticed that in case of one 
O-D matrix state is considered the matrix that obtained 
after one cycle transformation. 

(31)

where CB
 – number of possible states of the O-D matrix; 

m, n – number of columns and rows in the matrix, accord-
ingly; k – quantity of the cells with odd numbers that are 
involved in the cycle transformation;  p

0
 the probability of 

the zero value trip appearance in the matrix.
It has been taken into account the  probability because 

if the trip with the zero value is engaged in the transforma-
tion cycle the state of the matrix will stay the same. The 
value C

B
 has been modeled under such conditions: 

m,n ;∈[ ]60 120 , k ;∈[ ]2 60 . The results of the simulation 
procedure are showed on pic. 2.

As we can see with increasing the quantity of the transport 
zones the number of the possible states of the O-D matrix is 
significant growing too. The obtained volumes of the cycle 
transformation are huge that is why the step-by-step matrix 
transformation in practice is particullarly impossible. That is 
why it was proposed to simulate the possible states of the O-D 
matrix with the help of the Monte Carlo method. In this case 
every matrix state will not be depended from the previos one. 
So the simulation algorythm is the following (pic. 3):
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 The analyses of the obtained data allowed to make the conclusion that the transport 
factors make the bigger influence on labor trips than social. But these factors are not domi-
nant. According to that it has been made the derivation that trips are formed under stochastic 
influence of the big list of factors. 
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trips that transforming on a cycle (the stochastic value); p – the number of the cycle trans-
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where 0l – the average trip distance in the “start” state of the O-D matrix; zh – the change 
of the trip distance after one cycle transformation is realized; d – the number of the cells that 
are involved in the cycle transformation; fl – the trip distance for the f trip that is involved in 
the cycle transformation.  
 The target of the cycle matrix transformation is to investigate all possible states of the 
transport demand and obtain the numerical values of the passenger turnover and the avarege 
trip distance. In such way it can be defined the statistical low of these two stochastic values 
distribution. But on the first step of modelling it is necessry to make the estimation of possible 
number of the O-D matrix cycle transformations. This will allow to determine the 
approximate modelling time and the general labor intensity of the investigation. Using the 
methodology of the combinatorial theory by induction method was worked up the 
mathematical model (31) that reflects the number of possible states of the O-D matrix. It has 
to be noticed that in case of one O-D matrix state is considered the matrix that obtained after 
one cycle transformation.  
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where ВC ‒ number of possible states of the O-D matrix; nm, ‒ number of columns and 
rows in the matrix, accordingly; k ‒ quantity of the cells with odd numbers that are involved 
in the cycle transformation; 0p ‒ the probability of the zero value trip appearance in the ma-
trix. 
 It has been taken into account the 0p probability because if the trip with the zero value 
is engaged in the transformation cycle the state of the matrix will stay the same. The value 

ВC  has been modeled under such conditions:  120;60, nm ,  60;2k . The results of the 
simulation procedure are showed on pic. 2. 
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Pic. 2. The results of the O-D matrix states simulation
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The Monte Carlo method is applied in the stages 4 and 
6 where it is being generated the stochastic values of the 
uniform law in the interval (0;1). This procedure provides 
the equally likely possibility of the trips inclusion to the 
sampling frame. The simulation of the n trip position in the 
matrix is being executed by the following formula:

(32)

On the seventh step of the algorythm it is being simalat-
ed the value of the trips:

(33)

After every iteration it is obtained the value D Tij
 for the 

position n in the matrix. And if the positions number n in 
some iterations coincided the final value of the trips will be 
the following:

(34)

The procedure according to showed above algorythm 
has been software-implemented in the VBA MS Excel and 
it was simulated the 384 states of the O-D matrix which 
have been taken as the base for determination of passenger 
turnover and average values of the trip distances. As the 
experimental object it has been taken the one of the 
Ukrainian biggest cities – Kharkov (population – 1.4 mil-
lion people).

The obtained values of that two parameters in fact are 
the stochastic so it can be defined their statistical lows. 
Using the application program package Statistica it has 
been checked the hypothesis about the normal distribution 
of the passenger turnover and the average values of the 
trips distances. The results of this procedure are presented 
on the pic. 4 and 5.

As we can see the hypothesis about normal distribution 
of the turnover and the average trips distances have not 
been rejected. So, according to that it can be defined the 
confidence interval for the average trip distance which will 
reflect the most probable states of the O-D matrix. 

(35)

where μl – the mean of distribution of the average trip dis-
tance; tb – fractile of normal distribution; σl – standard 
deviation of the average trip distance. 

Summary
As a results of the worked up investigations it can be said 
the following. First of all widely used approaches of the 
O-D matrix modelling are constructed on the deterministic 
hypothesis about trips forming that do not correlate with 
the real forces and characters of the trips in the biggest 
sities. The second one it has to be told that the trips have the 
variable-based nature and to describe their distribution on 
the city network it has to be used the simulation modelling. 

Pic. 3. The algorithm of the O-D matrix state simulation
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Pic. 4. Passenger turnover distribution

Pic. 5. Average trips distances distribution

  llt tpl    ,     (35) 

where l ‒ the mean of distribution of the average trip distance; t ‒ fractile of normal dis-
tribution; l ‒ standard deviation of the average trip distance.  

Summary 
 As a results of the worked up investigations it can be said the following. First of all 
widely used approaches of the O-D matrix modelling are constructed on the deterministic 
hypothesis about trips forming that do not correlate with the real forces and characters of the 
trips in the biggest sities. The second one it has to be told that the trips have the variable-
based nature and to describe their distribution on the city network it has to be used the 
simulation modelling. And the third one – the value of the array data forms the big number of 
degrees of freedom that is why the most probable states of the O-D matrix can be defined 
only in some confidence interval but not by point representation. 
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we created factors from the distances, and corrigated the 
original time series distances with them. The stop points 
which are close to each other and shows similarity grouped 
together, while the remote and dissimilar ones have not.

We were thinking about what would be the results, if 
we took into account only the physical distances and made 
the clusters that way. The results show, that however there 
are essential differences between the two methods, the ef-
fects of physical distances are too strong. These effects dis-
tort the attribute parameters and the results, so we rejected 
this method in this form.

As it can be seen on the figure the coverage of different 
colours and planning zones (drawn on the basis of local 
knowledge) are quite good, although the colouring was 
made just with mathematical methods without any local 
knowledge as shown above.

Conclusion
Continually developing world of today, the amounts of dif-
ferent kind of data are growing in every aspect of life. In this 
paper we showed an opportunity to examine and use this 
data, which could be generated in public transport every day. 
We clustered the stop points into groups, based on one day’s 
data of passengers boarding. In a city, where the smart cards 
are in daily usage, our investigation would show a more ac-
curate picture, thanks to the bigger data set. In the examina-
tion we used the Euclidean distance method for time series 
similarity measuring and the Ward method for clustering 
the stop points. The result did not show the perfect shape 
of the zones, but definitely gives us a reason for further in-
vestigation. For the accurate picture it is necessary to make 
the correct calibration so in the further work we want to 
deal with these issues. We also want to take into account the 
alighting number of passengers and parallel to this to try 
other calculating methods.
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