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Abstract. We consider some properties of functions de�ned in a topological space

X with values in a topological space Y . The de�nitions 1, 2 and 3 de�ne the same

class of functions when X and Y are equal to R with natural topology. In this article

we discuss some properties of those classes and give some su�cient conditions for the

space X in which real functions de�ned in X form the same class.

1. Classes of connected functions

We shall consider some properties of functions de�ned in a topological space

X with values in a topological space Y .

De�nition 1. [6] We shall say that a function f : X −→ Y is connected if

its graph is a connected set in X × Y .
The set of all functions which are connected will be denoted by C .

De�nition 2. [6] We shall say that a function f : X −→ Y is strongly con-

nected if f |E is a connected set for each connected subset E of X.

The set of all functions which are strongly connected will be denoted

by Cs.

De�nition 3. [4] We shall say that a function f : X −→ Y is locally strongly

connected if for each x in X and its open neighbourhood U there exists open

and connected neighbourhood E of x, E ⊂ U , such that f |E is a connected set

in the space X × Y .
The set of all functions which are locally strongly connected will be denoted

by Cls.
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The de�nitions 1, 2 and 3 de�ne the same class of functions when X and

Y are equal to R with natural topology.

In the article we shall discuss some properties of those classes and give

some su�cient conditions for the space X in which real functions de�ned in

X form the same class.

The terminology and properties concerned with ordered spaces are taken

from the articles [1] and [2]. All other topological notions and properties are

taken from [3] and [5].

The next properties follow immediately from the above de�nitions.

Property 1. Each continuous function is strongly connected.

Property 2. Each continuous function de�ned in a connected space is con-

nected.

Property 3. Each continuous function de�ned in a locally connected space is

locally strongly connected.

Theorem 1. If a topological spaces X is connected and Y is an arbitrary

topological space, then

Cs ⊂ C .

This theorem can be completed to get a su�cient condition for a space X
to be connected.

Theorem 2. If a topological space Y has at least two elements and for topo-

logical space X
Cs ⊂ C ,

then X is connected.

Theorem 3. If a topological spaces X is locally connected and Y is an arbi-

trary topological space, then

Cs ⊂ Cls.

Theorem 4. If a topological spaces X is connected and locally connected and

Y is an arbitrary topological space, then

Cls ⊂ C .

Proof. For each point x from X there is an open and connected set Ux

such that f |Ux is a connected set in X × Y . Of course,⋃
x∈X

Ux = X.
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Let
(
x1, f(x1)

)
and

(
x2, f(x2)

)
be arbitrary points of the graph of the function

f . The class of sets

{Ux : x ∈ X}

forms an open cover; then (see [3]) there exists a �nite sequence of points

(t1, . . . , tn) of the set X such that

x1 ∈ Ut1 , x2 ∈ Ut2 and Uti ∩ Utj �= O�

if and only if |i− j| ≤ 1.
The sets f |Uti are connected, f |Uti and f |Uti+1 are not disjoint. Hence the

set f |
n⋃

i=1

Uti is connected and contains points
(
x1, f(x1)

)
and

(
x2, f(x2)

)
.

We have proved that each two points of the graph of f can be joined by

a connected set, therefore the graph of f is connected. ✷

Example 1. Let us de�ne a function f1 : R2 −→ R in the following way

f1(x, y) =
{
x if x > 0, y > 0,
0 otherwise.

The graph of this function is connected but has no other property.

Example 2. Let L1 be the union of segments Pn connecting points

(
1
2n
, 0
)
,(

3
2n+2

,
8
10

)
and points

(
3

2n+2
,
8
10

)
,

(
1

2n+2
, 0
)

and a half-straight-line from

(1, 0) towards (2, 0).

Let L2 be the union of segments Qn connecting points

(
1
2n
,
1
10

)
,(

3
2n+2

,
9
10

)
and points

(
3

2n+2
,
9
10

)
,

(
1

2n+2
,
1
10

)
and a half-straight-line

from

(
1,

1
10

)
towards

(
2,

1
10

)
.

Let L3 be the union of segments Sn connecting points

(
1
2n
,
2
10

)
,

(
3

2n+2
, 1
)

and points

(
3

2n+2
, 1
)
,

(
1

2n+2
,
2
10

)
and a half-straight-line from

(
1,

2
10

)
towards

(
2,

2
10

)
.
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Let us de�ne a function f2 : R2 −→ R in the following way

f2(x, y) =



0 if (x, y) ∈ L1 ∪ L3,

1 if (x, y) ∈ L2,

0 if x > 0, y > 1,

0 if x > 0, y < 0,

0 if x ≤ 0,

continuous
and linear in each vertical segment between lines L1, L2,

continuous
and linear in each vertical segment between lines L2, L3,

0 otherwise.

The above-de�ned function f2 is connected and locally strongly connected

and, of course, has the local Darboux property, but it has no other, considered

in the article, properties.

Example 3. Let us de�ne a function f3 : R2 −→ R in the following way

f3(x, y) =



f2(x, y) if x > 0, y ∈ R,

1 if x ≤ 0, y ∈
(

1
10
,
9
10

)
,

10y if x ≤ 0, y ∈
(
0,

1
10

)
,

−10y + 10 if x ≤ 0, y ∈
(

9
10
, 1
)
,

0 if x ≤ 0, y ∈ (−∞, 0) ∪ (1,∞).

The function f3 is connected, strongly connected, locally strongly con-

nected and has the local Darboux property, but it has no other properties.

The above examples complete all the relations among the considered prop-

erties.
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2. Spaces in which classes of considered connected
functions coincide

If we consider real functions de�ned in an interval of real numbers, i.e. func-

tions f : R −→ R or f : (a, b) −→ R, then the four above-de�ned classes are

equal. When we want to compare those classes, it is necessary to consider

the space X to be connected (connected functions), locally connected (locally

strongly connected functions). Nevertheless, those classes of functions are dif-

ferent if the domain of the functions is R2 as we have seen in the �rst part of

the article.

If we assume that the space X has dimension 1, the situation is not better:

the function f de�ned in the unit circle of the complex plane by the formula

f
(
eit
)
= t if t ∈ [0, 2π]

is connected but it is not strongly connected.

It seems to be very useful the idea of cut points of a connected space, which

means that a point x0 is a cut point of a connected space X if the set X \{x0}
is not connected. A point x0 is a strong cut point of a connected space X if

the set X \ {x0} has (exactly) 2 connected components.

Similarly, if we assume that every point is a cut point of the space X, the

situation is not su�ciently good. The function f : X −→ Y de�ned by:

f(x, y) =


1 + sin 1

x if x ∈ [−1, 0), y = 0,

2 + sin 1
y if x = 0, y ∈ (0, 1],

0 if x ∈ [0, 1], y = 0,

where X = [−1, 1] × {0} ∪ {0} × [0, 1], is connected but it is not strongly

connected.

In this way we come to the conclusion that comparing our classes of con-

nected functions we should bound our considerations to functions which have

connected or locally connected spaces for which each point is a strong cut

point. However, such properties of topological spaces imply that they are

linearly ordered spaces. That is the reason for assuming that the spaces X
and Y are connected, locally connected and linearly ordered. In such a case

it is possible to consider the fourth class of functions, i.e. functions which cut

continuum.

If ≺ is an order relation in a topological space X, then this space is called

ordered if the sets

{x ∈ X : x ≺ a} and {x ∈ X : a ≺ x}
form a subbase of the topology in X.
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The sets

{x ∈ X : a ≺ x ∧ x ≺ b} and {x ∈ X : a ≺ x ∧ x ≺ b} ∪ {a, b}

are called open and closed intervals in X. These sets are denoted by (a, b)
and [a, b], respectively.

The sets

{x ∈ X : a ≺ x} and {x ∈ X : x ≺ b}
are denoted by (a,→) and (←, b), respectively.

Of course, the class of all open intervals in a linearly ordered space form

a base of this topology.

Lemma 1. In a linearly ordered, connected and locally connected topological

space each closed interval is compact.

Proof. Let X be a linearly ordered and connected topological space,

moreover let [a, b] be an arbitrary closed interval in the space X. Suppose

that {Us : s ∈ S} is an arbitrary open cover of the set [a, b]. Since X is

a linearly ordered space, then each open set can be represented as a union of

open intervals:

Us =
⋃
t∈Ts

Is,t,

where Is,t are intervals in X and Ts are some sets of indexes. Then

[a, b] ⊂
⋃
s∈S

⋃
t∈Ts

Is,t.

Since [a, b] is a connected subset of the space X, then (see [3]) there exists

a �nite sequence (s1, t1), . . . , (sn, tn) of indexes such that

a ∈ Is1,t1 , b ∈ Isn,tn

and

Isi,ti ∩ Isj ,tj �= O� ⇐⇒ |i− j| ≤ 1. (1)

Suppose now that some element x0 from [a, b] does not belong to the set
n⋃

i=1

Isi,ti . Let us assume for shortening of notation that Isi,ti = (ai, bi). Let

i0 = max {i ∈ {1, . . . , n} : ai ≺ x0} .

Hence (1) implies that

x0 ∈ (ai0 , bi0) ,
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what contradicts to the assumption. Thus

[a, b] ⊂
n⋃

i=1

Isi,ti

and consequently

[a, b] ⊂
n⋃

i=1

Usi .

It proves that the interval [a, b] is compact. ✷

Theorem 5. If topological spaces X and Y are linearly ordered, connected and

locally connected topological spaces, then each connected function

f : X −→ Y is strongly connected.

Proof. Suppose that there exists a connected function f : X −→ Y which

is not strongly connected. Then there exists a connected subset K of X such

that f |K is not a connected subset of the space Y . The set K can be one of

the following sets:

[a, b], (a, b), [a, b), (a, b], (←, b), or (a,→).

Assume �rst that K = [a, b]. Since the set f |K is not connected, then there

are two nonempty separated sets A and B in X × Y such that

f |K = A ∪B.

Suppose that (a, f(a)) ∈ A. There are two possibilities:

1. (b, f(b)) ∈ A,

2. (b, f(b)) ∈ B.

In the �rst case, let

A1 = A ∪ f |(←, a) ∪ f |(b,→), B1 = B.

Then

f = A1 ∪B1, A1 �= O� �= B1,

and the sets A1 and B1 are separated, which contradicts to the assumption.

If (b, f(b)) ∈ B, let

A1 = A ∪ f |(←, a), B1 = B ∪ f |(b,→).
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Then the sets A1 and B1 are nonempty and separated, which is impossible in

view of connectivity of the function (set) f .
Let now K = (a, b). Then there are nonempty and separated sets A and

B such that f |K = A ∪ B. There exist elements c and d in X such that

a ≺ c ≺ d ≺ b and the sets A1 and B1 are nonempty and separated, where

A ∩ ([c, d] × Y ) , B ∩ ([c, d] × Y ) .

It is impossible in view of connectivity of the function f .
Similar arguments can be applied in all remained cases for the set K. ✷

The next theorem is a simple corollary of theorem 4.

Theorem 6. If topological spaces X and Y are linearly ordered, connected and

locally connected, then each locally strongly connected function

f : X −→ Y is strongly connected.
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