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Abstract 
This paper evaluates an ASD tug’s main control parameters in terms of: the propeller thrust, a direction there-

of (the thruster angle), and the hull drift angle for given escort speed and required push force. Such a relation 

is sometimes referred to as the tug performance diagram. A simplified model of tug hydrodynamics is used to 

arrive at the qualitative and most representative relations of the above variables. This model is rather generic 

that can also suit any type of tug hydrodynamics, including even that related to a conventional tug. 

 

 

Introduction 

For safe and efficient ship-tug operation from 

the viewpoint of a tug’s master (towmaster) we 

need to have exact knowledge and understanding of 

the complex relations between multiple input con-

trol variables and the output performance. The out-

put performance is mostly indicated by the force 

applied on the towed ship, either in pull or push 

mode. 

In steering / manoeuvring a tug (of any type of 

propulsion) there are direct and inverse control 

problems. In the direct problem we are interested in 

the tow force (the effective force applied on the 

towed ship) excited under given speed and control 

parameters. On the contrary, the inverse problem 

consists in establishing necessary control parame-

ters for the assumed tow force and escort speed. 

The direct and inverse problems are sometimes 

called passive and active ones accordingly. In both 

tasks, a convenient mathematical description of the 

above mentioned input/output dependence is abso-

lutely essential in reaching an efficient solution to 

the control problem. 

A good understanding of control principles en-

sures i.a. a self-confidence of the towmaster and 

especially his right response in rapid and emer-

gency situations, involving many different hydro-

dynamic and mechanical effects. Such skills or 

competences will certainly supplement those out-

lined e.g. in [1] or [2]. 

The required control parameters for a tug essen-

tially change with the speed of the assisted ship. 

ASD tugs are specially capable of executing the 

tow assistance with high speed, much better (in 

wider limits) than conventional tugs. 

Some research centres claim they developed 

software for computing tow forces, as well as nec-

essary control parameter values on a tug in steady 

state situations. However, appropriate results con-

cerning both an applied mathematical model and 

a detailed, well documented tug performance output 

in the form of charts are practically not published. 

Such data are needed for the training process and 

many optimisation studies on tug control and de-

sign as recently undertaken in Poland in view of the 

new LNG import terminal in Świnoujście. For an 

ASD tug of 50 t BP (bollard pull) in pushing mode 

[3, page 58] presents only a single and not complete 

chart of control, which rather originates in [4]. 

Similarly, for a VSP (Voith-Schneider Propeller) 

tractor tug while pushing stern-first, as compatible 

to an ASD tug operation (bow-first), one can also 

refer to [5]. In addition, seemingly a very valuable 

reference [6] provides control variables in a diffi-

cult, implicit format that is hard to be handled. 
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Under such somehow negative background, the 

objectives of this paper are:  

 to prepare an initial platform / framework for 

computing the control parameters of a tug in the 

escort (non-zero speed) steady-state conditions 

of movement, which as far as possible avoids 

numerical solving of nonlinear equations, thus 

attempting to reach a direct / explicit analytical 

formulation; 

 to test and evaluate at present this model with 

simple, analytically given hydrodynamic data, 

but only for the push mode of towing, as being 

relatively easier. 

All these efforts shall bring to light the mecha-

nism of equilibrium for a tug and her limits of op-

eration. The explicit formulation ensures a parame-

terisation of the model, with which we can easily 

investigate various hydrodynamic designs of the 

tug, quickly conduct sensitivity analyses, and vali-

date any simulation (numerical) results as based on 

more sophisticated models. 

Though it is further indirectly assumed that azi-

muth thruster(-s) is installed, the obtained solution 

is general enough for any propulsor type. 

Basic formulation of force equilibrium 

The mutual ship-tug arrangement during the so-

called indirect pushing operation, together with 

forces, is presented in figure 1. The indirect towing 

involves taking advantage of a tug’s underwater 

hull hydrodynamic force while rendering assistance 

at significant escort speed. The tug-fixed coordinate 

system Mxy is positioned for convenience at the 

intersection of her centre plane and midship sec-

tion, with x axis pointing forward and y axis to star-

board side. 

It shall be further kept in mind that escorting on 

starboard side of the ship is related to negative drift 

angles  and positive thruster angles . The thruster 

angle means the angle of the resulting thrust in 

tug’s body axes. Though we generically assume 

a single thruster, this thrust force can also be 

equally distributed to dual propulsors (as usual in 

modern tugs), if such exist and are steered parallel. 

If the thrust force is provided by the classical rud-

der-propeller complex, the positive thrust angle is 

provided by deflecting the rudder to portside. 

Though both angles for the latter case – the result-

ing thrust angle and the rudder angle – are by con-

vention positive in the ship manoeuvring hydrody-

namics, there is no easy relation between them as 

compared to azimuth thrusters. In the case of azi-

muth thrusters, at least for a stationary tug or ship, 

both angles are identical.  
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Fig. 1. Steady-state condition of indirect pushing operation 

On the contrary, for the rudder-propeller system 

based on the Schilling rudder the maximum rudder 

angle of 65–70, while running the propeller ahead, 

diverts the effective thrust to 90. The Becker 

flapped rudder at its nominal 45 gives here slightly 

lower value of the thrust force angle, likely around 

80–85. For the conventional stern rudder such data 

are mostly not analysed and published – the propel-

ler and rudder forces are described and computed 

(or measured) quite independently and such substi-

tuted to motion equations. The direction of the 

combined (thrust) force against the rudder angle is 

here not revealed due to a lack of interest. In gen-

eral, the rudder-propeller system involves very 

complex propeller-rudder interactions, varying with 

the hull speed much more than that for azimuth 

thrusters. In addition, the helm angle for the con-

ventional rudder is traditionally/historically limited 

to 35. It also shall be remembered that for the pro-

peller running astern the rudder is not so effective 

and the resulting force, almost entirely dominated 

by the propeller negative thrust and to some extent 

by its lateral component (well known to naviga-

tors), is almost constant and does not provide any 

means of control. Such a significant limitation in 

performance for the rudder-propeller system, and 

thus in the towing performance, is often shown in 

the so-called polar vector diagrams of the effective 

thrust as published for conventional tugs, see for 

example [3]. However, the relation between the 

rudder angle and the resulting thrust is almost omit-

ted there. 
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The tow elastic reaction force FT, hereafter 

briefly called also the tow force, is considered nor-

mal to the ship’s hull in that no friction exists at the 

contact point. The tow force is equal in the absolute 

value to the effective push force applied on the 

ship. However, the latter force by the earlier defini-

tion is the proper tow force. The lack of tangential 

forces at the interacting surfaces, here arising from 

friction, is also equivalent in our model to the ab-

sence of mooring line(-s) for making fast the tug’s 

bow alongside. This line, either applied as spring 

line or bow-line from the tug’s viewpoint, is some-

times used to support escorting. Adopting a longi-

tudinal component (in the ship body axes) that the 

tug would exert on the ship will certainly make the 

following mathematical model little complicated. 

The real need for such additional assumptions and 

possible improvements to the present formulation 

will be examined in next reports. 

The equilibrium condition between the hull (H), 

thruster/propeller (P), and tow (T) forces in the 

tug’s coordinates take the form: 
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where: 

Fx, Fy – longitudinal and lateral components of 

each force; 

M – moment developed by particular force 

(however, in the case of hull this could 

incorporate also the effect of the hydro-

dynamic couple of forces that results in 

the zero force). 

The tug’s hull hydrodynamic forces are com-

monly written as follows: 

 

 
 
 












































mzh

fyh

fxh

zH

yH

xH

cL

c

c

LTv

M

F

F
25.0  (2) 

where: 

 – water density [kg/m
3
]; 

L, T – tug’s length (between perpendiculars) and 

draft (extreme) in [m]; 

v – absolute inflow speed [m/s]; 

cfxh, cfyh, cmzh – nondimensional hydrodynamic 

coefficients []. 

For further calculations we adopt the following 

conditions of the tug and the environment: water 

density 1000 kg/m
3
, L = 30.5 m, T = 5 m. However, 

most of obtained numerical and graphical data are 

nondimensional and thus independent of these 

quantities. 

The product LT constitutes the reference or rep-

resentative area for defining the nondimensional 

hydrodynamic coefficients and thus the resulting 

hydrodynamic forces. Since the tug is considered in 

the steady-state oblique movement, i.e. without 

turning, the hydrodynamic coefficients are func-

tions of the drift angle  solely. Otherwise, we have 

to incorporate the other input variable of the hull 

hydrodynamic forces and moment – namely the 

nondimensional yaw velocity. Data on the yaw 

effect in hull hydrodynamics, especially over full 

range of the drift angle, are considerably missing in 

the literature. This might be contributed to some 

extent to difficulties in measurements in the model 

scale. On the other hand, the hydrodynamic coeffi-

cients as pure functions of the drift angle are fre-

quently and quite accurately provided. The drift 

angle in ship hydrodynamics is adopted negative 

when the inflow comes from starboard side of the 

ship, as in our case of the tug, giving the hydrody-

namic force to portside. 

For the objectives of the present paper – devel-

opment and initial appraisal of the mathematical 

model, and getting some reference numerical 

(quantitative) results – simple trigonometric func-

tions will be used to approximate the hull hydrody-

namic coefficients at even keel: 
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where   180,180 . 

These rough but practically sufficient and very 

handy relations are illustrated in figure 2. For the 

assumptions of the present paper, we will look here 

for an equilibrium solution in the negative range of 

drift angles: from 0 up to the practical limiting 

value 90 and combined with positive thruster 

angles  (to starboard side). A validation of these 

first choice expressions (3) was undertaken in [7]. 

Let’s define at this point for subsequent deriva-

tions the following useful ratios with the hull non-

dimensional lateral force in the denominator (as 

practically avoiding the division by zero): 
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The relations (4) for data given by (3) are 

graphically demonstrated in figure 3. The functions 

(4) are fundamental in the process of getting the 

balance of forces as will be shown later. 

The first ratio of (4) can be interpreted as a de-

flection angle, strictly its tangent, of the resultant  
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hull force from the normal (perpendicular) direction 

to the hull. This direction is normal only in ideal 

fluid. However, in real (viscous) fluids and ship 

flows there are significant tangential stresses at the 

ship’s hull surface. This deflection angle could 

reach even 20 and more.  

The second ratio of (4) can be explained as the 

nondimensional arm, in ship’s length units, counted 

from the midship section (the M origin). This could 

be quite abstract if it assumes values beyond the 

ship physical limits in that a certain hydrodynamic 

couple of forces, as aforementioned in the com-

ments to equation (2), exists in the ship flow. 

The thruster forces and moment in (1) read: 
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where: 

FP – absolute value of thrust (always positive);  

xP – thruster position (negative in aft direc-

tion).  

In (5) we have already adopted the thruster loca-

tion in the centre plane and its fore and aft coordi-

nate at the aft perpendicular (xP  0.5L). The real 

values for xP in the case of harbour or escort tugs 
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Fig. 2. Exemplary simple analytical approximations to the hull hydrodynamic coefficients 
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Fig. 3. Relative hull longitudinal force and yaw moment coef-

ficients 
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might go towards the midship section up to even 

0.3L.  

The thruster (or thrust) angle  takes value from 

the range (–180, +180. 

One should also be aware that assuming in (5) 

the constant value of the thrust force means its in-

dependence of other variables, particularly of the 

inflow speed v. This is a crucial item that needs our 

further investigation in the future and a possible 

improvement made to the mathematical model, 

however, being paid for with an additional sophisti-

cation of the model and difficulties in analysing the 

simulation results. Over the last years, there has 

been a tremendous progress in the research on the 

advance speed effect, particularly for azimuth 

thrusters, and such data are available: [8, 9] and 

many others. Also, some inspiration can be taken 

from [10]. Although the latter directly deals with 

VSP, but with respect to thrust and torque coeffi-

cients (as function of the advance coefficient and 

pitch ratio), this unconventional propeller reveals 

very similar hydrodynamic modelling properties to 

those well known for conventional propellers and 

thus for azimuth thrusters, as essentially consisting 

of a conventional yet rotatable propeller.  

The tow (push) force in tug’s coordinates is de-

scribed by: 
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where: 

FT – absolute value of tow force (always posi-

tive); 

xP – tow point position (positive in forward di-

rection).  

In (6) we have just assumed that the moment of 

the tow force FT comes only from the longitudinal 

abscissa of the contact point in that the tug’s beam 

is completely disregarded. In addition, the tow posi-

tion is at the forward perpendicular. Both assump-

tions are rather valid for higher drift angle in the 

vicinity of 90 and will be rectified in the future, 

though it is believed they have no significant influ-

ence. 

Fundamental derivations 

Rearranging the three equations in (1) and divid-

ing side-by-side in pairs: first and second, and third 

and second, supported by formulations (2), (4), (5), 

and (6), one finally gets: 
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where: 
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that can be considered as the nondimensional (rela-

tive) tow force. Having a brief look at (1), (2), (5), 

and (6) one can easily conclude that the absolute 

tow force FT, as one of the equilibrium variables, is 

always proportional to the absolute thruster force FT 

that is another variable (or parameter) of the these 

equations. The ratio of both is always constant in 

the equilibrium solution, if such exists.  

A supplement of (7), (8), and (9) to the full equi-

librium is the following equation for the tug’s hull 

hydrodynamic lateral force FyH: 

    TPfyhyH FFcLTvF   cossin5.0 2
 

  (10) 

which can be split into two but more convenient 

relations: 

  TyH FF   cossin  (11) 
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The absolute hull lateral force FyH is the only 

term in our equations that comprises the speed  

dependence. So, the expression (12) turns into: 
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  (13) 

This way the escort speed, enabling the desired 

steady-state condition of towing, is linearly related 

to the square root of the absolute thruster force FP, 

and inversely proportional to the water density  or 

the tug’s lateral area of the underwater hull LT. 

Finally, we have arrived at the four basic rela-

tions: (7), (8), (11), (13). The first three directly 

originate from the equilibrium equations (1) and the 

last one is a part the hull hydrodynamic force for-

mulation (2). We are going to further look for mu-

tual relations of five variables: 

 , FT, FP, and v 

or 

 , F'T, FP, and v. 

However, the equations (7), (8), and (11) pro-

vide unique triples of (, F'T) in that the drift 

angle  shall serve as parameter (the independent 

variable), since the thruster angle  and the relative 

tow force F'T can then be formulated as direct func-
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tions of  thus avoiding the numerical solution of 

the essentially nonlinear equations (if other variable 

from the above set is taken for the domain). The 

drift angle is also one of the important steering 

parameters for the tug’s master. 

There are two strategies possible for steering the 

tug – active (inverse) and passive (direct) – which 

are defined according to the input parameters (ini-

tial assumptions or requests) and the chosen  

unknowns as steering variables. One can namely 

select the required absolute tow force FT at the 

speed of advance v, in which the absolute thruster 

force FP is searched for, together with the other 

basic steering parameters:  and . Such strategy 

we can call an active steering. A passive steering is 

obtained if we want to find the effective tow force 

FT (apart from  and ) if the thruster force FP is 

known at the speed v. 

The solutions provided later in the paper en-

compass the passive steering in that two distinct 

absolute thruster force are simulated as correspond-

ing to 10 t and 50 t. 

The expressions (7) and (8) can be transformed 

into: 
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and made equal, thus leading to the direct function 
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The next step now is to compute the relative tow 

force F'T by means of (14) or (15). The both equa-

tions supply the same value. 

The third and final stage is to evaluate the rela-

tive hull lateral force F'yH, according to (11), for the 

purpose of obtaining the speed v – refer to (13). 

Hence the speed v is assigned to particular values of 

 and , dependent of course on the absolute 

thruster force. The higher is this force, the higher is 

the speed. If we plot the solved values of F'T,  and 

 versus the speed v for particular thruster force 

(e.g. 10 t or 50 t), we can state that the input 

thruster force is responsible for scaling the horizon-

tal axis. 

Simplifications and numerical results 

Let’s suppose the first possible simplification in 

that the hull hydrodynamic force is normal to the 

hull centre plane, i.e. the hull resistance (precisely 

the hull longitudinal force) is negligibly smaller 

than the lateral force. We are thus assuming: 

     0  fxhfxh cc  (17) 

This assumption c'fxh = 0, which we call further 

the single simplification case, lead – see (16) and 

(14) – to the following final form: 
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For the assumption c'mzh = 0 (theoretically justi-

fied for the needs of sensitivity analysis, but hardly 

proved in practice), we have:  
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The relations (19) are however not considered 

later in detail and not simulated in this paper. 

For both assumptions together: c'fxh = 0 and 

c'mzh = 0, which we will below refer to as the dual 

simplification case, one can read: 
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The performance of both simplifications – single 

(18) and dual (20) one – is presented in figures 4 

and 5. The behaviour of the full model, through 

(11), (14), and (16), is demonstrated in the next 

figure 6. Thus figures 4 to 6 are arranged from the 

simplest to the most advanced instance of the 

model. In all these diagrams the usual range of  

escort speeds up to about 10 knots (5 m/s) is con-

sidered only. 

The simplifications (18), (19), (20), and possible 

other more or less sophisticated approximations to 

the hydrodynamics of the hull and the thruster as 

well, are designed of course to provide the limits of 

operational control variables if the tug is subject to 

optimisation and innovations. 
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Fig. 4. Dual simplification model performance for practical escort speeds 
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Fig. 5. Single simplification model performance for practical escort speeds 
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Figure 4 does not contain the relative tow force 

F'T since it simply yields unity, i.e. there is no am-

plification of the propeller force. The efficiency of 

indirect mode of towing, through advantage of the 

hull hydrodynamic force for non-zero speed, gets 

essentially none. The hull lateral force, dominating 
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Fig. 6. Full model performance for practical escort speeds 
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Fig. 7. Drift-thruster angle relation for whole range of drift angle 



Simplified steady-state analytical model for manoeuvring and control of ASD tug in escort push operations 

Zeszyty Naukowe 36(108) z. 1 13 

the hull total force (or contributing in 100% to the 

latter as in this case of dual simplification), and 

represented by F'yH, assumes maximum value of 2.  

For zero speed, the tug has to push normal to the 

hull (90), i.e. in the “direct” way. The higher is 

the speed, the higher is the thruster angle and the 

lower the drift angle. However, this not specific to 

the dual simplification. Though there is no amplifi-

cation of the thruster force for the dual simplifica-

tion, if escort speed exists, the tug has to be less 

inclined to the ship’s hull to “transfer 1:1” the 

thruster force to the push force. The thruster angle 

is surprisingly linearly dependent on the drift angle, 

which is graphically presented in figure 7, together 

with the output of other cases of the model.  

However, the plots of figure 7 comprise the 

whole range of the drift angle in that the higher 

speeds (more than 5 m/s as adopted in figures 4 

to 6) must be involved to get the equilibrium. Fig-

ure 8 gives the impression of the maximum speed 

in each case of simplification. 

The largest differences between our instances 

of the model appear in the charts (v) – the top ones 

in figures 4 to 6, which is additionally confirmed  

in figure 7. For the dual simplification case the 

required  is roughly twice as large as that in the 

other two cases. This curve shall be treated as the 

limiting range of the thruster angle. 

For the single simplification (connected with 

rather weak assumption cfxh = 0) and full model at 

speeds higher than 1 m/s (2 knots) we are able to 

develop nearly twice higher push force than the 

thruster force – refer to the last charts in figures 5 

and 6. Thus the indirect mode has proved its excel-

lence. 

However, if the hull longitudinal resistance is 

omitted in the tug’s hydrodynamic model (the sin-

gle simplification case), the relative tow force F'T 

can surprisingly go far beyond the value of 2, but 

this is coupled with very high speeds.  

Both models, the single simplification and full 

ones, perform quite similarly within practical escort 

speeds. 

Figure 7 proves that the full model is the only 

model that limits the thruster angle, which is  

remarkably below 15 in all operational situations. 

Of course, the full model is also based on some 

approximations to the tug’s hydrodynamics.

Within practical escort speed range the drift-

speed relation –v is the least vulnerable to simpli-

fications made to the model. However, the version 

of simplification is connected with completely a 

different speed range, leading even to an enormous 

speed – see figure 8 – though mathematically cor-

rect, rarely to be realised. This huge speed is related 

to small drift angles in the order of a few degrees. 

For the full model, the thruster angle is the same 

for the wide range of speed, thus it is insensitive of 

the escort speed. This way some adjustments can be 

made only by means of the drift angle (the inclina-
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tion angle to the ship’s hull). This is of course 

a kind of unusual steering guidance for towmasters.  

Conclusions 

The obtained charts in the paper could serve as 

rough and clear guidance for towmasters.  

Secondly, such data are also very useful for as-

sessing and optimising more sophisticated models, 

where e.g. hull-thruster and thruster-thruster inter-

actions are included, by providing a basis for fur-

ther sensitivity analyses. In the latter context, one 

should be aware that incorporating some special 

hydrodynamic effects into the model would not 

always result in a significant change of a tug con-

trol parameters as essential from the viewpoint of 

a towmaster.  

Thirdly, one can attempt to design the tug con-

trollers both for fast- and real-time preliminary 

simulations, when the human input or interaction 

from a towmaster (to a tug simulator interconnected 

with the assisted ship simulator) is not yet neces-

sary. In safety studies, this of course only concerns 

early stages of investigations, but is not so time and 

human resources consuming. Adequate tug auto-

matic controllers guarantee proper “time constants” 

of tug response under various environmental and 

operational circumstances. This is much better than 

commonly adopted in simulators the so-called vec-

tor tugs (in terms of force and its direction, and 

their rates of change) as activated from the instruc-

tor’s station by the instructor himself. While con-

structing control laws for the tug automatic control-

lers, the research on the steady-state manoeuvring 

conditions, including that undertaken in the present 

study, would certainly provide great help. 

The presented model of tug’s equilibrium of 

forces is really encouraging. It is worthwhile to 

next carry out investigations of the effects of the 

forward contact point abscissa and the thruster aft 

location. As mentioned before, they have been as-

sumed equal in absolute magnitude – both are half 

the tug’s length and set on both ends of the tug. 

The algorithm is very general and the adopted 

simple formulas for tug’s hull hydrodynamics pro-

vide exemplary numerical values. However, any 

definition, including the lookup-table stored data, 

can be easily linked to the algorithm. Thus the next 

valuable research steps could also be testing the 

model with real data of tug’s hull hydrodynamic 

coefficients and improving the thruster submodel.
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