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TOTAL INERTIAL TOLERANCING, A NEW WAY TO DRIVE PRODUCTION

Inertial tolerancing is a new concept of toleragciwhich has done a first standardization in Fraiinie XP E
04-008 (2009). The paper presents a generalizatidhe inertial tolerancing: total inertia. The §ad total
inertial tolerancing is to use the information imbg in the numeric description of the product. Théal inertial
tolerancing defined "consistent functional subsetd different coordinate systems. For each of thabsets, we
defined the maximum variability accepted (maximumartia) from digital target. Inertia is the mearuacg
deviation of the differences between the actual pad the target, measured in accordance with Haioride
surface. Each functional subset will be identifiigddifferent colors.

The purpose of the production is to produce paitts thie least variability compared to the numeritape. The
production problem can be represented by two vscthe vector of the deviations from the targetadin
measured points, and the vector of the controbfaciThereof, the question is: What is the vatuagply on
each corrector to minimize the vector of deviatbna reply is given by the total inertial toleramgiof which
the link between the maximum inertia and the préidads strong. Thus, the problem consists into pota the
pseudo-inverse matrix of the relation between theiadion and impact vectors. This pseudo-inversérima
allows minimizing the least squares deviation, theo words, minimizing the inertia. In this paper will
present an example of inertial tolerancing spedii of a complex part and we will show how to uesd]
a production with its new approach.

1. INTRODUCTION

Inertial tolerancing presented for the first tinlme 4001 [1] allows the utilization of
a statistical partitioning of dispersions withounh€tional risk. This novel concept reaching
maturity at the present time has become the subjatter of a standard for the first time [2]
The inertia of a characteristic is an indicatiorired magnitude of variation about the desired
target. It is defined by the following relation (gq
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| = /0% +0° (1)

With o the standard deviation addhe deviation from the target
Inertial tolerancing consists in defining the maxm allowable value of this
parameter as a tolerance on the characteristgsimple to show that:

— inertia is equal to the standard deviation ofdistribution whenever production is
centered on the targei € 0)

— the maximum allowable off-centering € 0) is equal to the inertia

— the acceptance region in a graphd®bt has the shape of a semicircle (Fig. 1).
Therefore, inertia allows for some excursion of thean about the target related to
the value of the production standard deviation.
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Fig. 1. Inertia in &, o chart

If there is a relationship between a functional rabteristic Y and multiple
characteristics x, such that Y = f(xx inertial tolerancing allows to ensure a desired-no
conformity rates on Y giving more margin to prodaot[3]. The inertial tolerancing is an
evolution of the statistical tolerancing that elnaies the well known risks of this mode
of tolerancing with the decentred lots.

From a global standpoint, tolerancing is a languaged to describe the geometry
of a component that we want to achieve. This laggusas evolved significantly these past
few years and has achieved a level of complexify,p} which makes it difficult to utilize
in production. Whereas current geometric toleragécapable of representing functional
limits on characteristics well [7], its drawbacktigt under its current format it produces
specifications that are fairly difficult to meet imoduction because they are divorced from
machine settings. To illustrate this point, letaasmsider the location of a bore hole. From
a functional standpoint, this location is reprea@me indeed but in manufacturing, control
of production machinery frequently involves two reawents inX and inY, for instance.
Therefore, there necessarily is a transfer of ataristics to transition from a product
functional specification to a manufacturing speeafion. This translation inevitably
involves a reduction in allowable variation andoasiderable time in production setup. The
other drawback of current tolerancing practiceshist they use zone tolerancing. This
method of limiting variation is problematic withsgect to compatibility with a statistical
approach to tolerancing unlike the inertial repnégton which is statistical by nature.



Total Inertial Tolerancing, a New Way to Drive Puation 19

The proposal being made in this paper extendsnibeial principle to the product in
its entirety. We are proposing a development inrttethod of establishing tolerances for
product properties based on existing standards1@,01,12] which would not compromise
expected functionality. We proceed from the asswonphat it is possible considerably to
simplify the language of tolerancing if it were éakinto account that information intrinsic
to the desired target shape of the component isablafrom its CAD digital image. None
of the current methods factor in recent develops@mntechnology to a sufficient degree.
At the present time, we have digital models prawidimages of desired targets, CNC
machines, and 3D measurement instrumentation; henvéve development of tolerancing
methods has not completely caught up to this digitaation.

In addition to simplifying the method of represegtiexpected functionality, total
inertial tolerancing being the best model of stai@d combinations of tolerances, enables
tolerances to be specified in a manner that iy ftdimpatible with production control thus
eliminating the need to transfer characteristias laniting the amount of production setup.

2. ESTABLISHING CONFORMITY BASED ON TOTAL INERTIA

2.1. DEFINITION OF TOTAL INERTIA

In the absence of production variability, toleramgcis useless because it is sufficient
to specify the desired target values. Where in @ep#yout the support does not contain
any reliable information, in the case of a digitgglout the CAD model contains information
that must be taken into account. Thus, under thmothmesis that there is no production
variability, the target digital model is by itsahe repository of all the information on the
desired target, and there is no need even for nainmiotes on the layout.

Unfortunately, this no-variability hypothesis istiiealistic, and acceptable variability
about the desired target value needs to be spdcFenctional analysis helps identify the
effect of surface variations with respect to anotkerface [13,14,15] on the expected
functionality of a product. To limit such variat®ncurrent tolerancing practice dictates that
the geometry be described based on a parametenzatihe product's geometry. A product
is accepted as conformant if the actual surfaclwdated between two geometric zones
resulting from product parameterization.

In the case of a complex geometry, such as a skdace, many companies no longer
undertake an exhaustive description of a part'sngéty, and instead indicate by way
of a specification only a form tolerance with resp® the ideal geometry as contained in
a digital model. Thus, a following question may dsked: if this practice produces good
results for complex surfaces, can it be extendedda@ase of simpler geometry?

The logic of total inertial tolerancing is consistevith this extension. We proceed
from the hypothesis that geometry defined by atalighodel is the ideal case and that the
functional need is to limit deviations from thiseal geometry. The first response could be
provided with the help of existing geometric apmtoes by generalizing default form
tolerancing. However, in the 3D case same as irebBe tolerancing is not compatible with
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the statistical approach to tolerances. Our prdpsshen to extend the principle of inertial
tolerancing and to impose tolerances on deviatioom®m the target by setting a maximum
threshold for the square root of the quadratic m&fathe deviations from the target over
a finite number of points randomly distributed thgbout the entire surface.

For surface i, inertia | is computed using thedaiing relation:
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Fig. 2. Definition of total inertia

n — 2
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j=1
with
Xj :measure j on the surface i
o; :standard deviation of the measures on the surface
T : Target point considered
n : number of measurement on the surface

i : surface inertia

We have demonstrated [16,17] that this measurevapiability about the target
provides a better representation of statistical abmm during assembly than the
conventional zone specification.

2.2. DESCRIBING A COMPONENT IN TERMS OF TOTAL INERA
2.2.1. TOLERANCING OF COHERENT FUNCTIONAL SUB-ASSHBMIES

Total inertial tolerancing defines "coherent fuootl sub-assemblies." For each
of such sub-assemblies, acceptable maximum vatiafimhaximum inertia) with respect to
a digital target is defined. Then, tolerancingim@y the identification of these functional
sub-assemblies represented by different colorsd#imition of a product reference, and
toler ancing of maximum inertia for each of the-sgisemblies.

Figure 3 shows an example of a component complspyified in terms of total
inertia. In this example, the component referesagefined by the ordering:

Plane A /Axis B / Plane C for the final rotation

These three surfaces make up the first functionbtassembly. The inertia for this
zone is 0.0132. To compute deviations from theefarpe ideal shape of the component is
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balanced by least squares successively with respestirface A in the first three degrees
of freedom, then with respect to Axis B, and wigspect to Plane C.

A, B, C is the system of reference of the
part

0.0134 - 5T~
00134 - gM

& 0.0134 - ST -

0.0134 - STI-

002 ST

Functional sub assembly 2: - Inertia 0.0
Functional sub assembly 1: - Inertia 0.02

Fig. 3. Example of a component specified in totattia

With the target component in position, the valugl84 signifies that the square root
of the quadratic mean of the deviations of the alatomponent from the target component
as measured along a normal to the surface shouléxoeed 0.0134. For the other two
functional sub-assemblies, the blue and the redxiinan acceptable inertia is also
specified. Given the greater functional weightlué ted surface, its inertia is lower. In this
paper, we are not going to address detailed cortiputaf maximum acceptable inertia
which has been presented in multiple works [18fb®]the 1D case. Research for the 3D
case is ongoing.

2.2.2. SURFACE REFERENCES

In the example in Fig. 3, the component has ongmgle reference; however, it is
quite possible to define multiple references fa& tomponent and for each functional sub-
assembly to specify the reference that helps posikie target surface.

2.2.3. PREFERRED DIRECTION

In some cases, it is desirable to accept diffevantabilities in different directions. This is
the situation in Fig. 4.
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In this case, it is necessary to define inertiangla preferred axis. Acceptable total
inertia is also defined for the entire surface afl as along a preferred axis. In this case, the
local target is an axis parallel to the referendrimizing inertia. In the Fig. 4. example,
inertia is defined with the reference A (plan) b specification 0.1 and with the reference
B (a preferred direction) by the specification 0.05

Functional clearance

Fig. 4. Example of a prefered direction

Case #2

Local target Local target

Fig. 5. Example of a prefered direction

The Fig. 5. described two situations very differenta functional point of view. In
both case inertia with the reference A is equale Hifference between the two cases
becomes apparent from the inertia computationerptieferred direction B.

In Cases 1 and 2, total inertia is computed udieg¢lation (eg2), we find

1
| ==3"6%2=05
4z '

The inertia computation in the preferred direct®ns computed using the deviation
from the local target parallel to the reference iBimizing inertia.

In case #1 we findt :%de =025

In case #2 we findt :%2@2 =0
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In the case of a total inertial tolerance of 0.8 artolerance in the preferred direction
B of 0.2, Case #1 would be rejected whereas Case#itl be accepted.

2.3. MOTIVATION FOR SPECIFICATIONS IN TERMS OF TOTAINERTIA

The approach of total inertial tolerancing is netdmpatible with the existing GPS
standards. Like simple inertia which was described standard [2], total inertial may
easily be used within the framework of GPS. Theivatibn for selecting a representation
in terms of total inertia rather than the convemiogeometric specifications is based on
several points.

Speed of Compiling a Specification
A single specified criterion applies to all the fages of a functional subassembly.
This eliminates the need to decompose these sagrfate geometric elements and to
lay out such geometric elements.
Ease of Reading and Understanding a Layout
When shown in terms of total inertia, each funaiosubassembly is color coded.
Total inertia of a subassembly specified using raylsi parameter provides a very
simple way of placing each subassembly into arahibry based on its relative weight.
Accounting for Statistical Assembly Constraints
Inertia provides a better compromise than asselnplgone in the worst case or by
statistical analysis.
Ease of Measurement Using 3D | nstruments
Inertia is extremely well adapted to the way 3D sueament instruments are used.
When controlling by inertia, it is sufficient todkpoints distributed uniformly over the
entire surface and to measure the distance betineadeal and the actual component.
Consistency with Machine Control
One of the frequently quoted disadvantages of GB&ifscations is the problem
manufacturers have in making the transition froyola to machine control. GPS
geometric tolerancing describes the conformity graduct well but does not lend
itself to machine control. We will demonstrate lvelthe ease of control and the
consistency between specification and productian éiists when working in terms of
total inertial tolerancing.

3. RUNNING PRODUCTION IN TERMS OF TOTAL INERTIA

3.1. APPROACH TO INERTIAL CONTROL

The objective of manufacturing is to produce parith a minimum of variation with
respect to the ideal part represented by the tlitgiget. Given that every production
process inevitably causes deviations, machine abistrequired to reduce these deviations
to a minimum.
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To run a production process, there is a vectorcbba variablesC which in general is
of a fairly small size. For a numerically controllenachine, for example, these action
variables are tool adjustments whereas for an tiojgenolding machine these are process
variables such as holding pressure, mold temperatur

On the other hand, the manufactured product hamtitmvws from the ideal product.
These deviations are represented by a vector datilmvs between the target and the real
value which we will refer to aB. This second vector contains all the measurenreate
on the product. Generally, this is a vector ofrgdadimension. It may contain thousands of
points for a scanned part.

Finally, it is frequently possible either througbngputation or experimentation to
derive a matrix allowing to associate the vectavith the vector E by the relation

E= X.C (3)

In the case of numeric control, for instance, wesy easy to compute the effect of an
adjustment on the deviation of a measured poird, iarthe case of an injection molding
machine, a test plan could be made to vary theovdtt thereby generating the matrix X
empirically.

Following correction, we obtain

El=E-X.C+¢

The question of production control may then be idated in the following terms:
What are the components of the ved@owhich would allow me to minimize the residuals
following correctiong, or evene € which is but predictable adjusted inertia. Thewaersto
that question is to minimize the least squaresguia Gaussian pseudo-inverse:

C = (X'X)'XE (4)

We also note the consistency of the specificatioterms of total inertia in the plan
and the issues of process control. In fact, minwtnan of the least squares is nothing else
but the minimization of total inertia! Unlike cormviional geometric tolerancing, there is no
transfer of parameters to perform between the sahemwherein a part is defined and
production control. The total inertial approachais approach that is consistent from the
description of a functional need all the way thrioygoduction.

3.2. SIMPLE EXAMPLE OF CONTROL IN TERM OF TOTAL INETIA

Figure 6 (a) shows the reference part built froe diatum A, B and C which is the
normal datum to AB. The form is defined by a setl@fpoints. Each measured point is
following the normal of the target surface. The metry of the profile can be adjusted by
two locating correctors (DEC1, DEC2), rotation eator (O1) and radius corrector (R1).
We note that O1 corresponds to the rotation obtse where is positioned the part.
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Fig. 6. Example of control in total inertia

Incidence matrix X
From the coordinate of the 11 points, the incidemedrix X is defined with using
the relation of small displacements (eq 5):

X :(T| +ZOMjDR)nj (5)
With
Xij: incidence of the corrector i on the point |
T, : vector translation of the correction
{o- point of application of the rotation
R: Vector rotation
ni: the normal vector at the surface at the point i
The dimension of the incidence matrix is composgédlbven line and four columns
which correspond to the number of measured poihtla® number of corrector to adjust the
deviation of the vectdE.

0 1 1 -35]
0 1 -6.75
0 1 1 -10.65
-0.98 -0.17 1 -1.62
-0.86 -05 1 0.73
X=[-071 072 1 0O
-05 -0.86 1 0.73
-0.17 095 1 1.62
1 0 1 10.65
1 0 1 6.75
1 0 1 35 |

The following table is the matriX” =(X’X)™*X’ -
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Table 1. Matrix X and X*

1 2 3 4 S 6 7 8 9 10 11
DEC,|023 |0 | o028 [ -041| -024/ -01| 006 0299 -0.14 45.1 0.38

DEC, | 0-38 0.14| -0.14| 0.26 0.06 -0.1 -0.24 -0.41 0.281 -0|-0.23
R; 0.09 0.09| 0.094| 0.08 0.08Y 0.087 0.087 0.088 0.0®094 | 0.094
o) 0.03 -0.01) -0.06 | 0.039 0.0lﬂ% 0 -0.02 -0.04 0.057010.| -0.03

From Tablel and eq 4, it is possible to deduce duostament of the measured
deviation illustrates Fig 7 (b). Fig. 7 (a) showe target form and the measured form in
dashed line. The inertia of the measured form sktp 1.03. Therefore, it is important to
adjust these deviations to assume the specificalitve graphic presents Fig 7 (b) and
corresponds to the absolute deviation for eacht in

Point Mesuré P1
M1 -0.2

M2 0.9
M3 -1.6
M4 0.2
1=1.03 M5 o3
M6 0.4
M7 0.4
M3 0.5
M9 21
;< M10 1.3
M11 0.7
(b)

Fig. 7. Defect of the measured Part

From the deviation Fig. 7(b), we obtain the valwé#sadjustment (Tab. 2). The
proposed adjustment leads to an IEA equal to 9%p6thus an inertia about 0.02.

Table 2.Value of the corrector to adjust the measgieviation

Corrector
DEC1 0.11
DEC2 -0.22
R1 0.29
o1 0.19

3.3. MOTIVATION FOR CONTROL IN TERMS OF TOTAL INERIA

Control in terms of total inertia provides a waydontrol the adjustments directly
without the mediation of geometric parameters teoemte surfaces. In addition to the
simplification which we have already pointed obig bverriding motivation for this method
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Is the precision of computing the corrections. daotf the very nature of the computation of
corrections using the pseudo-inverse makes it egipke to all available information in its
entirety. To illustrate this point, let us take ttmmputation of the translation C1. Points 9,
10, and 11 provide information on the position il there is also information in Points 4,
5, and 6. Under conventional control methods, theameterization required to judge
conformity with geometric specification causes mifation loss.

The second point is in the consistency between fiimetional specification and
control. Control in terms of inertia aims to mingai the inertia of functional surfaces
thereby producing parts with the smallest possd#giation from the ideal target. This
approach produces a lot more quality than the cunw@al approach which consists in
including all the surfaces in a zone.

Finally, let us emphasize the speed of adjustmewt eorrection in the case of
complex 3D parts. Once the variables to be adjuatedselected, the matrix X and the
pseudo-inverse are computed automatically cleantynélizing the rules of control. With
this approach, it is equally easy to control a B-axachining center and a machine with but
a single axis.

4. CONCLUSION

In this paper we have presented the concept df itcgetial tolerancing as well as an
approach to process control which must go with tiei tolerancing method. This approach
has numerous properties desirable for many manufagtcompanies:

- simplicity relative to geometric tolerancing;

- ease of comprehension of tolerance layouts mgef total inertia;

- consistency of specification, measurement metaod,production control;

- very significant reduction in the need to expaffibrt to transfer tolerances when
retooling;

- very high quality of product made using totalrirad control.

This approach is the object of multiple experimentsSwitzerland and France, in
particular at the Arve Industrie Mont Blanc pole @dmpetitiveness. All of our results
indicate that a breakthrough is achieved in thelityuaf parts manufactured using this
concept. These results point to the possibilitynakss-manufacturing new complex products
with much lower variability than is possible to asre currently.
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