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Abstract

A method for finding of the solutions of the state equations of descriptor
fractional discrete-time linear systems with regular pencils and a procedure
for computation of transition matrices of the system are proposed. On the
basis of this procedure a computer algorithm which calculates the
transition matrices and solution of the system is presented. The
effectiveness of the proposed procedure and algorithm is demonstrated on
analytical and numerical examples.
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Komputerowy algorytm wyznaczania
rozwigzan singularnych liniowych uktadéw
dyskretnych niecatkowitych rzedow

Streszczenie

W pracy zaprezentowano metod¢ wyznaczania rozwigzan singularnych
uktadéw dyskretnych niecatkowitych rzedow o peku regularnym.
W rozdziale 2 przedstawiono rozwigzanie rOwnania stanu tej klasy
uktadéw. Procedur¢ wyznaczania macierzy tranzycji tego rozwigzania
zaprezentowano w rozdziale 3 oraz podano przyktad numeryczny
wyznaczania rozwigzania rownania stanu (Example 1). W rozdziale 4
przedstawiono komputerowy algorytm wyznaczania macierzy tranzycji
rozwiazania singularnych dyskretnych uktadow niecatkowitego rzedu (rys.
1). Dziatanie algorytmu zostato zilustrowane przyktadami numerycznymi
(Example 2 i Example 3). Dla otrzymanych rozwiazan wykreslono
przebiegi sktadowych wektorow stanu (rys. 2 i rys. 3). W rozdziale 5
zamieszczono podsumowanie. W oparciu 0 rozwazania z pracy mozna
otrzymaé analogiczng procedur¢ wyznaczania macierzy tranzycji dla
singularnych uktadow ciaglych niecatkowitego rz¢du o pegku regularnym.
Problemem otwartym jest opracowanie metody rozwigzania rownan stanu
singularnych uktadéw dwuwymiarowych ciagtych 1 dyskretnych
niecatkowitych rzedow o regularnych pekach.

Stowa kluczowe: singularne, niecatkowitych rzedoéw, liniowe, dykretne,
pek regularny, rozwigzanie.

1. Introduction

Descriptor (singular) linear systems with regular pencils have
been considered in many papers and books [1-4, 10-12, 15, 18, 19,
20]. The eigenvalues and invariants assignment by state and
output feedbacks have been investigated in [10, 11] and the
realization problem for singular positive continuous-time systems
with delays in [15]. The computation of Kronecker’s canonical
form of a singular pencil has been analyzed in [22]. A delay
dependent criterion for a class of descriptor systems with delays
varying in intervals has been proposed in [2].

Fractional positive continuous-time linear systems have been
addressed in [9] and positive linear systems with different
fractional orders in [8, 13]. A new concept of the practical stability
of the positive fractional 2D systems has been proposed in [14].

The reachability of the positive fractional linear systems has
been considered in [9] and some selected problems in theory of
fractional linear systems in the monograph [16].

A new class of descriptor fractional linear systems and
electrical circuits has been introduced, their solution of state
equations has been derived and a method for decomposition of the
descriptor fractional linear systems with regular pencils into
dynamic and static parts has been proposed in [6]. Positive
fractional continuous-time linear systems with singular pencils has
been considered in [7].

In [17] a new method finding of the solutions of the state
equations of descriptor fractional discrete-time linear systems with
regular pencils and a procedure for computation of the transition
matrices of the system has been presented.

In this paper a computer algorithm for finding of the solutions
of the state equations of descriptor fractional discrete-time linear
systems with regular pencils will be proposed.

The paper is organized as follows. In Section 2 the solution to
the state equation of the descriptor system is derived using the
method based on the Z transform and the convolution theorem.
A method and procedure for computation of transition matrix is
proposed in Section 3. The proposed method is illustrated by
a simple analytical example. In Section 4 a computer algorithm for
computation of the transition matrices of the descriptor fractional
discrete-time linear systems are presented. Calculations are
performed in MATLAB environment using Symbolic Math
Toolbox. The effectiveness of this algorithm is demonstrated on two
numerical examples. Concluding remarks are given in Section 5.

The following notation will be used: R - the set of real

numbers, ™ - the set of nxm real matrices and R" = R"™!
Z, - the set of nxn nonnegative matrices, 7, - the nxn identity

matrix.
2. Solution of the state equation
Consider the descriptor fractional discrete-time linear system

EA%x;, = Ax;+ Bu; ,ieZ, ={0,1,2,.} ,0<a <1, (1)

where a is fractional order, x; € R" is the state vector u; e R” is

the input vector and E,4 e R™", Be R .
It is assumed that det £ = 0 but the pencil (E, A) is regular, i.e.

det[Ez — A]# 0 @)

for some z € C (the field of complex numbers).
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Without loss of generality we may assume

E 0
E=|"1 "|eR™" E eR™ (3a)
0 0
and
rank £, =rank £ =r <n. (3b)

Consistent initial conditions for (1) are given by x,.
The fractional difference of the order « €[0,1) is defined by
[16,21]

i

NX = ) i s (4a)
k=0
where
k (04
e =(0F| | k=0 (4b)
and
a ! for k=0 (40)
= _ _ C
k)T %@ 1)"1'{('“ k4D for k=12...

Substitution of (4a) into (1) yields

i+l
Ex., =Fx — ZEckxi_,H1 +Bu,,ieZ,, ®)
k=2
where F'=A—-FEc,=A+Ea.
Applying to (5) the Z transform and taking into account that [11]

Zlx,_ 1=z X(2)+ 27" Zp: xz/, p=12,. (6a)
Z[x,., 1= zX (2) - 2x, (6b)
we obtain
X(z)=[Ez-F1'[ Exez— H(z)+ BU(2)], (7a)
where
X(2)=2[x;]= ixiz_i , U(z2) = Z[u;] = iuiz_i ,
i=0 i=0
H(z)=Z[h], h = iEckxi_ il - (7b)
k=2
Let
[Ez—F] ' = f‘, w2t ®)
J=—u

where u is positive integer defined by the pair (E, A) and given by
[11,20]
u=p-r+l, (92)

where
p=degadj| Ez—F |, r =degdet[ Ez— F | (9b)

and the degree of a matrix polynomial is defined as the largest
power of Z appearing.
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Comparison of the coefficients at the same powers of z of the
equation

(B~ F)) vz U =) Dy O Bz Rl =1, (100)
J=—u J=—u

yields
Ey_,=y_,E=0 (10b)

and
By —Fy =y E -yl
|1, for k=0 (10c)
_{0 for k=1-4,2—p,...~1,1,2,...

From (10b) and (10c) we have the matrix equation

G[WO”}_{V}, (11a)
ViN 0

where
G= |: Gl 0 :| c m(N+;t+l)n><(N+y+l)n’
Gy Gy
0 .. 0 —F
GZI _ 0 0 0 c Q{Nnx(yﬂ)n’
0 0 0
[E 0 0 0 0 0]
-F E 0 0 0
L O R
0 0 .. -F E 0
| 0 0 . 0 -F E|
[E 0 0 0 0 0]
-F E 0 0 0
G 0T 0 Y,
0 0 0 -F E 0
| 0 0 0 .. 0 -F E|
You W 0

Vo= ‘//1:—;1 em(,u—*—l)nxn, Wiy = ‘//:2 eiRNnxn,V: 0 cRuHhmn

Yo YN I n

The equation (11a) has the solution {WO/I } for given G and V' if
Yin

rank {G,{Z}} =rank G . (12)

It is easy to show that the condition (12) is satisfied if the
condition (2) is met.
Substituting (8) into (7a) we obtain

and only if

X(z)= Z yiz U ([Exgz - H(2)+ BU()].  (13)
J=—n
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Applying the inverse transform Z" and the convolution theorem
to (13) we obtain

i+pu—1 k+1 i+u—1
X =y, Exg = Z V/i—k—lzcjxk—jH + Z Vik-1Buy . (14)
k=0 =2 k=0

To find the solution to the equation (1) first we compute the
transition matrices y; for j=-u,1—p,..,1,2,... and next using

(14) the desired solution.
3. Computation of transition matrices

To  compute the transition  matrices Vi for

of the system (1) with the matrices E,A,B
and fractional (real) order « the following procedure is
recommended.

k=—p1-pu,.,N,..

Procedure 1.

Step 1. Performing elementary row and column operations [5,

11, 16] on the matrix E find the matrix E in the form (3). The
matrices of a new system are given by

E=PEQ, A=PAQ, B=PB, 15)

where PeR™" (QeR™") is the matrix of elementary row
(column) operations.
Step 2. Find a solution y/,, of the equation

Gyo, =V, (16)

where Gy, v, and V are defined by (11b). Note that if the matrix
E has the form (3) then the first  rows of the matrix v, are zero

and its last n — r rows are arbitrary.
Step 3. Choose n — r arbitrary rows of the matrix y, so that the

E 0 Yo _ ]I1+Fl//—1 (17)

where F' = A+ aF , has a solution with arbitrary last n — r rows of
the matrix y .

equation

Step 4. Knowing y/,, choose the last #n — r rows of the matrix

¥ so that the equation
E 0]y F
=" |wo (18)
-F E 78 0
has a solution with arbitrary last n —  rows of the matrix .

V3 V4
the desired matrices y; for k =—pu,1—pu,...,N .

Repeating the last step for {Wﬂ s {‘//3} , ... We may compute

The state vector of the system (1) with the matrices E,A,Bis
given by
)_C[ =0Ox; (19)

where x; is obtained using (14).

The details of the procedure will be shown on the following
example.

Example 1.

Find the solution to the equation (1) for & = 0.5 with the

matrices
1 0 0 0 1
E= , A= , B= (20)
00 1 =2 2

1
and the initial condition x, = [0} .

In this case the pencil (2) of (20) is regular since

det[Ez— ]=|” =2 21
aifez - )= " |=22 e
u=1and
FetasEa)=|® °|=|% ° 2
sUrRel= s L ) ()

Using Procedure 1 we obtain the following.

Step 1. The matrix E is in the desired form 3).
Step 2. In this case the equation (16) has the form

1 00 0 00
0 00 0 0 0
Vorl o (23)
2 01 0fw | |1 0
120 0 0 1

and its solution with the arbitrary second row [l//gl l//gz] of

is given by
0 0
0 05
{y"} = : (24)
vo ] |10
0 0
Va1 V2

Step 3. We choose the row [1//31 «//32] of y, so that the

equation
1 000 10
0 0 00 00
Yo |_ 25)
-a 0 1 0}y 0 0
-1 2 00 00
has the solution
1 0
05 0
Yo |_ (26)
¥ a 0
1 1
Va1 V2
with the second arbitrary row [wél 1//52] of yy.
Step 4. We choose [ylél l//éz] so that the equation
1 ooofl % 9 Tao0
1 1
0 0 0 O||lV¥ 4 0 0
21 2| @n
a 01 0||-a®2 o 0 0
- 2 2
200 Ya VY22 00
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has the solution

a 0
05« O
4
{ } = o (28)
%) @ 0
2
Va1 ¥

with arbitrary [1//221 1//222] .
Continuing the procedure we obtain

{0 0} a0 k—oL.N (29)
V1= s Vi = orrg=0,1,..., V.
0 05 0.5¢ 0

Using (14), (20) and (29) we obtain the desired solution of the
form

k+1
{ } ZW; k 12{0 g}c Y ,+1+zl//z - 1{1}% (30)

k=0
where ¢; are defined by (4b).

4. Computer algorithm for computation of the
transition matrices

On the basis of Procedure 1 the computer algorithm which
calculates the transition matrices of the state equations of
descriptor fractional discrete-time linear systems is proposed.
Calculations are performed in MATLAB environment using
Symbolic Math Toolbox.

The diagram of this algorithm is shown in Fig. 1.

FIND THE MATRIX
E IN THE FORM (3)

!

FIND y7,, USING
(16)-(17)

!

FIND w, FOR
k=12....N
USING {17)18)

COMPUTE THE
DESIRED
SOLUTION

Fig. 1. Algorithm for the computation of transition matrices and solution
of the state equations for descriptor fractional discrete-time systems

Rys. 1. Algorytm wyznaczania macierzy tranzycji rozwigzania singularnego
uktadu dyskretnego

First, using the condition (2), we check if the pencil (E,A) is

regular. If this pair of the matrices is not regular the algorithm
stops. If the pencil is regular the program finds the matrix £ in
the desired form (3) and the matrices of elementary row and
column operations P, Q. Then according to Procedure 1 we

calculate the transition matrices of the system. Using (30) and (19)

PAK vol. 59, nr 7/2013

we obtain the state variables of the descriptor fractional discrete-
time systems for given matrices E,A4,B, fractional order a for
initial condition x; .

Example 2. (continuation of Example 1)

Using the computer algorithm we obtain what follows.
The matrices (20) are in the desired form (3) and

p=0=|"° (31)
o1
Computing of y/,, we obtain
[o o [1 oo 32
170 05 Y07 os o)

The transition matrices
[05 0 [025 0
Yi=lo2s o Y2 0125 o
Joa2s o 100625 0
V3700625 o V47003125 of

The solution of the state equation of the system (1) with the

(33)

1
matrices (20), fractional order a = 0.5, initial condition x, = {0}
and zero input is obtained using (14) and shown in Fig. 2.
Example 3.

Find the solution to the equation (1) for o = 0.7 with the
matrices

010 0.1 05 0 1
E=|0 0 0|, 4=[02 0.1 09|, B=|0 (34)
1 20 03 01 0 1
2
and the initial condition X, =| 0 |.
1
State vector of the system
1.2 ‘ : : .
N }{i1
21
T 1i2 14

Fig.2.  State variables of the system (20)
Rys. 2. Wykres zmiennych stanu uktadu (20)
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Using the algorithm we obtain

1 00 05 01 O 1 2
E={0 1 0|, A=[-09 0.1 0|, B=|-1], xp=|1]| (35)
000 0.1 02 09 0 4

and matrices of elementary operations

1 00 010
P=-2 0 1],0=|1 0 0 (36)
0 10 00
In this case # =1 and
00 0 1 0 0
w=[0 0 0 |, w=| O 1 0. 37
0 0 0.111(1) —0.111(1) -0.222(2) 0
The transition matrices
1.2 0.1 1.35 0.2 0
v, = -0.9 0.8
0.25 -0.1444 0
(38)

1.44 0.295
w3 =|-2.655 026
043 -0.0905

1.4625 038 0
w,=|-342 -0.0575 0F,..
0.5975 -0.0294 0

0

0, wy=[-18 055 0|,
0.0666 —0.1888 0

0

0 > V4

0

The solution of the state equation of the system (1) with the
2
matrices (34), fractional order a = 0.7, initial condition X, =|0
1

and zero input is obtained using (14) and shown in Fig. 3.

State vector of the systemn
B T T T T T T T T

Fig.3.  State variables of the system (34)
Rys. 3. Wykres zmiennych stanu uktadu (34)

5. Conclusions

A method for computing of the solution of the state equation of
descriptor fractional discrete-time linear systems with regular
pencils has been presented. A procedure for computation of the
transition matrices has been proposed and its application has been
demonstrated on a simple numerical example. On the basis of this
procedure the computer algorithm which calculates the transition

matrices and solution of the system has been proposed. The
effectiveness of the proposed algorithm has been demonstrated on
numerical examples.

The presented approach can be easily extended to continuous-
time descriptor fractional linear system with regular pencils. An
open problem is an extension of the method for 2D descriptor
fractional discrete and continuous-discrete linear systems.

This work was supported by National Science Centre in Poland under work No N
N514 6389 40.
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