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Abstract

Introduction and aim: The paper presents the analytical and numeriggriéhm of solving linear non-
homogeneous equations of the second order withgefadnte coefficients. The aim of the work is to shibve
algorithms for solving equations both analyticalyd numerically. The additional aim is to make saraphi-

cal interpretation of solutions.

Material and methods Some selected equations have been chosen frosutiject literature. In the solutions
the constant variation method has been presented.

Results: The paper presents the selected linear non-homogsneuations of the second order with constant
coefficients containing linear, homographic, logfamic and trigopnometric functions.

Conclusion: Taking into account the constant variation methog possible to solve the second order linear
non-homogeneous differential equations with chablge&oefficients. Using thélathematicaprogram it is
possible quickly get a solution and create its iegd interpretation.
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order, changeable coefficients, variation constagthod, analytical solution, numerical solutidtathematica
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ROZWIAZYWANIE ANALITYCZNO-NUMERYCZNE LINIOWYCH NIEJEDNORCDNYCH ROWNAV
ROZNICZKOWYCH DRUGIEGO RZDU O ZMIENNYCH WSPOLCZYNNIKACH PRZY WYCIU
METODY WARIACJI STALEJ | ZASTOSOWANIU PROGRAMU MAREMATICA

Streszczenie

Wskep i cel: W pracy pokazano algorytm analityczny i numeryeoayigzywania rowna rozniczkowych linio-
wych niejednorodnych drugiegoedu o zmiennych wspotczynnikach. Celem pracy jekazamie algorytmu
rozwigzywania rownd zaréwno sposobem analitycznym jak i numerycznymadto dodatkowym celem jest
interpretaciji graficznej rozwiza.

Materiat i metody: Wybrane rownania zaczergto z literatury przedmiotu. W rozwianich rowna zastoso-
wano metogd wariacji statej.

Wyniki: W pracy opracowano wybrane rownanigmiczkowe liniowe niejednorodne drugiegeda o zmien-
nych wspotczynnikach zawiegaych funkcje liniowe, homograficzne, logarytmicztrggonometryczne.
Whiosek: Stosugc meto¢ uzmienniania statej jest mave rozwizywanie réwna rozniczkowych liniowych
niejednorodnych drugiego ¢du o zmiennych wspotczynnikach. Wykorzystgrogram Mathematica néona
szybko uzyskaozwigzanie oraz sporgzic jego interpretagj graficzny.

Stowa kluczoweRo6wnania réniczkowe zwyczajne, réwnania liniowe, réwnaniaatdejorodne, réwnania dru-
giego rzdu, zmienne wspdtczynniki, metoda wariacji staigjwigzanie analityczne, rozyzanie numeryczne,
Mathematica.

(Otrzymano: 03.05.2018; Zrecenzowano: 13.05.20 HKeeptowano: 20.5.2018)
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1. Theoretical introduction

Definition 1

The differential non-homogeneous linear equatiothefsecond order with constant coef-
ficients has the following form:

d’y dy

2 +p,(X) ==+ p,(X)y = q(x 1)
02 Py ( )dX P2 (X)y =q(x)

where p(x), p2(X), q(x) are some continuous function in a certatarval (a, b) [2], [4].
Definition 2

The differential homogeneous linear equation offtret order with constant coefficients
has the following form:

d?y dy

2 +p,(X)=Z +p,(X)y=0 (2)
X2 Py ( )dX P (X)y

where p(x), p2(X) are some continuous function in a certain waé(a, b) [8], [9].

Theorem 1

The general solution of the non-homogeneous d@ifféal equation (1) is the sum of the
general solution of the homogeneous differentialagign (2) and the particular solution of
the non-homogeneous differential equation (1) [1H].

We assume that it is known the first particuldegnal of the linear homogeneous differen-
tial equation of the second order with changeabédficients which have the following form:

Y1 =Y1(X). ()
The second patrticular integral of the linear honmageis differential equation of the sec-
ond order with changeable coefficients it is pdestb get from Liouville-Ostrogradzki for-
mula [6], [11]-[13]:
expl[p0Jad (@)
yz (X)

The general integral of the linear homogeneousifitial equation of the second order
with changeable coefficients finally has the follog/form:

y(x) =Y(x) = Cryy(X) + Coy,(x) (5)

Where G and G are any real constants and the functioi{g)yy»(x) are defined by the for-
mulae (3) and (4) [10].

The patrticular solution of the non-homogeneous gougl) is found by the constant
variation method. Therefore:

y(x) = Ci(X)y1(x) + C2(X)y2 (X). (6)

The unknown functions {x) and G(x) in the formula (6) are determined from the dalt
ing system of equations (i.e. more specifically,designate their derivatives) [2], [6]:

Y2(%) = .9
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Anlytical and numerical solving of linear non-honeagous differential equations of the second-ordér shangeable coefficients ...

109+ 52y, =0

d dy, . dC, d (7)
_Cli +_C2ﬁ = q(x)
dx dx dx dx

The system (7) can be solving by using the deteantimethod (provided it is a Cramer

system). The main determinant (i.e. determinaW/ohks) has the following form:

yi(X)  ya(x) dy dy
W(x)=| dy,  dy, |=yi(X)—=2-Y,(x)—>#0. (8)
dx dx
dx dx
Thus, the determinants for the functio%gl— and% have the form:
X X
0 vy,
WC'l(x)(X)= Q(X) % :_Q(X)yz(x)’ %)
dx
yi(x) 0
We, g (9= dys 1= a0y () (10)
dx
Using Cramer formulas, we get:
dc, _ We: (x) (X)
dx W(x) (11)
dc, _ We,0 () 12
dx W(x) (12)
Therefore
dG _  —a(x)y»(x) 13)
d dy, ’
00 2=y S0
dc, _ q(x)yl(x) 14
dx o W
y1(X) dx Y2(X) dx
After integration the equations (13) and (14) ietato x variable we have:
Cl(X)Z—.[ gg{x)yZ(X) dy dx, (15)
Y1(X)72 Yo (x) =+
CZ(X): gg/X)yl(X) dy dx . (16)
Y1(X) 2 —y,(X ) L

The particular solution of the non-homogeneous Haqmél) has the following form:

4(x)y»(x) a)ya(¥) g

dx+y,(x) _[
d d 2 d d
2 ya(0 ) Vix) 2= ya(0

y(x) =J(x) ==y, (%) (17)

Y1(X)
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Finally the general solution of the non-homogeneamygation (1) has the form:

y(x) = Y(x) + y(x), (18)
y(X) =Cyy;(X) + Cy,(x) +
— Y1(X)j q(X)yZ (X) dX + Y2(X)J q(X)yl(X) dX ) (19)
Y () D2y, (0 M Y1) D2y, () M
! dx 2 dx ! dx 2 dx

Where G and G are the real constants and the functiof{g)y y.(x) are defined by the for-
mulae (3)-(4) and determinant of Wonks [2], [6]:

dy, dy;

X)—22 -y, (X)—2 0. (20)

y1(x) dx Y2 (X) dx

2. Analytical and numerical solving of the secondrder linear non-homogeneous
Differential equations with changeable coeffieints using constants variation method

Example 1

Let us consider the following non-homogeneous eqund6]:

d_zy—gﬂ+iy:—3|n2(x)_

(21)
dx? xdx x? x?
The homogeneous equation has the form:
d’y 3dy 3
dy 3,3 y-0 (22)
a2 xdx x27

 Analytical solution

It is clear that the first particular integraltbe equation (22) is described by the formula:
y1(X) =x. (23)
The second particular integral of the homogeneaus®n (22) is possible to get from
Liouville-Ostrogradzki formula (4). Therefore:

3
exp[-| ——dx]
Y200 =x| {( -

yz(x):xj%dx:xjwdx:sz—zdx:xjxdx:g. (25)

dx, (24)

The general integral of the homogeneous equatidnfi2ally has the following form:
3

Y(X) =500 =Cx+C, 2 (26)

where G and G are any real constants. The particular solutiorthef non-homogeneous
equation (21) is found by the constant variatiorthoé. Therefore:

3
y(x) :cl(x)mcz(x)d;—. (27)
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Unknown functions gx) and G(x) in (27) are determined from the following syste

d_C-LD(+d_C2X_3:O

dx dx 2

28
dc ,, 4G 3x* _ 3In*(x) (28)
dx dx 2 x2

We solve the system (28) using Cramer method. Tdia determinant has the form:

X
2 e % 3
W(x) = =—-—=x"%20.
(X) w2l 2 2 (29)
1 _
2
) . dC, dC, )
Thus, the determinants for the functlo%s— andd— have the form:
X X
XS
0 2 | X8 3In’(x) __3
W, (X)= =—— =—-—xIn(x),
0= 31020 x| 2 X 5 XInG) (30)
X2 2
x 9 In2(x) _ 3In(x)
Wy () =] 3In°() =xE ) . (31)

Using Cramer formulae, we get:

Bdfln(x n?(x) ’ (32)

dx x2
d 3l 3l
d%: nx3(X)G>lZ: Z“(X)' (33)

Both sides of above equations we integrate relativevariable:

o3 o o
X
ijZd _3j'” (%) g4 (35)

Let us determine the integral:

) . 2In(x)
_EJ»Inz(x) dx= u=In?(x)] U=

__3 _In2(x)+2J-|n(x) _
vV =x? V:J'X—ZdX:_X—l 2 X x2

_3In%(x) __¢In(x) _/u=In(x) u=x" _3In0) _J ) 2. |- (36
T2 3 _< v=[xPdx=-x"/"2 «x 3[ X +x dx}— (30)

2 X 2 \v'=x7?
_3In’(x) _ 3In(x) _ 3 :§[In2(x) 4 2In(x) +g}

X
2 X X X 2] X X X
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Let us determine the integral:

u,_2In(x)
2 —_ 2 - 2
3jln Sx) i uTI_n (f) < z{_ln (;()”%fm(f)}
X V =X V='[X_4dx=——3 3X X
3X
] -1
In?(x) In(x) _/u=In(x) u =X In?(x) { In(x) 1 dx}
=- +2 = - 1 )=- +2 - +=|—=|= (37
x3 I x4 vi=x"* V:J.X 4dXZ—¥ x3 ax® 37x* (37)
:_lnz(x)_gln(x)+EI%:_|n2(x)_gln(x)_gi:_g 9|n2(x)+6|n(x)+£
x> 3 x® 34 x> 3 x2 9x® 9 x° x> X3

After integration (34) and (35) we have:

A2
Cl(x):E In (x)+2ln(x)+g} (38)
2| X X X
_1f9In?(x) 6In(x) 2
CZ(X)__§_ X3 + X3 +F. (39)
The particular solution of the non-homogeneous egug21) has the following form:
2 2 3
y(x)Ey(x):§ In (x)+2ln(x)+g D(—l 9In 3(x)+6lngx)+£3 Ef— (40)
2l x X X 9 x X x| 2
— 5 3, 2 1, 1 1 5 8 26
x) = §(x) ==In?(x) +3In(x) +3-=In?(x) - =In(x) - = =In*(x) +=In(x) + ==,  (41)
y()y()z() (x) 2()3()9 ()3()9
y(x) =é[9|n2(x) +24In(x) +26]. (42)
Finally, the general solution of the nhon-homogermseeguation (21) has the formula:
3
y(X) =y(x)+¥(x) =Cx + sz? +%[9In2(x) +24In(x) + 26]. (43)
— x? 1 2
y(x)—Clx+02?+§[9In (X) +24In(x) + 26]. (44)

where G and G are the real constants.

* Numerical solution

In numerical analysis we take into account the tsmiu (44) where C[1]=C[2]=1,
C[1]=C[2]=2, C[1]=C[2]=3, C[1]=C[2]=4; [1], [3], [}, [7], [14]. Thus

y(x)=x+;—3 +é[9|n2(x)+24ln(x)+26], (45)
y(x) =2x+x3+%[9In2(x)+24ln(x)+26], (46)
y(X) = 3x +gx3+%[9In2(x)+24ln(x)+26], (47)
y(X) = 4x + 2x° +%[9In2(x) +24In(x) +26]. (48)
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Program 1. (Mathematica 7.0)

In[1]:= DSolvely"[x] — (3/X)*y'[x] + (3/x*2)*y[x] == (3(Log[x])2)/x"2 y[X], X] /.
{C[1]-1,C[2] - 0.5*1},{C[1] - 2,C[2] - 0.5*2},{C[1] - 3,C[2] - 0.5*3},{C[1] - 4,C[2] - 0.5*4}}
Plot[Evaluate[y[x] /. %], {X, O, 1}, Background - RGBColor[0.95,0,1],
PlotStyle —» {{RGBColor[1,0,0], Thickness[0.009]},
{RGBColor[0,0,1], Thickness[0.009]}, {RGBColor[0,1,0], Thickness[0.009]},
{RGBColor[1,0,1], Thickness[0.009]}},PlotRange — {0, 12}, AxesOrigin - {0, 0},
AxesStyle - Thickness[0.004], Axeslabel - {"x", "y"},
GridLines — Automatic, TextStyle — {FontFamily - "Arial", FontSize - 12}]
Out[1] =
{{ylx] - x+0.5x*+ 1 (26+24Log[x]+9Log[x]9)}}, {{y[X] - 2x+1.x°+1 (26+24Log[x]+9Log[x]")}},

{y[x] - 3x+1.5x°+ 1 (26+24Log[x]+9Log[x]*)}}, {{y[X] - 4x+2.x°+ 1 (26+24Log[x]+9Log[x]*)}}
Out[2] = = Graphics =

y
5
45 g C1=Co=4
y / ~
4 7 C;=C,=3
35 /
/' C]_:C2—2

// —C.=
2.5 7 / C.=C,=1
Z =~ o

1 = / /
~J T —y, —
X
0.1 0.2 0.3 04 05 0.6

Fig. 1. Graphs of the functions (45)-(48), someisohs of the second order linear
non-homogeneous differential equation (£ith changeable coefficients
and for constants: €C,=1, G=C,=2, G=C,=3, G=C,=4
Source: Program and graphs in Mathematica elabatdig the Authors

Example 2
Let us consider the following non-homogeneous eqund6]:
2 .
dy 1dy, 1 _sin2inG)] (49)
dx?> xdx x? x?

The homogeneous equation has the form:

d’y 1dy 1
— 24224 —y=0. (50)
dx? xdx x? Y

* Analytical solution
The first particular integral of the homogeneogsation (50) is described by the formula:

y1(x) = cos[In)]. (51)
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Let us proof that the function (51) is the firstipaular integral of the equation (50):

dy, __ sin[In(x)] | (52)
dx X
d?y, _ —xcos[Ink)] + xsin[In(x)] (53)
dx? x3 '

Let us put the functions (51) and (52) into theagoun (50):

—xcos[InK)] +xsin[In(x)] _ 1 sin[In(x)]

3 —cosln(x)]
X X X x2 54)
__cos[Ink)] N sin[In(x)] _ sin[In(x)] N cos[Ink)] _ 0 0=0 (
- x? x? x? x2

The above result means that the function (51)aditlt particular integral of the equation (50).

The second particular integral of the homogeneaust®n (50) is possible to get from
Liouville-Ostrogradzki formula (4). Therefore:

exp(- j S

Yy, (x) = @dIn(x )]Im , (55)
Y200 = odin()]| %dx: osin(x)) j% ‘=

In(x) =t

_ dt  _ _
= ogIn(x)] j 14y dt>- ogIn(x)] j T odIn(x)]dg(t) = (56)

xcosz[ln(x] <
= ofIn(x)] dg[In(x)] = ©gIn(x )]E}m—sm[ln(x)]

@gIn(x)]
Y, (X) =sin[In(x)]. (57)
The general integral of the homogeneous equati@nfiizaly has the following form:
y(x) = y(x) = C, cos[Ink)] + C, sin[In(x)]. (58)

where G and G are any real constants.

The particular solution of the non-homogeneous egug49) is found by the constant
variation method.

Therefore:
y(x) = C,(x) Leos[Ink)] + C,(x) [Sin[In(x)]. (59)

Unknown functions gx) and G(x) in (59) are determined from the following syste

Z—% [¢os[Ink)] +O(|]|—c):(2 [$in[Inx)] =0
dc, —sin[ln(x)]}+ dc, cos[lné()]} _sinfIn(x)] (60)

dx X dx X x?

The system (60) can be solved by using Cramer rdethlbe main determinant has the
form:

28



Anlytical and numerical solving of linear non-honeagous differential equations of the second-ordér shangeable coefficients ...

cos[ink)] sin[Ink)] .
W) =| sining)]  cosling)]| = OSINE , sininG)l 1 o (61)
X X X X X
Thus, the determinants for the functio%%— and% have the form:
0 sin[In(x)] . .
W, () = sinl2In()] - cosfin)] | = _sinfine)l Sini2in(x)] (62)
x2 X X
cos[Ink)] 0 .
We ()= _SinlinG)] ~ sinf2in(x)] | = cos{in)l Ej'”[z'”(x)]_ 63)
1 X X2 X
Using Cramer formulae, we get:
dC, _ _ 2sin’[In(x)] [os[Ink)] | (64)
dx X
dC, _ 2sin[In(x)] m:osz[ln(x)]_ (65)
dx X

Both sides of above equations we integrate relativevariable:

J-o(lj_%dxz_ZJ-sinz[In(x)]XE:os[InQ()] dx. (66)
J‘&dxzzj‘sin[ln(x)] [co[In(X)] dx. (67)
dx X

Let us determine the integral:

. In(x) =t e
- of S InGo] osling)] dx=<dx >=—2_[Sin2(t)m:os(t)dt:< sin®) pp>=

X — =dt cosf)dt=d
X (68)
ol dne 23 = _ 23y = _ 2 i3
=-2[p*dp SP’ = =5 sin’(0) =~ ZsinlIn(x)].
Let us determine the integral:
: In(x) =t _
2[5'”['”(")] eosTIn(x)] dx:<dx_d >:2jsin(t) m:o§(t)dt:< cost) =p >=
X — =at -sin(t)dt=dp
X (69)
==-2|[-si = 2 :—g 3:—2 :—g
= 2[[ sin(t) o< (t)dt 2j p2dp 3P 3co§(t) 3cos°’[ln(x)].
After integration in (66) and (67) we have:
C,(x) = —gsin3[ln(x)], (70)
C,(x) = —%co§[ln(x)]. (71)

The particular solution of the non-homogeneous egu#49) has the following form:
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V() = §(x) == sin{in(x)] os[in)] - = cosTin(o)] Sinfing)] = (72)

= —%sin[ln(x)] [¢os[In)] [ﬁsinz[ln(x)] + cosz[ln(x)]} = —%sin[ln(x)] [eos[In].

V()= 9(x) = ~Zsini2in(x)] (73)

Finally, the general solution of the non-homogemseequation (49) has the formula:
y(x) = Y(x) + ¥(x) = C, cos[Ink)] + C, sin[In(x)] —%sin[ZIn(x)], (74)
Y(4) = C, cosling)] + C,sinfinge)] - Zsinf2ine)] (75)

where G and G are the real constants.

* Numerical solution

In numerical analysis we take into account the tswiu (75) where C[1]=C[2]=1,
C[1]=C[2]=2, C[1]=C[2]=3, C[1]=CI[2]=4; [1], [3], [} [7], [14]. Hence:

y(x) = cos[Ink)] +sin[In(x)] +%sin[2|n(x)], (76)
y(x) = 2cos[Ink)] + 2sin[In(x)] +%sin[2ln(x)], (77)
y(x) = 3cos[Ing)] + 3sin[In()] +%sin[2|n(x)], (78)
y(x) = 4cos[Ink)] + 4sin[In()] +%sin[2ln(x)]. (79)

Program 2. (Mathematica 7.0)

In[1]:= DSolve[y"[x] + (1/X)*y'[X] + (1/x"2)*y[X] == (Sin[2*Log[x])/x"2 y[X], X] /.
{{C[1] - 1, C[2] - 1}{C[1] - 2, C[2] - 2}{C[1] - 3, C[2] -~ 3}{C[1] - 4, C[2] - 4}}
Plot[Evaluate[y[x] /. %], {x, 0.01, 1.5}, Background - RGBColor[0.95,0,1],

PlotStyle —» {{RGBColor[1,0,0], Thickness[0.009]},
{RGBColor[0,0,1], Thickness[0.009]}, {RGBColor[0,1,0], Thickness[0.009]},

{RGBColor[1,0,1], Thickness[0.009]}},PlotRange - {—6, 6}, AxesOrigin - {0, 0},

AxesStyle - Thickness[0.004], Axeslabel - {"x", "y"},

GridLines - Automatic, TextStyle - {FontFamily - "Arial", FontSize - 12}]
Out[1] =
{yIx]- Cos[Log[x]]+Sin[Log[x]]-% (-6Cos[Log[x]]Sin[Log[x]]-Cos[3Log[x]]Sin[Log[x]]+Cos[Log[x]]Sin[3log[X])}}.
{yIx]- 2Cos[Log[x]]+28in[Log[x]]-% (-6Cos[Log[x]]Sin[Log[x]]-Cos[3Log[x]]Sin[Log[x]]+Cos[Log[x]]Sin[3log[X]])}}
{yIx]- 3Cos[Log[x]]+3Sin[Log[x]]-% (-6Cos|Log[x]]Sin[Log[x]]-Cos[3Log[x]]Sin[Log[x]]+Cos[Log[x]]Sin[3log[X]])}}
{yIx]- 4C0$[Log[x]]+4Sin[Log[x]]-% (-6Cos[Log[x]]Sin[Log[x]]-Cos[3Log[x]]Sin[Log[x]]+Cos[Log[X]ISin[3log[X]])}}}
Out[2] = = Graphics =
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Let us proof the following identity:
:—ésin[ZIn[x]] = —%{—6cos[ln(x)]sin[|n(x)] —cosBIn(x)]sin[Inx)] + cos[In&)] sin@BIn(x)]}. ~ (80)
Let us consider the right side of the identity (80)
P= —%{ —6cos[Ink)]sin[In(x)] + cos[Ink)]sin[8In(x)] - sin[In(x)] cosBIn )]} =
= —%{—6cos[lné<)]sin[ln(x)] +sin[3In(x) —Ing )]} = cos[In&)]sin[In(x)] —%sin[ZIn(x)] = (81)
= cos[In)] sin[In(x)] —%sin[ZIn(x)] = cos[In)] sin[In(x)] —%sin[ln(x)] cos[In)] =
:gsin[ln(x)] cos[In)] :%sin[ZIn(x)].

Above fact means that the identity (80) is truemians that program 2 Mathematica
shows the answer in according with the analytioa‘rﬁ%sin[Zln[x]] in formula [76]-[79].

y
6

' e C1=C,=4
4 C,=C,=3
" = C]_:CZZZ
L / 7

C1:C2:l
| P A B A B
94 0.6 08 1 1.2 14

-6 L N\

Fig. 2. Graphs of the functions (76)-(79), somesohs of the second order linear

non-homogeneous differential equation (@& changeable coefficients
and for constants: €C,=1, G=C,=2, G=C,=3, G=C,=4

Source: Program and graphs in Mathematica elabatdig the Authors

Example 3
Let us consider the following non-homogeneous egnd6]:
2

dy_3dy 4 _x (62)
dx?> xdx x?° 2

The homogeneous equation has the form:
d’y 3dy 4
&y 2, %y-0 (83)

dx? xdx x
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* Analytical solution
It is clear that the first particular integraltbk equation (83) is described by the formula:
y;(x) = X2 (84)

The second particular integral of the homogeneaust®n (83) is possible to get from
Liouville-Ostrogradzki formula (4). Therefore:

dx
XP(J. fd X) exp@j—) |
yZ(X) X J. dX:XZITXdX :XZI—eXp[)B(‘ln(X)] dx = (85)
3
d
:XZI%dX:XZI%dX:XZI%ZXZM(X),
Y, (X) = x2In(x). (86)

The general integral of the homogeneous equatidnfii@lly has the following form:

y(x) = §(x) = Cx% + C,x2In(x). (87)
where G and G are any real constants.

The particular solution of the non-homogeneous eouig82) is found by the constant
variation method. Therefore:

y(X) = C,(x) k% + C,(x) X In(x). (88)
Unknown functions ¢x) and G(x) in (88) are determined from the following syste

96 42, 9% Xx%In(x) =0

dx dx

(89)
a6 [2X + dG, J2xIn(x) +x] =—
dx dx

We solve the system (89) using Cramer method. Tdie determinant has the form:

x?  x%In(x)

W(x) = =2x3In(x) +x3 - 2x%In(x) =x3 # 0. (90)
2x  2xIn(x) +x
. . dC, dC, _
Thus, the determinants for the functlo%s— andd— have the form:
X X
0 xZIn(x) 3
Wc;<x>(x)=§ 2xin()+x| 2 M (°1)
x> 0 X3
Weo )=l X155 (92)
2
Using Cramer formulae, we get:
LIS S )E-ll Lo, (93)
dx 2 2
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ot :%. (94)

Both sides of above equations we integrate relativevariable:

_ 1
jd—qu=—%jln(x)dx:<u_ln(x) ) '§>=-% xln(X)-jdX]=

dx V=L =k (95)
1 1
= —E[xln(x) -x]= —Ex[ln(x) -1],
I%dxzéfdx :%x. (96)
After integration in (95) and (96) we have:

€00 =-2xfin -1, o7)
C,(x) :%x. (98)

The particular solution of the non-homogeneous egu#82) has the following form:
y(x) = 9(x) = —%x[ln(x) ~1] x? +X—23|n(x) = —X—23In(x) +X—23 +X—23|n(x). (99)
Y09 =9(x) = X; (100)

Finally, the general solution of the non-homogerseeguation (82) has the formula:

3
Y(x) 2F(x) +§(0) = Cpc® + C,x In(x) + (101)

3
Y(x) =x7[C; + CyInGa)] +- (102)

where G and G are the real constants.
* Numerical solution

In numerical analysis we take into account the tewiu (102) where C[1]=C[2]=1,
C[1]=C[2]=2, C[1]=C[2]=3, C[1]=C[2]=4; [1], [3], [$ [7], [14]. Hence:

3

Y(x)=x*[L+InGa)] +7-, (103)
y(x) = x%[2+ 2In(x)] +X;, (104)
y(x) = x?[3+3In(x)] +X;, (105)
y(x) = x*[4+4In(x)] +X;. (106)
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Program 3. (Mathematica 7.0)

In[1]:= DSolve[y"[x] + (=3/X)*y'[X] + (4/x"2)*y[x] == (Sin[2*Log[X])/x"2 y[X], X] /.
{{C[1] - 1, C[2] - 1}.{C[1] - 2, C[2] - 2},{C[1] - 3, C[2] - 3}{C[1] - 4, C[2] — 4}
Plot[Evaluate[y[x] /. %], {X, 0.01, 1.5}, Background - RGBColor[0.95,0,1],

PlotStyle —» {{RGBColor[1,0,0], Thickness[0.009]},
{RGBColor[0,0,1], Thickness[0.009]}, {RGBColor[0,1,0], Thickness[0.009]},

{RGBColor[1,0,1], Thickness[0.009]}},PlotRange - {—6, 6}, AxesOrigin - {0, 0},
AxesStyle — Thickness[0.004], Axeslabel - {"x","y"},
GridLines — Automatic, TextStyle - {FontFamily - "Arial", FontSize - 12}]
Out[1] = {{{y[x] - Cos[Log[x]}+Sin[Log[x]}- 5 Sin[2Log[x]}}, {{y[x] - 2Cos[Log[x]}+2Sin[Log[x]}- 5 Sin[2Log[x]]}}
{{y[x] - 3Cos]Log[x]]+3Sin[Log[x]]- 5 Sin[2Log[x]I}}, {{y[X] - 4Cos[Log[x]}+4Sin[Log[]]- 5 Sin[2Log[x]}}
Out[2] = = Graphics =
y C,=

15 '] —

ke [ C1:4

[WEN
O

i
[HY

] y,

Fig. 3. Graphs of the functions (103)-(106), somlatsons of the second order linear
non-homogeneous differential equation (8&2) changeable coefficients
and for constants: €C,=1, G=C,=2, G=C,=3, G=C,=4
Source: Program and graphs in Mathematica elabatdig the Authors

Example 4
Let us consider the following non-homogeneous egnd6]:
2
dy, sdy, 1,1 (107)
dx? xdx x2° x°

2
dy 3dy 1. _4 (108)
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* Analytical solution

The first particular integral of the equation (J@8described by the formula:

1
y1(X) = " (109)
Let us proof that the function (109) is the firarficular integral of the equation (108):
dy, -1 (110)
dx  x2
dy, _ 2 (111)
dx*> X3
Let us put the functions (110) and (111) into thaation (108):
2 3-1 11 2 3 1 3 3
Z+SGFS+52=0 & —=-"+—-=0 - —-2=0 - 0=0 (112)
x> x x? x%x x> x® x x3 X3

The above result means that the function (109)aditst particular integral of the equation (108).

The second patrticular integral of the homogeneaquston (108) is possible to get from
Liouville-Ostrogradzki formula (4). Therefore:

3 dx
1 exp(—j—dx) 1 exp(—3j—) 1 3
e B e A =
CleexpIn(x)], 1ex3,  1cdx_1
Ut il i
Y,(x)= '”)((X) (114)

The general integral of the homogeneous equatiod) (finally has the following form:
V) =700 =C, -+, BN 115)

where G and G are any real constants.
The particular solution of the non-homogeneous goug107) is found by the constant
variation method. Therefore:

Y0 =L 5 +C () . (116)

Unknown functions ¢x) and G(x) in (116) are determined from the following st

4G, 1, 4G, Ine) _

dx x dx X
9, 1) 8 oy L ()
dx (x2) dx  x? x3

We solve the system (117) using Cramer method.nfdia determinant has the form:
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1 In(x)
oy _ 1 In(x) In(x) 1
= X = i
W(x) = 1 1- In(x) VO MR x #0. (118)
X X2
) . dC; dC, )
Thus, the determinants for the functlo%s— andd— have the form:
X X
0 In(x)
_ __In(x)
We, o) =] 1 1—|)r(1(x) A (119)
X3 x2
L 0
« 1
| = X - (120)
Wcl(x)(x)_ _i i X4
X2 x3
Using Cramer formulae, we get:
a4 __In() 3@ __In(x) (121)
dx x* 1 X
3
@G 1.1 (122)

dx x* 1 x
Both sides of above equations we integrate relativevariable:

In(x) =t
cl(x):—j@dx:<%_d >:—jtdt g———lnz(x) (123)
X
Co(0= [ =In(x). (124)
After integration in (123) and (124) we have:
C,(x) = —%Inz(x), (125)
C,(x) =In(x). (126)

The particular solution of the non-homogeneous egug107) has the following form:
2 2 2
Y(x)=9(x) ==~ In?(x) [ﬁ +In(x) Eﬁ—m(x)j: e D=2z
2 X X 2 X X 2 X

In?(x) (128)
2X

Finally, the general solution of the non-homogeseequation (107) has the formula:

2
Y =T +500=Cy -+ cz('”ix)j L)

V() =90 =

(129)

C1 N Czln(x) In?(x)
X 2X

y(x) = (130)

where G and G are the real constants.
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¢ Numerical solution

In numerical analysis we take into account the tgmiu(130) whereC[1]=C[2]=0,25;
C[1]=CJ[2]=0,5; C[1]=C[2]=0,75; C[1]=[2]=1[1], [3], [5], [7], [14]. Hence:

Y(x) = 025, 0250n(x) , In2(x)' (131)
X X 2X

y(x) _05, 050n(x) , In2(x)’ (132)
X X 2X

y(x) = 075, 0750n(x) , Inz(x), (133)
X X 2X

y(x) =+ +10) LS (134)
X X 2X

Program 4. (Mathematica 7.0)

In[1]:= DSolvel[y"[x] + (3/X)*y'[X] + (1/x"2)*y[x] == 1/x"3 y[X], X] /.

{{C[1] - 0.25,C[2] - 0.25},{C[1] - 0.5,C[2] - 0.5},{C[1] - 0.75,C[2] - 0.75} {C[1] - 1,C[2] - 1}}
Plot[Evaluate[y[x] /. %], {X, 0.1, 0.6}, Background — RGBColor[0.95,0,1],

PlotStyle — {{RGBColor[1,0,0], Thickness[0.009]},

{{RGBColor[0,0,1], Thickness[0.009]}, {RGBColor[0,1,0], Thickness[0.009]},
{RGBColor[1,0,1], Thickness[0.009]}},PlotRange - {0, 5}, AxesOrigin - {0.15, 0},
AxesStyle — Thickness[0.004], Axeslabel - {"x", "y"},

GridLines — Automatic, TextStyle - {FontFamily - "Arial", FontSize - 12}]

Out[1] = {Hy[x] - 055+ 025Lodx] Logxx]z} {y[x] 05 _05Lodx] Lqu]Z}

X X X 2X

X X X 2X

{y[x] ) 0;(75+ 075Logx] , Log[xx]z} {y[x] 1, Logx], Logjx]z}}}

Out[2] = = Graphics =
y

5 _ C1:C2:0,25
\ | — C1=C,=0,5
4 I
\ _— C;=C,=0,75
3 \ C.=C,=0,1
2 9
N
1
\_
X
0.1 0.2 0.3 0.4 05 0.6

Fig. 4. Graphs of the functions (131)-(134), sowlatsons of the second order linear
non-homogeneous differential equation {Mith changeable coefficients
and for constants: £C,=1, G=C,=0,75, G=C,=0,5, G=C,=0,25

Source: Program and graphs in Mathematica elabaidig the Authors

37



A.A. Czajkowski, W.K. Oleszak, G.P. Skorny, R. &dat

3. Conclusions

» Taking into account Liouville-Ostrogradzki formwadthe constant variation method it is
possible to solve the linear non-homogeneous eifiigall equations of the second order
with changeable coefficients.

» Using theMathematicaprogram for numerical solution, of the linear rfewmogeneous
differential equations of the second order withridesable coefficients, you can quickly get
a solution and create its graphical interpretation.
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