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Abstract: In this work we propose a new mathematical 
model and method of optimal stochastic control of the modes of 
operation of the sewage pumping station for three-band tariff for 
the electricity, the implementation of which provides a 
significant reduction of financial expenses of the electricity for 
pumping waste water. The proposed model and method take 
into account the stochastic properties of the object of control and 
environment most adequately. The mathematical formulation of 
the problem of optimal stochastic control with extreme and 
probabilistic constraints on the phase variables and efficient 
algorithm to solve it is presented. The proposed method of 
optimal stochastic control provides minimum of the 
mathematical expectation of the volumes of pumped waste 
water at the time interval with a high electricity tariff and 
maximum of the mathematical expectation of the volumes of 
pumped waste water at the time interval with a minimal tariff 
when all technological limitations are accomplished. 

Key words: optimal stochastic control, sewage pumping 
station, receiving tank, three-band tariff for the electricity, 
efficient use of resources. 
 

INTRODUCTION 

In the urban sector of modern cities the expenses for the 
electricity in supply and sanitation systems occupy about 25% 
of total operating costs in water supply systems [1, 13, 15, 18, 
26]. Significant increase of the electricity tariffs has led to the 
urgent need in development and implementation of energy-
saving technologies of the operation of the sewage pumping 
station (SPS) [12, 14]. Specific features of SPS like relatively 
small receiving tank capacity (RT), severe restrictions on the 
conditions of its overflow or emptying (emergencies) and the 
single-band tariff for the electricity have turned to widespread of 
classical deterministic strategies of the operation of pump units 
(PU) of SPS. 

The classical strategy of the operation of PU of SPS is in 
the following: all acceptable range of the variation of the levels 
of waste water (WW) in RT is divided into several levels 
(thresholds); if the level of WW in RT of SPS exceeds the 
predetermined threshold, an additional PU is switched on; if the 
level of WW in RT of SPS keeps rising and exceeds the 
following threshold, another additional PU is switched on and 

this process goes on until all PU of SPS are switched on. If the 
level of WW in RT of SPS continues to rise and exceeds the 
maximum allowable level then in order to avoid flooding of the 
room of SPS an alarm reset of WW from RT into surface water 
is carried out. When the level of WW reduces lower than the 
predetermined threshold PU on SPS is switched off. If the level 
of WW in RT becomes lower than minimum allowable level 
then all PU on SPS are switched off [3-6, 10]. 

Such a strategy proved to be extremely simple and quite 
safe and it is widely used in the practice of the operation of PU 
of SPS for one-band tariffs for the electricity. [9] 

The problem of optimal stochastic control of the modes of 
operation of SPS while its transition to three-band tariff for the 
electricity is examined in the present work. At that SPS is 
considered as a stochastic object operating in the stochastic 
environment. The stochastic nature of the environment can be 
seen in the fact that the processes of inflow of WW in RT of 
SPS (inputs of the object of control) have pronounced random 
character depending on a variety of chronological, 
meteorological and organizational factors [8, 27]. The stochastic 
nature of the object of control is seen in the fact that the 
parameters of the technological equipment of SPS are unknown 
a priori, but they are estimated according to the experimental 
data of the final length, which are random variables [21-25, 7]. 
The consideration of real conditions of the functioning of SPS, 
the development and use of more adequate mathematical 
models of technological equipment of SPS and three-band tariff 
for the electricity make it possible to build more cost-effective 
methods of control of the modes of operation of SPS at a given 
interval of control [0, T]. 

 
THE MATHEMATICAL FORMULATION OF THE 

PROBLEM OF OPTIMAL STOCHASTIC CONTROL OF 
THE MODES OF OPERATION OF SPS 

 
The cost of the electricity is determined by the diagram of 

three-band tariff, given in Fig. 1. Without loss of generality, we 
give the mathematical formulation of the problem of optimal 
stochastic control of the modes of operation of SPS for SPS, the 
structure of which is shown in Fig 2. 

 
Fig. 1. The diagram of three-band tariff for the electricity 
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Fig. 2. Typical structure of SPS  
 
 

The interval of control [0, T] (a day) is divided into 24 
subintervals corresponding to each hour k=0, ..., 23. We assume 
that at k=0 the predictions of inflows of WW into RT 0vhq  are 

known in the form of conditional mathematical expectations 
(ME) of future volumes of the inflow of WW, calculated at the 
time interval k=0, proactively l=1,2, ..., 23; ME of the level of 
WW in RT of SPS- 0H ; ME of the number of operating PU - 

0m . The static data are also known: the structure of SPS, 

lengths, diameters, geodetic marks of the sections of pressure 
header, the types of PU, the evaluations of the parameters of PU 
models, physical dimensions of RT, the evaluations of the 
parameters of AV, cut-off valves and return valves. 

The objective function of the problem of optimal stochastic 
control of the modes of operation of SPS at the time interval [0, 
T] is ME of the sum of the electricity costs by all operating PU 
at the time interval [0, T]: 
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the area of restrictions Ω  is determined by the stochastic model 
of quasi-stationary modes of operation of the pumping station 
(PS) [21-25]: 
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the stochastic model of RT: 
 

{ }1( ) ( ) ( ( ) ( )) 0,k k k vhk vihkM H H c q q
ω

ω ω ω ω−− − − =  (9)  

 
probabilistic and extreme constraints on the phase variables 
fixed at the time interval 6, 23k k= = :  
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where: ( )u k  - vector of  control which determines the amount 

of operating PU, the position of AV; ( )kH ω  - level of WW in 

RT of SPS at a given k time interval; minH  - minimum 

allowable level of WW in RT of SPS; maxH  - maximum 

allowable water level in RT of SPS under certain initial 
conditions 0 0,m H . 

Random variables characterize: ( )ikq ω – WW 

consumption on i section of the pressure header at k time 
interval;  ( ( ))ik ikh q ω  - evaluation of the head fall on i 
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section of the pressure header at k time interval; ( )KNSkh ω  – 

water head at the output of SPS, ( ( ))NAik ikh q ω  – water 

head of i PU; ( ), ( )vh k vih kq qω ω  - WW consumption at the 

input and output of RT at k time interval. ( )iS ω  – 

evaluation of the hydraulic resistance on i section of the 
pressure header (i M∈ ); (q ( ))RZik ikh ω  – evaluation of the 

head fall on i AV; ( ( ))NAik ikqη ω  – evaluation of the 

coefficient of efficiency of  i  PU;  
 

0 1 2 0 1 2( ), ( ), ( ), ( ), ( ), ( )i i i i i ia a a d d dω ω ω ω ω ω  –  

 
evaluations of the parameters of PU (i L∈ ); ( )iC ω  – 

evaluations of the parameters of AV (i R∈ ); Eik – rate of 
the opening of AV (E ϵ (0,1]);  c  - coefficient inversely 

related to the area of RT;  ( )g
ih  – geodesic mark of i section of 

the pressure header (i M∈ ); ( ( ))NAik ikN q ω - evaluation of 

the power by i PU at k time interval; m  - number of PU on 
SPS; ks  - electricity tariff at k time interval; {}M

ω
⋅  - ME of 

corresponding random variables, enclosed in brackets {.}. 
The problem of optimal stochastic control of the modes of 

operation of SPS (1) - (13) belongs to the class of nonlinear 
problems of optimal stochastic control with discrete time, 
probabilistic and extreme constraints on the phase variables [2, 
11, 19, 20]. There aren’t any exact solutions of the 
problems of such a class nowadays. The approximate 
method of solving the examined problem by the transition from 
stochastic problem (1) - (13) to its deterministic equivalent the 
decision of which is carried out by the modified method of 
branches and bounds is given in the present work. 

 
THE DETERMINISTIC EQUIVALENT OF THE 

PROBLEM OF OPTIMAL STOCHASTIC CONTROL OF 
THE MODES OF OPERATION OF SPS 

 
The deterministic equivalent [8, 9] of the problem of 

optimal stochastic control of the modes of operation of SPS per 
day (1) - (13) can be represented as: 
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where:  * *,H H− + - calculated values of the minimum and 

maximum levels of WW in RT of SPS where for ω∀ ∈Ω  
probabilistic constraints (10) – (11) will be fulfilled under 
certain initial conditions  0 0,m H  . 

 
THE METHOD OF SOLVING THE DETERMINISTIC 

EQUIVALENT OF THE PROBLEM OF OPTIMAL 
STOCHASTIC CONTROL OF THE MODES OF 

OPERATION OF SPS. 
 

To solve the deterministic equivalent of the problem of 
optimal stochastic control of the modes of operation of SPS (14) 
- (25) we will use the modified method of branches and bounds. 

Initial data: 
P - vector of dimension [24x1] defining the predicted 

values for the inflow of WW at the planning interval. 
n - maximum quantity of similar PU which can be 

switched on SPS  (n = 5). 
T - vector of dimension [24x1] defining the three-band 

tariff for the electricity,  Ti - electricity tariff at the time interval 
[i-1, i]  (i = 1, ..., 24). 

0H - ME of the level of WW in RT of SPS at the 

beginning of the interval of control. 
Allowable limits of the change of the level of WW in RT 

of SPS  min max[ , ] [3,2;5,9]H H = . 

Physical dimensions of RT of SPS: 
34727 ; 6V m H m= = . 

ME of the WW flow in the operating point of PU: 
30 4180 /q m s=  

The planning interval [0, T] (one day) is divided into three 
subintervals 1 2 3, ,k k k  ( , 1,2,3jk j = ) according to the three-

band tariff. We will consider the planning interval one day as a 
set of time subintervals {1,2,..., 24}S = , then in accordance 

with the three-band tariff the set 1 {1,2,...,5,23,24}S =  

corresponds to the time interval with minimal tariff, with 
medium tariff – the set 2 {6,7,10,11,...,17,22}S = , with 

maximal tariff – the set 3 {8,9,18,19,..., 21}S = . 1 2 3, ,S S S  

- noncrossing sets 1 2 3S S S = ∅∩ ∩  and 1 2 3S S S S= ∪ ∪ . 

OptStoim - a large number. 
 
Conventional signs of intermediate data: 
q - vector of dimension [24x1] determining ME of the total 

flow rate of WW on SPS of all subintervals of the set S (m3/s); 
U - vector of dimension [24x1] defining ME of the level of 

WW in RT of SPS of all subintervals of the set S, iU  - level of 

WW in RT of SPS by the end of i time interval (m); 
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m , *m   - values equal to the sum of the products of the 
number of operating PU and the time (h) spent on the operation 
at the planning interval for certain modes of operation of SPS. 

Stoim – ME of the sum of the cost value for the electricity 
consumed by all operating PU at the interval of control. 

 
The algorithm for finding the optimal mode of 

operation of SPS: 
1. Preset Т, P, n, 0H , OptStoim, min max,H H , 0j = .  

Knowing Р and 0q  determine ME of the number of 

operating PU m. 
2. : 1j j= + . For the subinterval jk : set the R mode 

of operation of SPS (the number of operating PU for each 
hour of the day) , ( )i jR n i S= ∈ . 

3. Expect q, U, uroven. 
If uroven = -6, then come back to the point 2. 
4. Set the new mode of operation of SPS R by the way of 

search of all possible combinations of switching PU: 
0,1, ,iR n= … , ( )ji S∈ . 

5. If for the new mode R the conditions  
1

t t

i i
i S i S

R m or R m
∈ ∈

> < −∑ ∑  are met, then we come back 

to the point 4. 
6. We expect q, U, uroven. 
If uroven=1, then we calculate Stoim. 
If uroven≠1, then come back to the point 4. 
7. If Stoim<OptStoim, then OptStoim:=Stoim. 
8. For the mode R mode calculating m*; if m*<m, then 

m:=m*. 
9. Conclusion Stoim; R; U. Come back to the point 4. 
10. Selection of the optimal values Stoim*; R*; U*. 

 
Fig. 3 shows a flowchart of the algorithm of searching of 

the optimal mode of operation of SPS at the interval of control 
[0, T]. 

 
As a result of the solution of the problem (14) - (25) of 

optimal stochastic control of the modes of operation of SPS for 
each time interval k, we obtain: 

1. ME of the vector of control ( )u k , including: the number 

of operating PU, the position of the operating point of each PU; 
2. estimates of ME of the levels of WW in RT of SPS; 

3. estimates of the pressure-flow rate and pressure drop for 
all technological elements of SPS; 

4. estimates of ME of the expenses for the electricity and its 
value in accordance with the three-band tariff by all operating 
PU. 

 
At the time interval k = 23, we obtain the evaluation of ME 

of the total cost of the electricity consumed by SPS at the 
interval of control [0, T]. 
 

RESULTS AND DISCUSSION 
 

The evaluation of the effectiveness of the proposed method 
was carried out for SPS shown in Fig. 2. equipped with five PU 
type FLYGT CT 3531 and four PU type SDV 9000/45, whose 
passport characteristics are shown in Fig. 4, the approximated 
parameters in Table 1. 

 
The initial data for the problem of optimal stochastic 

control of the modes of operation of SPS at the interval of 
control [0, T] are: 

• statistical data, including the structure of SPS; lengths; 
diameters; geodetic marks of the sections of the pressure header; 
evaluations of the parameters of mathematical models of all PU; 
evaluations of hydraulic resistances of all AV; physical 
dimensions of RT; 

• dynamic data, including the prediction of inflow of WW 
into RT of SPS per day. 

RT has the following physical dimensions: height - 6 m, 
capacity - 4728 m3. The minimum allowable level of WW in 
RT  - 3,2 m, the maximum allowable level of WW in RT – 5,9 
m. Lengths, diameters and geodetic marks of  pressure headers, 
respectively: : 350l =  m, 1,1d =  m, 31,65gh = − m. The 
diagram of prediction of the inflow of WW in RT per day is 
shown in Fig. 5.  

At time zero k = 0 for the actual and optimal mode the 
same conditions have been used: ME of the level of WW in RT  

0 5,1H = м; three PU type Flygt operated on SPS. For the 

actual mode the single-band tariff 1,238 has been used; for the 
optimal mode - the three-band tariff. 

The results of solving the problem of optimal stochastic 
control of the modes of operation of SPS are shown in Table 2 
and Fig. 6. 

 
 

 
Table 1. Estimates of ME of the parameters of the approximating functions H-Q and COP-Q 
 
Type of PU 

0a   1a  2a  
0d  1d  2d  

FLYGT CT 3531 67,55976 -22,2469 -2,54534 18,33433 116,416 -54,1789 
SDV 9000/45 57,22619 0,82143 -2,40476 1,428571 77,2857 -17,4286 
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Fig. 3. Flow chart of the algorithm of searching of the optimal mode of operation of SPS at the interval of control [0, T] 
 

   
 
Fig.4. The characteristics of the pump units FLYGT CT 3531 and SDV 9000/45 
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Fig. 5. The diagram of prediction of inflow of WW in RT per day  
 

. 
 

Table 2.   ME of the number of operating PU at the interval of control [0.23] for the actual and optimal modes of operation of SPS 

Hours Tariff 
Actual mode Optimal mode  

ME of the number of 
operating PU type FLYGT 

ME of the levels of WW in 
RT, m 

ME of the number of 
operating PU type FLYGT 

ME of the levels of 
WW in RT, m 

1 0,25 3 PU 5,2 5 PU 4,78 
2 0,25 3 PU 5,3 5 PU 4,47 
3 0,25 3 PU 5,1 5 PU 4,15 
4 0,25 3 PU 4,6 5 PU 3,83 
5 0,25 2 PU 4,6 5 PU 3,39 
6 1,02 1 PU 4,7 1 PU 3,39 
7 1,02 1 PU 4,8 - 3,54 
8 1,8 2 PU 5 - 3,84 
9 1,8 2 PU 5,2 - 4,14 
10 1,02 3 PU 5,3 2 PU 4,29 
11 1,02 3 PU 5,1 5 PU 3,98 
12 1,02 3 PU 5,2 5 PU 3,68 
13 1,02 3 PU 5,2 5 PU 3,39 
14 1,02 4 PU 5,4 4 PU 3,40 
15 1,02 4 PU 5,1 5 PU 3,25 
16 1,02 3 PU 4,9 1 PU 3,54 
17 1,02 3 PU 5,1 2 PU 3,69 
18 1,8 3 PU 5,2 - 4,14 
19 1,8 3 PU 5,3 - 4,58 
20 1,8 4 PU 5,1 - 5,17 
21 1,8 3 PU 5 - 5,60 
22 1,02 3 PU 5,3 1 PU 5,90 
23 0,25 4 PU 5,2 5 PU 5,71 
24 0,25 3 PU 5 5 PU 5,37 
. 
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Fig. 6.  ME of the volume of WW pumped by SPS at the interval of control [0.23] and ME of the number of operating PU for the 
actual and optimal modes of operation  
 
 
 

Table. 3 presents the estimates of ME of power and cost 
value for the electricity at the interval of control [0.23] for the 
actual and optimal modes of operation of SPS. 

 
Table 3. The comparative analysis of ME of the parameters of 
actual and optimal modes of operation of SPS 

Parameters Actual mode Optimal mode  
N, kW 38154,21 36061,73 
Cost, UAH 47234,91 22009,45 

 
The analysis of the results in Table 3 leads to the 

conclusion that while the transition to the three-band tariff for 
the electricity and use of the proposed algorithm of optimal 
stochastic control significant savings in the cost for the 
electricity from 47234,91 UAH to 22009.45 UAH can be 
provided, which is 53,4% less than the previous amount. 

Fig. 7 presents the change of the estimate of ME of the 
cost value for the electrical energy while the transition from 
the actual to the optimal mode. 

 

 
Fig. 7. The estimate of ME of the cost value for the electricity 
consumed by SPS at the interval of control [0.23] 

 
Fig. 8 shows that under the optimal mode of operation of 

SPS the capacity of RT is used more efficiently. 
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Fig. 8. ME of the changes of levels of WW in RT of SPS for the actual and optimal modes of operation of SPS 
 
 

 
Thus, it can be seen from Fig. 8, that by 11 p.m. ME of the 

levels of WW in RT reaches its maximum value and by 6 a.m. 
its minimum value. 

Practical application of the proposed mathematical model 
and method of optimal stochastic control of the modes of 
operation of SPS and the transition to the three-band tariff for 
the electricity provides a significant saving in financial expenses 
of SPS for pumping WW at the interval of control [0, T]. 
 

CONCLUSIONS 
 

Scientific novelty: 
1. for the first time SPS is represented as a stochastic object 

of control operating in the stochastic environment, it allowed to 
take into account adequately the specific characteristics of 
stochastic processes of the inflow of WW into RT of SPS and 
the stochastic properties of technological equipment of SPS 
which gave the possibility to present the problem of optimal 
control of the modes of operation of SPS as the problem of 
optimal stochastic control with discrete time with probabilistic 
and extreme constraints on the phase variables; 

2. for the first time the effective method for solving the 
problem of optimal stochastic control of the modes of operation 
of SPS by the transition to its deterministic equivalent and its 
solutions by the modified method of branches and bounds has 
been proposed. 

 
Practical value: 
The estimates of the effectiveness of the proposed 

mathematical model and method of optimal stochastic control 
while the transition to the three-band tariff for the electricity was 
carried out using the example of the main SPS (SSPS) of one of 
the largest cities of Ukraine. It is shown that the use of the 
proposed method in comparison with the currently used method 
of control of the modes of SSPS allows significantly (up 53%) 
to reduce the cost value for the electricity, for pumping WW 
SSPS at the interval of control [0, T]. 
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