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Abstrat. This artile onsiders a part of games theory by Penney. We intuitionally

believe that a shorter series is always a better one. We will prove that this is not

always so, and a longer series may happen to be better (see also [1℄). In the ase of

Penney's game, in whih players an hoose their series, the proved theorems an be

a part of a player's game strategy.

De�nition 1. Let k ∈ N and k ≥ 1. Eah result of the k-fold variation of the

{H,T} set, whih is a result of the k-fold oin toss, is alled a series of heads

and tails. We mark its length as |α|.

De�nition 2. Let α and β be series of heads and tails. We an say that

the series α is not inluded in the series β if it is not the subsequene of the

suessive elements of the series β.

De�nition 3. Let α and β be series of heads and tails. Let the series α be

k long and the series β be l long. Let us also assume that the series α is

not inluded in the β one. We repeat a oin toss so long that we get k last

results forming the series α or l last results forming the series β. We all this

experiment waiting for one of the two stated series of results and mark it as

δα−β (see [3℄, pp. 406�415).

Let us onsider a game of two players, Gα and Gβ. In the game they

ondut the experiment δα−β . If the waiting �nishes with the series α � the
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player Gα wins, and if it �nishes with the series β � the player Gβ wins. We

shall all this game the Penney game
1 and mark it as gα−β .

Let us onsider the waiting of δα−β . The sequene ω having its elements

from the set {H,T} is a result of the experiment δα−β if it ful�lls the following

onditions:

� the subsequene of k last results forms the series α or the subsequene

of l last results forms the series β, and

� no subsequene of k or l suessive results forms the series α or β.

We mark the set of all suh sequenes (results of the experiment δα−β) as

Ωα−β.

If the result ω of the experiment δα−β is an n-element sequene, it is a spei�

result of an n-fold oin toss. Its probability equals
(

1
2

)n
.

Let pα−β be a funtion of ω,

pα−β(ω) =

(

1

2

)|ω|

for ω ∈ Ωα−β,

and |ω| be the ω sequene length (the number of elements). This funtion is

the distribution of probability in the set Ωα−β , and the pair (Ωα−β, pα−β) is

a probabilisti model of the waiting δα−β.

Let us state two opposite events in the spae (Ωα−β, pα−β):

A = {the waiting δα−β gives the series α at the end},

B = {the waiting δα−β gives the series β at the end}.

De�nition 4. If P (A) = P (B), we say that the series α and β are equally

good and mark them as α ≈ β.

De�nition 5. If P (A) > P (B), we say that the series α is better than the

series β and mark them as α ≫ β.

In the game gα−β we ondut the experiment δα−β . If the event A ours,

the player Gα wins. If the experiment ends with the event B, the game winner

is the player Gβ . Stating the probability of the events A and B, we an also

determine the fairness of the Penney game. If the series α and β are equally

good, the players have equal hane to win. The game gα−β is fair. If one of

the series is better than the other, the players hanes to win are not equal

and the game is not fair.

1Proposed by Walter Penney, see [2℄.
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Let δα−β be waiting for one of two series of heads and tails and k and l
be the lengths of series α and β. Let m ∈ {1, 2, 3, . . . ,min{k, l}}, α(m), β(m)

mean sequenes of �rst m elements of series α and β, respetively, and α(m),

β(m) mean last m elements of the series α and β, respetively. Let us de�ne

the sets

Aα = {m : α(m) = α(m)}, Aβ = {m : α(m) = β(m)},

Bβ = {m : β(m) = β(m)}, Bα = {m : β(m) = α(m)},

and the following sums

α : α =
∑

j∈Aα

2j , α : β =
∑

j∈Aβ

2j ,

β : β =
∑

j∈Bβ

2j , β : α =
∑

j∈Bα

2j .

Theorem 1. In the probabilisti spae of δα−β the equation

P (B)

P (A)
=

α : α − α : β

β : β − β : α
,

alled the Conway equation, is true
2
.

Remark 1. From the preeding equation, we an tell that if

µ :=
α : α − α : β

β : β − β : α
,

then

µ > 1 ⇔ β ≫ α,

µ = 1 ⇔ α ≈ β,

µ < 1 ⇔ α ≫ β.

Example 1. Let α = HTHTHT and β = HHTHTH . Let us notie that

α(1) = T 
= H = α(1), so 1 /∈ Aα. Analogously

HTHTHT
HTHTHT

}

⇒ 2 ∈ Aα,
HTHTHT
HTHTHT

}

⇒ 3 /∈ Aα,

HTHTHT
HTHTHT

}

⇒ 4 ∈ Aα,
HTHTHT
HTHTHT

}

⇒ 5 /∈ Aα,

2Disovered by John Horton Conway; the proof of its orretness is shown in [4℄.



58 Ireneusz Kreh

HTHTHT

HTHTHT

}

⇒ 6 ∈ Aα.

Therefore

Aα = {2, 4, 6},

so

α : α = 22 + 24 + 26 = 84.

In the same way, we ome to the following:

α : β = 0, β : β = 66, β : α = 42,

so
α : α − α : β

β : β − β : α
=

84 − 0

66 − 42
=

21

6
> 1.

Therefore HHTHTH≫HTHTHT , and this means that gHTHTHT−HHTHTH

is not a fair one.

Let δα−β be waiting for one of the series α or β. Let us assume that

|α| > |β|. Intuitionally we an presume that the series β, being shorter than

the series α, is a better one.

Let us onsider two series: α = HHTT...TT and β = TT...TT . The series

are suh that |α| = |β| + 1 = k + 1, where k ≥ 2. In this ase

α : α = 2k+1, α : β =

k−1
∑

j=1

2j ,

β : β =

k
∑

j=1

2j , β : α = 0.

From the Conway equation we know that

P (A)

P (B)
=

β : β − β : α

α : α − α : β
=

k
∑

j=1

2j

2k+1 −

k−1
∑

j=1

2j

.

Let us notie that

n
∑

j=1

2j is a sum of �rst n elements of the geometrial sequene

whih has the �rst element 2 and the quotient 2, so
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n
∑

j=1

2j = 2
1 − 2n

1 − 2
= 2n+1 − 2. (1)

Therefore
k

∑

j=1

2j

2k+1 −
k−1
∑

j=1

2j

=
2 · 2k − 2

2 · 2k − 2k + 2
=

1 − 1
2k

1
2 + 1

2k

>
1
1
2

,

and
P (A)

P (B)
> 2,

so α ≫ β even if the series α is longer than the β one.

If we narrow our onsideration to pairs of series that di�er by more than one

element in length, we an easily see that the shorter series is a better one.

Theorem 2. Let δα−β be waiting for one of the α or β series of heads and

tails whih lengths ful�ll the ondition |α| ≥ |β|+2. Then the series β is better

than the series α.

Proof. Let α and β be series of heads and tails and |α| = k, |β| = l. Let

m ≥ 2 be suh a number that k = l + m. As the series annot inlude eah

other, we have

{k} ⊂ Aα ⊂ {1, 2, 3, ..., k}, Aβ ⊂ {1, 2, 3, ..., l − 1},

{k} ⊂ Bβ ⊂ {1, 2, 3, ..., l}, Bα ⊂ {1, 2, 3, ..., l − 1},

whih leads us to the following approximations:

2k ≤ α : α ≤
k

∑

j=1

2j , 0 ≤ α : β ≤
l−1
∑

j=1

2j

2l ≤ β : β ≤
l

∑

j=1

2j , 0 ≤ α : β ≤
l−1
∑

j=1

2j .

Then

β : β − β : α

α : α − α : β
≤

l
∑

j=1

2j − 0

2k −

l−1
∑

j=1

2j

.
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From (1) we get

l
∑

j=1

2j

2k −

l−1
∑

j=1

2j

=
2 · 2l − 2

2m+l − (2l − 2)
<

2 · 2l

2m · 2l − (2l − 2)
=

2

2m − (1 − 2
2l )

<
2

4 − 1
,

therefore
β : β − β : α

α : α − α : β
< 1.

Considering the remark 1, we get β ≫ α.
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