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Abstract

The paper is concerned with mathematical metho@symptotic approach to systems reliability analyShe
complexity of the reliability investigation of laegscale systems is proposed to be approximateieddby
assuming that the number of system components teniidinity and finding the limit reliability funigon of
the system. Some general results in the form ofianxtheorems and examples of limit reliabilityrfctions of
homogeneous and regular serieséut ofk” systems with exponential and Weibull reliabilitynctions of
system components are presented.

. . It is a generalization of the usually used concdat

L Introdupthn - Asymptotic approach to reliability  function. This generalization is
system reliability convenient in the theoretical considerations. At th
In the reliability investigation of large-scale Same time, the achieved results for the generalized
systems, the problem of the complexity of their reliability functions, also hold for the usuallyeads
reliability functions arises. This problem may be reliability function. From these agreement it foi®
approximately solved by assuming that the number that between a reliability functiorR(t) and a

of system components tends to infinity and finding distribution function F(t) there exists an explicit
the limit reliability function of the system. This correspondence given by

approach is well recognized for basic systems.

Gnedenko [1] has solved it for series and parallel R =1-F(t),t0(-o,).

systems, whereas Smirnov [7] fork dut ofn”
systems. They both have found the classes of
possible limit reliability functions of these sysie.

All current results on asymptotic approach to
reliability of large systems with typical structare  R(+®)=0.

are partly given in [2] and [4]-[6] and completely We will deal with a reliability functions of the
presented in the monograph [3]. forms:

In the paper these two areas considered by

According to the properties of a distribution
function, a reliability function R(t) is non-

increasing, right-continuous, R(-«)= 1 and

Gnedenko and Smirnov are brought together and ) m-1 [\/(t)]i

some new results of investigations are showed. 0¥ (M) =1- 2 expEV (O] —~, 1)
We assume that the lifetime distributions do not 1=0 "

necessarily have to be concentrated on the interval ~ 1 -Lo X2

<0,%). Then, a reliability function does not have to 0 () :1_E [ exp[—7]dx, (2)

satisfy the usually demanded condition

and
R(t) =1 for t (-0 ,0).
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[()]

(1) = Zexp[ V(O ®3)

wheremON, A0 (0) and m O N.

The Asymptotic approach to systems reliability is
based on investigating limit distributions of a
standardized random variable

(T -bn)/an,

where T is the lifetime of the system amag > , 0
b, O(-,) are some suitably chosen numbers.
And since
T-b,
—>1) =P(T >t +by) = Ry (2t +by),

n

P(

where Rn(t) is a reliability function of the system,
then we assume the following definition.

Definition 1. A reliability functionJ(t) is called the
limit reliability function of the system if therexist
normalising constants, > ,0b, 0(—c,) such
that

lim R,(a,t+b,)=0() for tOCy,
n- o
where C; is the set of continuity points af.

Hence, for sufficiently large, we get the following
approximate formula approximate formula

R,(t) OO(t-b,/a,), tO(-w,0).

2. Reliability of series-“m,, out of k,” systems
Suppose that

Ey, i=12..Ky, =120y, Ky, 1, ON

are components of a system having reliability
functions

R; (t) = P(Tj
where 'I'IJ
representing the lifetimes d&;; , having distribution
functions

>t), t0(—00,),

are independent random variables

Fy () = P(Ty <t), t0(-o,).

Definition 2. A system is called regular series-
“m,out ofk,” if its lifetime is given by

T =T(kn_m”+1) , 0< mn < kn ,
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where Ty _n 4 is the m-th maximal order
statistics in a sample of random variables

T, = min{T, },

I<j<l

i=12,..k,

representing the lifetimes of series subsystems of
the system.

The above definition means that a series-
“m, out ofk,” system is not failed if and only if at
leastmy, of its k, series subsystems are not failed.

Definition 3.A regular serie$m, out of k,” system
is called homogeneous if component lifetimég
have an identical distribution function

F(t) = P(Tj <t), tO(-, ),

wherei =12,....k,, j =.2,...
i.e. if its componentsE.J have the same reliability

function

||n ’

R(t) =1- F(t), t0(-00, o).

The reliability function of the homogeneous regular
series-"m, out ofk,” system is given by

-

4 | | 4)
1—"_\“2 (ki"j[R'“(t)]'[l— R ()],
i=0

or by formula

R™ ()= "z‘”( j[l R @R @], (5)

where t0(-w,0), m,=k,-m,, kn is the
number of series subsystems of a system lanis

the number of components in series subsystems.

3. Examples of series+h, out of k,” systems
and their limit reliability functions

It is important to notice, that the form of limit
reliability function of homogeneous regular
series“m, out ofk,” system depends not only on
the reliability function of system components, but
also on relation betweem, and the numbek, of
series subsystems of the system and moreover
betweenk, and the numbet, of components in
series subsystems of our system. The paper presents
some spectacular solutions for the problem of
possible limit reliability functions for homogeneu
and regular seriesm, out ofk,” systems with
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Weibull or exponential reliability function of the
system components.
lemmas can be found in [2] and [5].

Agreement 1We assume the following notation for
any positive functiong(n andy(n):

y(n) =o(x(n)) means thatim mz .
n- o X(n)
If x(n)=o@) and numbersa,a are such that
az0,a#0 anda #1 then we may use following
equations:

e =1+ x(n) +o(x(n)), (6)
@+ x(n) ¥ =1+ax(n) +o(x(n)), 7
(a+x(n)? =a® +aax(n) +o(x(n)) (8)

Lemmallf
0] Rli:‘;n) (t) is a reliability function of the regular
homogeneous seriesn, out of k,” system
given by (4),
(i) o(m (t) a non-degenerate reliability

function given by (1),

(iii) lim k, =oo,

Nn-oo

lim m, =m= const,
n- o

(%_,Oprzykn - ),

n
(iv) a, >0, b, O(-,c) are some functions.
Then the assertion

lim Rg}lﬂ: (@nt+by) = 0™ (1), t OC(m ,

is equivalent to the assertion

lim k,R" (a,t +b,) =V(t),tOCy .

Nn- oo

Proof. The proof may be found in [2] and [5]. [

Proposition 1. If components of the regular
homogeneous regular ser&s, out ofk,” system
have exponential reliability functions

1

_ t<0
R _{(t +1)7°

t>0,¢c>0,

for
for
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The proofs of presented

and moreover if
@) lim m, =const,lim k, =, |, =cC,
n-oo Nn- oo

1
(i) a, =k$", b, =-1,

then limit reliability functions of the system is

1

m-1 _-2 t
1- Y expt™)
i=0

for t <0,
(M) 1y = -ic?
Him for t= 0.

Justification According toLemma 1it is enough to
show that

: In —

rI]IEr.L knR (ant+bn) _Vl(t)a tDCVI, (9)
where

=47, <P

(0= ¢, t>0a>0.
Since from (i) and (ii)
1

a,t+b, =kSt -1,
we get fom large enough

a,t+b,<0fort<0
and

a,t+b, >0 fort>0.
Therefore

1 for t<0

R(@qt+by) = {(ant +b, +1) for t>0,c>0.

According (i) and (ii) we get
k f <
I _1%n or t<0,

k,R"(a,t+b,) —{t_cz for t>0,c>0,
what according (i) means, that (9) holds. O
Proposition 2 If components of the regular

homogeneous regular ser&sy, out ofk,” system
have Weibull reliability functions

i
exp[-Bt],

and moreover if

for t <0,

R(t) =
® { for t=0,a>0, >0,
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(i) lim k, =c, lim m, =m=const,
n- oo

n-oo

bn b =( |ngn )%
alogk,” " A,

then limit reliability functions of the system is

(i) a, =

My =1 e
03" () =1- > exp[-e ]_—' for t [0 (—o0, ).
i=0 I

Justification: By Lemma 1it is sufficient to show
that

lim k,R"(a,t +b,) =€ for tO(-c0,00).

n-oo
According to (i) and (ii), fon large enough, we get

t
alogk,

at+b, =b,( +1)>0 for tJ(—co,)

Hence for anyt [J(—o0,0 )
R(ant +by) =
= exp[_lg(ant + bn)a] =

t
alogk

= exp[-(by ( +1)7]=

n
logkp, ( t
I alogk,

+1)77 .

=expl-

Using (7) for( t

+1)? we get fort [J(—o0, )

alogk,
_ logk, t 1
R(ant +by) =expl- I —I——O(l—)]-
n n n
Thus, fort [ (—oo,00 )
lim kR (a,t +b,) =
n-oo
=lim k,, exp[-logk, -t —o()] =
N - oo
= lim exp[-t —o@)]=e™". 0
N - oo

Directly, from the abov@roposition it follows next
result.
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Proposition 3.1f components of the homogeneous

regular serie§m,out ofk,” have exponential
reliability functios:
_J1 for t<0,
R(t) = {exp[—,é’t] for t>0, >0,

and moreover if

(i) lim k, =, lim m, =m=const,
n- oo

n- oo

1 1
i) a, =——, b, =——Ilogk,,
( ) n ﬂln n ﬁln g n
then limit reliability functions of the system is
m-1 e_it
087 (1) =1- Y expl-exp(-t)]— -
I!

i=0
for t [J(—co,00).

Lemma 2If

() R™)(t) is given by (4) a reliability function
of the homogeneous regular seriga—put ofk,”
system,

(i) O(t) is non-degenerate reliability function,

(iii) lim k, =k, k>0, lim m, =m, 0<m<Kk,

Nn- oo Nn- oo

liml, =o,

n- o
(iv) a, >0, b, O(—,) are some sequences
of constants,

then the assertion

nlimoRlﬁ’nT};:(angn):D(t), toc, |

is equivalent to the assertion

lim R (a,t +b,) = 0o(t), tOCy ,

n- o

where [, in non-degenerate reliability function.
Moreover fort [] (-00,00).

"k i ki
D(t)=1—'§)(ij[ﬂo(t)] [L-0oM®I"
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Proof: The proof may be found in [5].

Proposition 4. If components of the
homogeneous regular serig®y’ out of k," system
have Weibull reliability functions

t<0,

R)= {exp[ pt9], t=0,a>0,3>0,

moreover if limm, =m and pairs(k,,l,)and

n - oo

(a,,b,) fulfill conditions:

(i) lim k, =k, k>0, lim|, =,
n-oo n- oo

, -1

(i) a,=(A,)«, b, =0,

then limit reliability functions of the system is
0™ (t) =1fort <0
and
0§ 1 =1- _z( Jlexpet ) - exp )]
fort=0,a0 >0.

Justification According toLemma 2 it is sufficient
to show that

lim R (ayt +b,) =02 (t), t 0CH_,

n- oo

(10)

where
ﬁz(t) =1fort<0
and
Oa(t) =exp[t?]fort=0,a > 0.
According to (ii) we have fot =20,
at+b, <0fort<0 anda,t+b, =0
and next

1
exp[-t9I

R(ant+bn)={ B fort <0,
n ] fort=0,a>0.
Thus, we have
R (a,t+b,)=1fort<0
and fort > 0 we get
R (ant +by) = [expl-t71, ) "= exp[-t].

From the above we conclude that (10) holds. [

regular
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From Proposition 4 the next result follows

immediately.

Proposition 5. If components of the regular
homogeneous regular ser&sy, out ofk,” have an
exponential reliability functions

f t <0,
Rt = {exp[ By for 120,550,

and moreover

limm, =m

n- oo
and the pairgk,,l,) and (a,,b,) fulfill the
conditions:

(i) Iimk, =k, k>0, liml, =

n— oo n- oo

N 1
i) a,=——, b, =0,
) & =1, P

then limit reliability functions of the system is
0§ (1) =
1 fort <O,
1- z( )[exp( t)]' [L-expEt)]<™ fort=0.

Lemma 3If

0] R(km]) (t) is a reliability function of the

homogeneous regular seriesi,out ofk,”
system given by (5),

(i) E(m) (t)is a non-degenerate reliability
function given by (3),

m,

(i) nooo,k, - o0, -1 1,

n
m, =k, -m,, m, - M = const,

(ivia, >0, b, d(—,») are some functions,

then the assertion

f(m])(at+b) D

I|m (t) tDCﬂm)
is equivalent to the assertion

lim KolyF (ant +,) =V(1), t0C; .
n—- oo
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Proof. The proof may be found in [5]. [

Proposition 6. If components of the
homogeneous seri¢sn, out ofk,” system have
Weibull reliability functions

R() ={

and moreover if

1 for t<0
exp[-pt9] for t=0,a>0, 5>0,

() lim k, =0,

n-oo

(i) a, =(B1,k,)7, b, =0,

then the limit reliability functions of the systam

lim (k, - m,) = ™ = const
n - oo

- fort <0,
—(m
0, t=

m

> expH) )

fort=0,a>0.

Justification: According toLemma 3it is enough
to show that

lim KylyF (8t +by) =Va(t), tOCy
Nn— oo 2

where

0 for
t? for

t<0,
t>0,a>0.

Va(t) :{
According to (ii)

at+b = (Bl k)t
Therefore

at+b, <0 for t<O
and

a,t+b, =20for t=0 .
Because fot< O

F(a,t+b,) =1-R(a,t+b,) =0,
thus, fort < Owe get

lim k|, F(ayt +b,) =0.
n- o

However foranyt= 0

F(ayt+b,)=1-R(@yt +b,)=

=1-exp[-B(a,t)’]

regular

=1-exp-B(Bnka) ™ 1)7]=
=1-exp[-(Ik,) ‘t7].

From the above for any= 0, we get

a

1)

Using (i) and (6), fort = Q the above equation we
can write as

limk,l,F(a,t +b,) = lim knln(l— expl- kt I
n-oo n- oo

nn

lim k,l,F(ayt +b,)=
n- oo

ta
= lim knln(1—1+W—o(

n- oo nn

ta’

Kyl

n'n

=t7.

)

From the above results the next proposition follows

obviously.

Proposition 7. If components of the regular
homogeneous regular seriegy,” out of k,” have
exponential reliability functions

_J1 f t<0,
R(t) = {exp[—ﬁt] for 10, B>0,

and moreover if

(i) lim k, =, lim (k, —m,)=m = const,

Nn-oo Nn-oo

. 1
i) a,=———,b, =0,
TR
then limit reliability functions of the system is
- 1 for t <0,
om =/m [
Ha 0 Zexp[—t]t_—I for t=0.
i=0 Y
Lemma 4If

(i) Rg};: (t), t0(-c0,00), is a reliability function
of the homogeneous regular seriga—put ofk,"
given by (4),

(i) oW (t), is a non-degenerate reliability
function given by (2),

(i) n - 00, k, — 00,

1

Jo

Mh = )+
n

), 0<A<],
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(iv) a, >0,b, 0(—,) are some functions,
then the assertion

lim Rém (@t +by) =0D (1) fort OCx ),

IS equivalent to the assertion

1/k +1[R" (a,t +b,) - A _

L(t
na°° JA@L-2) ®
fortOC, .
Proof. The proof may be found in [5]. O

Proposition 8 If components of the regular
homogeneous regular seriegt out of k,” system
have Weibull reliability functions:

t <0,

R)= {exp[ pt9], t=0,a>0,4>0,

and moreover

- 1
(i) lim k, =, m% =A+o(-=),
n- oo n /kn

0<A<1,
1-1

a(Bl,)e Ak, (~loga)s

—logA,—
A

then limit reliability functions of the system is

(i) a, =

bn_( )a

t_Lz

Je 2dx fortO(—oco,00).

—00

5O (1) =1-— 1=

Justification According toLemma 4it is enough to
show thatfor t [1(—, 0 )

Jkn +1[R" (apt +b) = A] _
JAL-2) B

From (i) and (ii), because far large enough and
for t [0 (—,»), we have

lim

Nn- oo

ait+b, =

315

=t A i (Cloga)s) >0

(ﬁln)% a /]kn (_I()g/])a’7

it follows that

R(@nt +by) =

1-1
ay Ak, (~logA)e

expEA( —t+(~logA)e )]

k-

1
(B,)

and next for larga and t (-, )we get

1/k +1[R" (a,t +b,) - 1]
JA@-2)

Jkn +Lexd~( V1-4 __t+

a [k, (~logA)a

JA[-4)

= lim (11)

nﬂoo n- o

(~logA)7)] - A]

Using (8) we get

1-2
a Ak, (- |og/1)” '

-

t+(-logA)a)? =

=((~logA)e )@

a(-logA) 1-/ —t+
a2k, (-logA)a
rof Vi-2 -
a Ak, (-logA)e

V1- /1“_0( 1 ).
JJAK k
Continuing transformations (11) we get

Jk +1]expE(~log + \/_MHO( iﬂ))] /1]

=—logA +

n

A=A
i VKo TUR" @t +y) — 1]
=1m =
n-co JA@-2)

\/k—+[)l(exp[—\/_t+o(\/_] 1)
JA-2) '

From the above, using (6), we get fdf (—c0,c0 )

=lim

n- oo
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i VKo FUR" (3t +by) - A _

N oo JAL-1)
kn+1[;|(1—”1_)'t+o( ! )-1)]
= lim Ay Jka =
n-e JAL-2)
JAL=A) 1
JKq +1[- t +0(——)]
- im ko
n-e JAL-4)
[]
Next Proposition follows from the above
immediately.
Proposition 9 If components of the regular

homogeneous regular seriegty’ out of k" have
exponential reliability function:

1 for t<0,

R(t) :{exp[—,@t] for t>=0, 8>0,

and moreover

() limk, = o,

n-oo

Mh =/1+oi 0<A<1
o Ao

_ V1-4 b :—Iog/]
Bk, " Bl

then limit reliability functions of the system is

(i) a,

2

t X
% [e 2dx fortl(—co,).

—00

0Wt)y=1-

4. Conclusion

The paper proposes an approach to the solution of
practically very important problem of determining
the reliability functions of large scale systems by
assuming that the number of system component
tends to infinity and finding the system limit
reliability function. This way, for sufficiently fge
systems their exact reliability functions may be
approximated by their limit reliability functions.
This approach gives practically important in
everyday usage tool for reliability evaluation of
large systems that can be met o instance in piping
transportation systems considered in [8], where
application of the proposed method is illustrated i
the reliability evaluation of the port oil pipeline
transportation system.
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