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Abstract. In this paper, the effect of the fractional order of the Caputo time-derivative  

occurring in heat conduction models on the temperature distribution in a finite cylinder 

consisting of an inner solid cylinder and an outer concentric layer is investigated. The inner 

cylinder (core) and the cylindrical layer are in perfect thermal contact. The Robin boundary 

condition on the outer surface and the Neumann conditions on the ends of the cylinder are 

assumed. An internal heat source is represented in the mathematical model by taking into 

account in the heat conduction equation of a function which depends on the space and time 

variable. An analytical solution of the problem is derived in the form of the double series of 

eigenfunctions. Numerical examples are presented. 

 

MSC 2010: 26A33, 34A08, 80A20 

Keywords: fractional heat conduction, Caputo derivative, composite cylinder, heat source 

1. Introduction  

In recent years, an increasing interest in applications of fractional calculus  

in engineering, economical and biological sciences can be observed. It is related  

to this that the researchers search higher accurate description of the investigated  

phenomena or processes. The fractional derivatives and integrals occur in fractional 

differential equations which describe the modelled processes. History of the frac-

tional calculus development is presented in the papers [1, 2]. The properties of the 

fractional derivatives and integrals and selected methods to solving the fractional 

differential equations are presented for example in the books [3-5] and papers [6, 7].  

Mathematical modelling of the heat conduction is the subject of many papers, 

see [8-24]. Applying the Fourier’s law, a partial differential equation of parabolic 

type with time derivative of the first order is obtained. This mathematical model of 

heat conduction has a non-physical property, that the speed of thermal signal in  

the medium is infinity. In order to avoid this non-realistic property, a generalized 
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Fourier law is applied. The generalization relies on introducing a phase-lag  

parameter [8] to the classical Fourier law. The obtained equation together with  

the energy equation [9] leads to a hyperbolic heat conduction equation. Replacing 

the time-derivatives in the generalized Fourier law and energy equation by frac-

tional derivatives, a fractional heat conduction equation is obtained [10].  

The fractional mathematical models for description of the heat transfer are used 

in the articles [10-24]. These articles are only a part of the numerous research  

papers subjected to the heat transfer which have been published in recent years. 

The fractional heat conduction (FHC) in slabs and plates is investigated in papers  

[11-14], FHC in layered spheres is the subject of the papers [15-19]. The articles 

[20-24] are devoted to the problems of FHC in cylinders. In the paper [20],  

the fractional heat conduction equation based on the time-fractional Fourier law in  

the orthogonal coordinate system was derived. As a special case, the FHC equation 

in the cylindrical coordinate system was obtained. A solution of the problem was 

presented for an infinite medium. The Dirichlet and two types of Neumann prob-

lems for a cylinder in the case of axial symmetry have been solved in paper [21]. 

The determined temperature distributions were used for calculation of the associ-

ated thermal stresses in the cylinder. The FHC and fractional thermoelasticity prob-

lems for an infinite solid cylinder were considered in the paper [22]. A fractional 

model of the heat conduction in an infinite long hollow cylinder is given in paper 

[23]. The effect of the derivative fractional order and variable thermal conductivity 

on temperature and stresses in the cylinder were numerically investigated. In paper 

[24], a solution to the FHC problem for a finite hollow cylinder under Gaussian- 

-distributed heat flux is presented. 

In this paper, a solution of the problem to the fractional heat conduction in a com- 

posite cylinder with heat sources is presented. The heat conduction is considered  

in radial and axial directions. The differential equation governing the heat conduc-

tion involves the Caputo time-derivative. Numerical analysis shows the effect of 

the derivative fractional order on the temperature distribution in the cylinder. 

2. Formulation of the problem  

Consider the time-fractional heat conduction problem for a finite cylinder con-

sisting of an inner solid cylinder and an outer concentric layer (Fig. 1).  

The differential equation in cylindrical coordinates governing the temperature 

 , ,iT t r z  is given as 

          2
1

1 1
, , , , , , , 0, , , , 1,2i

i i i i

i i

T
T t r z g t r z t r z z H r r r i

a t



 


    


  (1) 

where i  is the constant thermal conductivity, ia  is the constant thermal diffusivity, 

 , ,ig t r z  is the volumetric energy generation,   denotes the fractional order of  
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the Caputo derivative with respect to time t, 0 0r   and the Laplace operator 2  is 

given by 

 
2

2

2

1
, 1, 2i i

i

T T
T r i

r r r z

   
      

  (2) 

 

Fig. 1. A sketch of the considered finite cylinder 

The Caputo derivative is defined as 
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  (3) 

In this paper, we consider the Caputo derivative fractional order   in the interval 

 0,1 . 

We assume the following boundary conditions: 

  1 ,0,T t z     (4) 

     
2

2
2 2 2, ,

r r

T
a T t T t r z

r
  




 


  (5) 

 
0

0, 1,2i

z

T
i

z 


 


  (6) 

 0, 1,2i

z H

T
i

z 


 


  (7) 

H 

r1 
r2 

z 

r 



S. Kukla, U. Siedlecka 88 

and the conditions of perfect thermal contact at interface ( 1r r ) 

    1 1 2 1, , , ,T t r z T t r z   (8) 

 

1 1

1 2
1 2

r r r r

T T

r r
 

 

 


 
  (9) 

where a  is the heat transfer coefficient and T is the ambient temperature. More- 

over, we assume the initial condition 

    0, , , , 1, 2i iT r z F r z i    (10) 

We search for a solution to the problem (1), (4-10), in the form 

 
     , , , , , 1, 2i iT t r z T t t r z i  

  (11) 

where functions i  satisfy the fractional differential equation 

        2 , ,1 1 1
, , , , , 1, 2

i
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   
 

   (12) 

and the following boundary and initial conditions: 

  1 ,0,t z     (13) 

    1 1 2 1, , , ,t r z t r z    (14) 
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We search for a solution to the problem (12)-(19) by using the separation of 

variables method, in the form of a double series 

        , , , 1, 2i it r z t R r Z z i     (20) 

The functions Z  and R  are obtained as solutions of two homogeneous differential 

equations 
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dz
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  (22) 

where   and i  are separation constants. These functions satisfy the homogeneous 

boundary conditions which follow from the conditions (13)-(18) 
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The solutions of the eigenvalue problem (21), (23) are functions 

   cosm mZ z z  (25) 

where m

m

H


  , m = 0, 1, 2, ... . While the solutions of the eigenvalue problem 

(22), (24) are given as 
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where 

    
   

 
   

0 , 0 ,

0 , 0 ,

0 , 0 ,

, for

, 1,ln for

, for

i m i m m m i

i m i m m m i

i m i m m m i

J r Y r a

j r y r r a

I r K r a

   

   

   

   
    
   

  (27) 

and 
2

2
,

m
i m m

ia


   . The functions 0 1,J J  and 0 1,Y Y  are the Bessel functions of 

the first and second kind, the functions 0 1,I I  and 0 1,K K  are the modified Bessel 
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functions of the first and second kind, respectively. Using condition (24a),  

we receive that 1, 0mB   and on the basis of the homogeneous conditions (24b-d), 

we obtain an eigenvalue equation. The eigenvalue equation for the case of 

m m ia   is as follows: 
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  (28) 

Solving this equation for m = 0, 1, 2, ..., we obtain sequences of roots ,m n , n = 1, 

2, ... . The coefficients 1, 2, 2,, ,m m mA A B  occurring in equation (26) are determined 

using conditions (24b-d): 

 1, 1mA   (29) 
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Similarly, we obtain the eigenequation and coefficients 1, 2, 2,, ,m m mA A B  for 

m m ia  . In this case, the equation can be obtained by replacing the Bessel 

functions 0 1 0, ,J J Y  and 1Y  in equation (28) into the modified Bessel functions 

0 1 0, ,I I K  and 1K , respectively. 

The functions , ,i m nR  given by equation (26) create an orthogonal set of func- 

tions, i.e. the following condition holds 
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where    
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  . Substituting the series (20) 

into the differential equation (12) and using the orthogonality condition (32), we 

obtain the following fractional differential equation 
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where 
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whereas 0
zN H  and 

2

z
m

H
N   for m = 1, 2, ... . Equation (33) is complemented  

by the initial condition which is obtained on the basis of equations (19)-(20) and 

the orthogonality condition (32) 
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The solution of initial-value problem (33)-(34) can be presented as 
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Finally, the solution of the initial-boundary value problem (1) and (4)-(10) is given 

by equation (11) where the function  , ,i t r z  is the double sum 

        , , ,

0 1

, , , 1,2i m n i m n m

m n

t r z t R r Z z i 
 

 

    (36) 

whereas the functions      , , ,, ,i m n m m nR r Z z t  are defined by (26), (25) and (35), 

respectively. 

3. Numerical examples 

The analytical solution of the problem of the time-fractional heat conduction 

presented in the previous section will be used in numerical calculations of the tem-

perature distribution in the finite cylinders. The computations were performed for 
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the fractional models characterized by a different order of the Caputo derivatives. 

We assume the following geometrical and physical data: r1 = 0.4 m, r2 = 0.6 m,  

H = 1.2 m,  1 83 W m K   ,  2 54 W m K   , 5 2
1 2.33 10 m sa   , 

5 2
2 1.474 10 m sa   ,  2200 W m Ka   . Moreover, the ambient temperature 

is T∞ = 40°C, the initial temperature in the inner solid cylinder and the outer con-

centric layer are F1 = 100°C and F2 = 40°C, respectively. 

In the first example, the inner heat source is specified by 5 3
1 2 10 W mg    and 

2 0g   for 0 z H  . The non-dimensional temperature as functions of 2r̂ r r  for 

a different order of the fractional derivative   and for time t = 60 s; 600 s; 3600 s; 

18000 s is presented in Figure 2. In all cases, the temperature of the cylinder is 

higher for the higher order of the derivative   occurring in the mathematical 

model. As expected, the temperature increases with increasing time t. 

 

 

Fig. 2. Non-dimensional temperature  ˆ ˆ, ,0T t r  as a function of the radial coordinate of 

2r̂ r r  for different values of the fractional order   and different time t:  

a) t = 60 s, b) t = 600 s, c) t = 3600 s, d) t = 18000 s 

In the second example, we assume that the inner heat source is active in a part 

of the inner solid cylinder, i.e. the heat source is specified by the functions 
5 3

1 2 10 W mg    for 0 z h  , 1 0g   for h z H   and 2 0g   for 0 .z H    

The temperature as functions of ẑ z H  at time t = 60 s; 600 s; 3600 s; 18000 s is 

shown in Figure 3. The calculations were performed for 0.6; 0.7; 0.8; 0.9; 1.0  . 
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It can be observed that the temperature of the cylinder increases with increasing 

time t for all values of the order .  
 

 
Fig. 3. Non-dimensional temperature  ˆ ˆ,0,T t z  as a function of the ẑ -coordinate  

( ẑ z H ) for different values of the fractional order   and different time t :  

a) t = 60 s, b) t = 600 s, c) t = 3600 s, d) t = 18000 s 

4. Conclusions 

In the paper, an analytical solution of the problem of time-fractional heat  

conduction in a composite cylinder has been derived. In the mathematical model, 

the heat transfer in the direction parallel to the cylinder axis and in the radial direc-

tion was taken in the consideration. The function describing the temperature distri-

bution in the cylinder in the form of double series of eigenfunctions is presented. 

Numerical examples show the effect of the Caputo time-derivative-order occurr- 

ing in the heat conduction model on the temperature distribution in the cylinder.  

The temperature in the cylinder calculated according to the fractional heat conduc-

tion model is larger for a larger order of the time derivative. 
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