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A STRONG CONVERGENCE RESULT FOR
SYSTEMS OF NONLINEAR OPERATOR
EQUATIONS INVOLVING TOTAL
ASYMPTOTICALLY NONEXPANSIVE
MAPPINGS IN UNIFORMLY CONVEX
BANACH SPACES

Abstract. We prove the strong convergence of an implicit iterative
procedure to a solution of a system of nonlinear operator equations involving
total asymptotically nonexpansive operators in uniformly convex Banach
spaces.

1. Introduction

Let K be a nonempty subset of a real normed linear space E. A self mapping
T: K — K is called

e nonexpansive if ||Tez — Ty|| < ||l — y|| for every z,y € K;

e asymptotically nonexpansive if there exists a sequence {k,} C [1,00) with
kn, — 1 as n — oo such that for every n > 1, ||T"x — T™y|| < kn|lz —y|| for
all z,y € K;
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e asymptotically quasi-nonexpansive if F(T) = {x € K : Tx = 2} # ¢ and
there exists a sequence {k,} C [1,00) with k, — 1 as n — oo such that
1Tz — y|| < knllz —y| forall z € K, y € F(T) and every n > 1;

e uniformly L-Lipschitzian if there exists a real number L > 0 such that
|77z — T"y|| < L||lx —y|| for all z,y € K and all n > 1.

The class of asymptotically nonexpansive mappings was introdued by Goebel
and Kirk [9] and the class forms an important generalization of that of nonexpan-
sive mappings. It was proved in [9] that if K is a nonempty closed convex subset
of a real uniformly convex Banach space and T is an asymptotically nonexpansive
self mapping on K, then T has a fixed point.

A mapping T : K — K is called asymptotically nonexpansive in the interme-
diate sense (see for example [2]) if it is continuous and the following inequality
holds:

limsup sup {||T"z —T"y| — ||z — y||} < 0.
n—oo z,yck
If F(T) # 0 and (2) holds for all x € K, y € F(T), then T is called asymptotically
quasi-nonexpansive in the intermediate sense. It is obvious that if

on =max{ sup {[|T"z —T"y| - |lz —yl},0},
z,ye K

then o, — 0 as n — oo and (2) reduces to
[Tz = T"y[| < [l — yll + on.

The class of mappings that are asymptotically nonexpansive in the intermedi-
ate sense was introduced by Bruck et al. [2] It is known from [11] that if K be
a nonempty closed convex bounded subset of a uniformly convex Banach space E
and T is a self mapping of K which is asymptotically nonexpansive in the inter-
mediate sense, then T" has a fixed point. It is worth mentioning that the class of
mappings which are asymptotically nonexpansive in the intermediate sense con-
tains properly the class of asymptotically nonexpansive mappings. The main tool
for approximation of fixed points of generalizations of nonexpansive mappings
remains iterative technique.

Iterative methods for approximating fixed points of nonexpansive mappings
have been studied by many authors (see for example [3,4,7,8,10,13,16-19,22] and
the references therein).
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In most of these papers, the well-known Mann iteration process [12],
r1 € K, Tnt1 = (L —ap)zn, + apnTx,, n>1, (1)

has been studied and the operator T has been assumed to map K into itself.
The convexity of K then ensures that the sequence {xz,} generated by (1) is well
defined.

In 1991, Schu [21] introduced a modified iteration process to approximate fixed
points of asymptotically nonexpansive self mappings in Hilbert space. More pre-
cisely, he proved the following theorem.

Theorem 1 ([21]). Let H be a Hilbert space, K a nonempty closed convex and
bounded subset of H. Let T : K — K be an asymptotically nonexpansive mapping

with sequence {kn} C [1,00) for all n > 1, limk, = 1 and > (k2 — 1) < <.
n=1

Let {a,} be a real sequence in [0,1] satisfying the condition 0 < a < o, < b < 1,
n > 1, for some constants a and b. Then the sequence {x,} generated from x1 € K
by

Tn+1 = (1 —ap)zn + Ty, n>1,

converges strongly to some fixed point of T .

Since then, Schu’s iteration process has been widely used to approximate fixed
points of asymptotically nonexpansive self-mappings in Hilbert spaces or Banach
spaces (see for example [14, 19, 20, 25]).

If, however, K is a proper subset of the real Banach space E and T maps K
into E (as in the case in many applications), then the sequence given by (1) may
not be well-defined. One method that has been used to overcome this in the case
of a single operator T is to introduce a retraction P : £ — K in the recursion
formula (1) as follows:

1 € K, Tn+1 = (1 —ap)zy + @ PTx,, n>1.

Recent results on approximation of fixed points of nonexpansive and asymptoti-
cally nonexpansive self and nonself single mappings can be found in [7,8, 10,13,
15,22-24,26,28,29] and the references therein.

The concept of nonself asymptotically nonexpansive mappings was introduced
by Chidume et al. [7] as an important generalization of asymptotically nonexpan-
sive self-mappings.
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Definition 2 ([7]). Let K be a nonempty subset of a real normed space E. Let P :
E — K be a nonexpansive retraction of E onto K. A nonself mappingT : K — E
is called asymptotically nonexpansive if there exists a sequence {kyn} C [1, 00) with
ko, — 1 as n — oo such that for every n > 1,

|T(PT)" 'z — T(PT)" 'y|| < knllz —y|| for all 2,y € K.

T is said to be uniformly L-Lipschitzian if there exists a constant L > 0 such that
for everyn > 1,

|T(PT)" o — T(PT)" 'y|| < L||z — vy forall z,y € K.

It is easy to see that a nonself asymptotically nonexpansive is uniformly L-
Lipschitzian.
By studying the following iteration process

1 € K, Tn+1 = P((1 — ap)zy + anT(PT)"*lxn), n>1.

Chidume, Ofoedu and Zegeye [7] got some strong convergence theorems for nonself
asymptotically nonexpansive mappings in uniformly convex Banach spaces.

Recently, Wang [28] proved the following strong convergence theorems for com-
mon fixed points of two nonself asymptotically nonexpansive mappings:

Theorem 3 ([28]). Let K a nonempty closed convex subset of a uniformly convex
Banach space E. Suppose that T1,To : K — E are two nonself asymptotically

nonexpansive mappings with sequences {ky}, {l,} C [1,00) such that Z (kn—1) <
o0, >0 (I, — 1) < co. From arbitrary x1 € K, let {x,,} be defined by

Tni1 = (1 —ap)ry + Ti(PTY)" Yy, n>1,
Yn = (1 - ﬁn)xn + ﬁnTZ(PTZ)n_lxn;

where {a,} and {Bn} are two sequences in [e,1 — €] for some € > 0. If one of
Ty and Ty is completely continuous and F(T1) N F(Tz) # O then {x,} converges
strongly to a common fized point of Ty and Ts.

Theorem 4 ([28]). Let K, E, T1, Ty and {x,} be as in Theorem 3. If one of Th
and Ty is demicompact then {x,} converges strongly to a common fized point of
T, and Ts.
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Definition 5 ([15]). Let K be a nonempty subset of a real normed space E.
Let P : E — K be a nonexpansive retraction of E onto K. A nonself mapping
T : K — FE is called asymptotically nonexpansive in the intermediate sense if T is
uniformly continuous and

limsup sup {[|T(PT)" "'z — T(PT)" " y| — ||z —yll} 0. (2)

n—oo z,yeK

In 2007, Tian, Chang and Huang [27] introduced the following concept for
nonself mappings:

Definition 6 ([27]). Let E be a real Banach space, C a nonempty nonexpan-
siwe retract of E and P the nonexpansive retraction from E onto C. A mapping
T :C — E is said to be a nonself asymptotically quasi-nonexpansive mapping if
F(T) # 0 and there exists a sequence {k,} C [1,00) with nhﬁn;() kn = 1 such that
for everyn > 1,

|T(PT)" 'z — p|| < knllz — p| forallxz € K, p e F(T).

Note that if T': C' — E is a nonself asymptotically nonexpansive mapping,
then T is a nonself asymptotically quasi-nonexpansive mapping.

Recently, Alber et al. [1] introduced a more general class of asymptotically
nonexpansive mappings called total asymptotically nonexpansive mappings and
studied methods of approximation of fixed points of mappings belonging to this
class.

Very recently, Chidume and Ofoedu [6] introduced the following analogue for
nonself mappings:

Definition 7. Let K be a nonempty closed and convex subset of a real Banach
space E. Let P: E — K be the nonexpansive retraction of E onto K. A nonself
mapping T : K — E is said to be total asymptotically nonexpansive if there exist
nonnegative real sequences {un}52 1 and {1,}52, with pn, I, — 0 as n — oo and
a strictly increasing continuous function ¢ : RT™ — RT with $(0) = 0 such that
forallz,y € K,

IT(PT)"'e = T(PT)" 'yl < o =yl + pad(lz —yl) + 10, n=1. (3)
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Remark 8. If ¢(\) = A, then (3) reduces to
IT(PT)" e = T(PT)" 'y < A+ pn)llz =yl + 10, n>1.

If, in addition, [, = 0, n > 1, then nonself total asymptotically nonexpan-
sive mappings coincide with nonself asymptotically nonexpansive mappings. If
tn = 0 and I, = 0 for all n > 1, we obtain from (3) the class of mappings
that includes the class of nonself nonexpansive mappings. If p, = 0 and [,, =
max{sup, ,ex{|T(PT)" 'z — T(PT)" 'y|| — ||z — y||},0} for all n > 1, then
(3) reduces to (2) which has been studied as nonself mappings asymptotically
nonexpansive in the intermediate sense.

Definition 9. A nonself mapping T : K — E is said to be total asymptotically
quasi-nonexpansive if there exist nonnegative real sequences {pn 21 and {1,152,
with fn, I, — 0 asn — co and a strictly increasing continuous function ¢ : RT™ —
R with ¢(0) = 0 such that for all x € K, 2* € F(T),

IT(PT)" e — 2™l < llo = &™) + mnd(llz — 2" [) + 1oy n=1. (4)
If (A) = A, then (4) reduces to
IT(PT)" e — 2™ < A+ po)llo = 2"+ 1ny 021

If, in addition, [,, = 0, n > 1, then nonself total asymptotically quasi-nonexpansive
mappings coincide with nonself asymptotically quasi-nonexpansive mappings. If
tn = 0 and I, = 0 for all n > 1, we obtain from (4) the class of mappings that
includes the class of quasi-nonexpansive mappings.

If fin, = 0 and I, = max{sup, e g, ,+ e pr) {IT(PT)" " & —2*|| — ||z —2*||}, 0} for
all n > 1, then the mappings which has been studied as mappings asymptotically
quasi-nonexpansive in the intermediate sense.

The idea behind Definitions 7 and 9 is to unify various definitions of classes of
mappings associated with the class of nonself asymptotically nonexpansive map-
pings and which are extensions of nonexpansive mappings; and to prove general
convergence theorems applicable to all these classes.

Very recently, Chidume and Bashir [5] constructed and used an implicit iter-
ative sequence to approximate a common fixed point of a finite family of nonself
asymptotically nonexpansive mappings. They proved the following theorem.
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Theorem 10 ([5]). Let E be a real uniformly conver Banach space and K a non-
empty closed convex subset of E which is also a nonerpansive retract with retrac-
tion P. LetTy,Ts,...,T,, : K — E be asymptotically nonezrpansive mappings of K

into E with sequences {ki,} C [1,00) such that Z (kin—1) < 00 and hm kin =1,
=1

i=1,2,...,m, respectively. Consider the followmg iterative scheme
T € K,
Tn+l = P[(]- - aln)xn + alnTl (PTI)nilynerfQ]a
Yn+m—2 = P[(l - a2n)x71 + aQnTQ(PT2)7L_1yn+m—3]7 (5)
Yn = P[(1 = amn)Tn + Qmn Ty (PT) " ay], n=>1 m>2,
where {am} are sequences in [e,1 — €| for some e € (0,1),7=1,2,...,m. Suppose

that ﬂ F(T;) # 0 and that one of {T;}, is either completely continuous or
i=1

semicompact, then {x,} converges strongly to a common fized point of {T;}™ .

Motivated and inspired by the previous facts, we extend Theorem 10 to the
class of total asymptotically nonexpansive nonself mappings.

2. Preliminaries

Let E be a real normed linear space. The modulus of convexity of E is the
function dg : (0,2] — [0,1] defined by

, 1
0p(e) = nf{l - gllz +y| : 2] =yl = 1, |z —yll = e}.

E is uniformly convez if and only if 6g(e) > 0 for every € € (0, 2].

A subset K of E is said to be a retract of E if there exists a continuous map
P: E — K such that Pr =z, z € K. Every closed convex subset of a uniformly
convex Banach space is a retract. A map P : E — E is said to be a retraction if
P? = P. Tt follows that if P is a retraction then Py = y for all y € R(P), the
range of P.

A mapping T : K — K is said to be semicompact if, for any bounded sequence
{zp} in K such that ||z, — Tz,|| — 0 as n — 0, there exists a subsequence
{zn,}, say, of {x,} such that {z,,} converges strongly to some z* in K. T is
said to be completely continuous if, for any bounded sequence {x,}, there exists
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a subsequence {1z, }, say, of {T'z, } such that {Tx,;} converges strongly to some
element of the range of the range of T
We need the following lemmas in order to prove the main results of this paper.

Lemma 11 ([25]). Let {an}52 4, {cn}22, and {b,}>2, be sequences of nonneg-
ative real numbers such that apt1 < (14 bp)an + ¢, n 2 1. If Z b, < oo and
n=1

E cp < 0o then hm a, exists.
n=1

Lemma 12 ([21]). Let E be a real uniformly convex Banach space and 0 < a <
t, < B <1 for all positive integers n > 1. Suppose that {x,} and {y,} are two
sequences of E such that

limsup ||z, || <7, limsup |y,|| <r and Limsup ||tnTn + (1 — tp)ynl =7
n—oo n—oo n—o00
hold for some r = 0, then lim |z, —y,| = 0.
n—oo

3. Main results

In this section we state and prove the main results of this paper. We start with
giving the following proposition. The purpose of presenting this proposition is to
give an idea of our method of proof.

Proposition 13. Let E be a real normed linear space and K a nonempty convex
subset of E which is also a nonexpansive retract of E with the nonexpansive re-
traction P: B — K. Let Ty, T, Ts and Ty be total asymptotically nonexpansive
mappings from K into E with a nonempty common fized point set such that

ITie = Ty| < lle =yl + pindi(llz = yll) + lin,  n=>1, ie{1,2,3,4},

where {pin}22 L and {lin}>2 4, i € {1,2,3,4} are nonnegative real sequences with
Eum<oo Zlm<oo i€{1,2,3,4} and ¢; : Rt — R* i€ {1,2,3,4} are

stmctly mcreasmg continuous functions with ¢;(0) = 0, i € {1,2,3,4}. Suppose
that there exist constants M;, M > 0 such that ¢;(\) < MFX forall X\ > M;
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i€{1,2,3,4}. Let {x,,} be the sequence defined by the following iterative scheme
total asymptotically:

xr1 € K,

Tny1 = Pl(1 = caun)zn + a1, T (PT)" Yy yal,

Ynt2 = P[(1 — azn)wn + a2, To(PT2)" M yny1],

Yn+1 = P[(l — Q3n) Ty + O‘BnTB(PTB)n_lyn]v

Yn = P[(1 — aun) Ty + aanTa(PTy) " 1a,], n>1,

where {an} are sequences in [e,1 — €] for some e € (0,1), ¢ € {1,2,3,4}. Then
4
{zn} is bounded and lim ||z, — q| exists for each ¢ € (| F(T;) # 0.
n—oo 1

1=

4
Proof. For any q € () F(T;) # 0, we have the following estimates:
i=1

1=

[#n+1 — qll = |P[(1 = a1n)@n + a1aT1(PT1)"  Ynya) — qll <
< (1= o) (@ — @) + a1 (T1(PT1)™ Mynye — q)|| <
< (1= )@ — gl + a7 (PT)"  ynye — gl <

< (1 —am)llzn — qll + anlllynse — all + p1nd1(|Yn+2 — dll) + lin]-

By our assumption, there exist constants M, M{ > 0 such that

G1(lyn+2 — all) < M |lynr2 — 4l

whenever

lyn+2 —qll = M.
Moreover, since ¢; is a strictly increasing function, then ¢1 (||yn+2—ql|) < ¢1(Ma)
if [|[yn+2 — q]] < My. In either case we have

&1 (lyn+2 — qll) < o1 (M) + M7 ||Ynt2 — ql|-

Therefore, continuing in the same way, we get

zn1 — gqll < (1 —aun)llzn — all + a1nlllyntz — gll + pin(d1 (M) +
+ M lyni2 — qll) + lin] =
= (1 — aan)llzn — qll + a1n (1 + M7 p1n)|ynr2 — all +
+ a1n[o1 (M) pin + lin] <
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< (1= arn)llzn = gll + cn(1 = a20) (1 + M) 2 — g +

+ arpagn (14 My ) [ To(PT2)"  ynia — gl +

+ ain[d1 (M) pan + lin] <

< (I —aan)llzn — qll + a1n (1 — o) (1 + M pan) |20 — gl +

+ anazn (1 + M pn)[(1 4+ M3 pon) [y — gl +

+ (G2 (M2)pizn + l2n)] + a1p[d1 (M1)prn + lin] =

= (1= aan)llzn — gl + a1n(l = a2n) (1 + M{ pan)[|zn —qf +

+ anazn (1 + M piin) (1 + M3 pon) [yn+1 — all +

+ apon (1 4+ M7 pn)[d2(M2) pon + lon] + ain @1 (M) pin + lin] <

< (I —aw)llzn —gll + a1n(l — azn) (L + M pan) lzn — gqll+

+ a1poon(l — agn) (1 + M{ pan) (1 + M pon) lzn — ql[+

+ an a2 osn (14 My p1n ) (14 M3 pon) (14 M3 psn) 1y — gll+

+ n a2 osn (14 M{ pan) (L4 M3 pon) [d3(Ms)psn + l3n]+

+ a1naon (14 My pan)[¢2(M2)pizn + lon] + a1n[d1 (M) pan + lin] <

< (1 —aan)llzn — gl + ean(l — azn) (1 + M{ pan) lzn — ql[+

+ a1poon(l — agn) (1 + M{pan) (1 + M3 pon)|ln — ql[+

+ a2 osn (1 — aun) (1 + M7 pn) (1 + M3 pon) (1 + M3 psp) ||z — ql|+

+ a1 @2na3non (1 + M7 pi1n) (1 + M3 pion ) (1 + M3 psn ) (1 + Mg pan) |20 — ql|+
+ a1 Q2nan0n (1 + M7 p1n) (1 + M3 pon ) (1 + M3 psn)[@a(Ma) pran + lan]+
+ n a2 osn (14 My pan) (14 M3 pon) (@3 (Ms)psn + l3n]+

+ i on (1 4+ M7 pn)[d2(M2) pon + lon] + ain[d1 (M) pin + lin] =
=[1—ain + ain(l — azn)(1 + M{ pan)+

+ a1pon (1 — asn) (1 + M7 1) (1 + M3 pon)+

+ @123, (1 — agn) (1 + M7 1) (1 + M3 pon) (1 + M3 psn)+

+ a1 @2nasnoun (1 + M7 p1n) (1 + M3 pion ) (1 + M3 psn ) (1 + Mg pan)]llzn — gll+
+ a1 Q2pan0n (1 + M7 p1n) (1 + M3 pon ) (1 + M3 psn)[¢a(Ma) pran + lan]+
+ n a2 osn (14 M{ pan) (L4 M3 pon) (@3 (Ms)psn + l3n]+

+ arnaon (1 4+ M pin) (@2 (M) pizn + l2n] + ann[d1 (M) pin + lin) =
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= [14 a1n M p1n + a1naon (1 + M7 1) M pon+

+ arnaanasn (1 4+ My pin) (1 + M pion) M3 ptan+

+ nQan03nan (1 + M7 pan) (1 + M3 pon) (1 + Mg psn) My pran] |20 — gl +
+ nQan 030 an (1 + M7 pan) (1 + Mg pon) (1 + M pisn)[¢a(Ma) pran + lan]+
+ oanoonasn (1 + M pn) (1 + M3 pon)[¢3(Ms)psn + lsn]+

+ a1non (1 4+ M7 pin)[d2(Ma) pizn + lon] + aan[d1 (M1)piin + l1n] <

<L+ M pan + (1 + M pan) M3 pron 4 (14 M7 pan) (1 + M3 pron) M3 13,4+

+ (1 + M{ pan) (1 + M3 pion) (1 + M3 psn ) M pan]||2n — qll+
+ (14 M pan) (1 + M3 pon ) (1 + M3 pign) [da(Ma) pran + lan]+
+ (1 + My pan) (1 + M3 pi2n)[¢3(Ms) pan + lan]+
+ (1 + M7 pan) (@2 (M) pion, + lon] + [01 (M) pian + l1n] =

= [L+ M7 pin + M3 pon + M3 pzn + M pran + My pan M3 pon + M7 pr1n M3 pan+
+ M pan M3 pan + M3 pion M3 pizn + M3 pin M pan + M3 pn M pran~+
+ M pin M3 pron M5 pi3n + M7 10 My pron M fran+
+ M7 prin M3 pr3n M; pran + M3 pioy M3 piz M pran+
+ MY pan M3 pon M3 pan Mg pan]|lzn — qll+
+ (L4 M7 puap ) (14 M3 piog ) (1 + M3 psn)[¢a(Ma) pan + lan]+
+ (L4 M7 pan ) (14 M3 piog ) [@3(Ms)psn + lsp] 4+ (1 + My pan) [¢2 (M2) pon +l2n]+
+ (o1 (M) pan + lin).

Hence, there exists ¢ > 0 such that

4

lTni1 —ql < [1+4Vn+61/ +4V "’V]Hxn_QH‘FQZ ¢i(M, .Um+lm]
=1

where v, = max{M}prn, k=1,2,3,4},n > 1
Since Y pin < o0 and Y Ly, < oo for all ¢ € {1,2,3,4}, then applying

n=1 n=1
4
Lemma 11, we obtain that lim ||z, — ¢|| exists for any ¢ € [ F(T;) and hence

{zy} is bounded. O

Now, we can prove the following lemma for finitely many maps. In the sequel,
we denote the set {1,2,...,m} by I.
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Lemma 14. Let E be a real normed linear space and K a nonempty convex subset
of E which is also a nonexpansive retract of E with the nonexpansive retraction P :
E — K. Let {T;,i € I}, be a finite family of m total asymptotically nonexpansive
mappings from K into E with a nonempty common fized point set, F, such that

1T — Tyl < |z =yl + pindi(llz — yl) + lin, nxzl, i€l

(oo}
where {pin 1521 and {1;n}22 1, i € I are nonnegative real sequences with > iy <
n=1
o0
00, Y lin <o0o,i €l and ¢; : RT — RT i € I are strictly increasing continuous

n=1

functions with ¢;(0) = 0, ¢« € I. Suppose that there exist constants M;, M > 0
such that ¢;(N) < M for all A\ > M;, i € I. Let {x,} be the sequence defined by
the iterative scheme (5), where {aun} are sequences in [e,1— €] for some € € (0,1),
i €I. Then {x,} is bounded and nh_>H;O lzn — ql| exists for each g € F # (.

Proof. For an arbitrary ¢ € F' # ), we have the following estimates:

2011 =gl = [IP[(1 = a1n)@n + @1nT1 (PT1)"  yngm—2] — 4l
< (1 = awn)(zn = q) + (T (PT)"  ynym—2 — )|
< (1= aw)|zn = gl + | T (PT)™  Ynpm—2 — gl| <
< (1 —aw)llzn —gll + arnlyn+m—2 — all + p1nd1 ([Yn+m—2 — all) + lin]-

<
<

By our assumption, there exist constants My, M; > 0 such that ¢1(||yntm—2 —
qll) < M{||yntm—2 — q|| whenever ||ypim—2 — ¢l = M. Moreover, since ¢ is
a strictly increasing function, then ¢1 (||yntm—2—qll) < ¢1(M1) if ||Yntm—2—q|| <
M. In either case we have

O1([|Yntm—2 — qll) < ¢1(M1) + M7 || Yntm—2 — ql|.

Therefore, proceeding in this way, we get

zn+1 — gqll < (1= aan)llzn — all + a1all|yntm—2 — all + p1n(d1 (M1)+
+ M| Yn+m—2 — ql]) + lin] =
= (1—awn)l|zn—qll+a1n(l + M7 p1n) [Yntm—2 — qll + cin[d1 (M) p1n + lin] <
< (I —aw)llzn = gll + a1n(l — a2,) (1 + M pan)||lzn — gqll+
+ arnagn (1 + My pan) | To(PT2)"  Ynym—3 — qll + ain[é1 (M) pan + lin] <
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< (L —aw)llzn = gll + a1 (1 — a2) (L + M pan)||lzn — gqll+

+ a1p2n (1 + M 1) [(1+ M3 pon) [Yntm—3 — qll + (d2(M2)pan + l2n)|+
+ a1p[d1 (M1)pan + lin] =

= (1= a1n)llzn — gl + a1n(l — a2n) (1 + M pan)[|zn — gl +

+ a1poon (1 + M) (1 + M3 pon) | Yntm—3 — 4|+

+ a1pon (1 + M7 pian)[d2 (M) pizn + lon] + aan[d1 (M1)piin + l1n] <

< (1 —arn)llzn = qll + a1n (1 — @) (1 + M pan) |20 — qll+

+ arnaan (1l — azp) (14 My p1n) (14 M3 pon)||lzn — qll+

+ an@anazn (14 M{ p1n) (14 M3 pon) (1 + M3 psn) |Yntm—a — all+

+ Q1020 asp (14 M7 pn) (1 + M3 pon)[¢3(Ms)psn + lsn]+

+ a1n2n (1 4+ M7 pian)[d2(M2) pizn + lon] + aan[d1 (M1)piin + l1n] <

<Al — a1n + a1n(1 — aop) (1 + My p1n)+

+ a1naon(l — agn) (1 + M p1n) (1 + My pgn) + ...+

+ain - m—2)n (1 = an-1)n) (1 + M pan) .. (1 + My _opi(m—2)n) Hlzn — all+
+{oan a1y (1 + M pan) - (1 + My, 3 pim—1yn) Hlyn — all+
+ain o Oy (1 + My pan) oo (L4 My, o fi(m—2)n)-
[pm-1(Mm—1)tm—1)n + lm—1)n]+

+ aipon .. 'a(m72)n(1 + M7 p1n) (L + M3 poy) - -

oo (T My, sptm—3yn) [Pm—2(Mm—2) tm—2)n + lim—2yn] + .. +

+ ap[p1 (M) pan + lin] <

<A1 = ain + a1 (1 — agn) (1 + M pyn)+

+ a1naon(l — asn) (1 + M pin)(1+ Mypo,) + ...+

+ a1p0an - O (1 + MY 1) (14 M3 pion) - - (14 My, i) iz — qll+
+ a1p[1 (M) pan + lin] + a1poon (1 + M 1) @2 (M2)pan + lon]+

+ Q1p2nasp (14 M{ pin) (1 + M3 pon)[¢2(M2) pon + lon] + ...+
e (L M) - (L M3 i —10) B (Mot + o).
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Therefore,

@ns1 — qll < {1+ M pin + M3 pon + - .. 4 M + M i M pion+
+ M{ pan M3 psn + ...+ MY i1 My, pnn + M3 pon M3 pizn+
+ M3 pion M3 pran + - - - + M pron Moy piamn + -+ M5y im—1)n Moy pann =+ - -+
+ M pin M3 iz - - My prmn Y20 — g+
+ ann [P1 (M) pin + lin) + arnaon (1 + My pn)[d2 (M) pon + lon]+
+ aina2nosn (1 4+ M{ pan) (1 + M3 pon)[d2(M2)pon + lon] + ... +
+ a1pon - - ama (1 + M7 pan) (1 + M3 pon) - (1 + M, 1y figm—1)n)"
(b (M) i + lnn] <
<L+ (vn + Gvp + o+ oo™+ oz — gll+
+ a1 [d1 (M) pin + lin) + arnaon (1 + MY pn)[d2 (M) pon + lon]+
+ a1 2nsn (1 4+ M7 pan) (1 + M3 o) [p2(Ma) pion + lon] + ... +
+ a1naon - .. Qmp (14 M pan) (1 + M3 pon) - (1 + MG, 1y b(m—1)n)-
(b (M) i + lnn] <
< (L vn)"|zn — qll + (o1 (M) pan + lin] + (14 M 1) [d2(Ma2) pian + lon]+
+ (1 + M7 pp ) (1 + M3 pon)[¢2(M2)pzn + lan] + ... +
+ (14 M{ pan ) (L4 M3 pon) - - (14 M, 1y m—1yn) [ (M) bann + lnn].

Hence, there exists @* > 0 such that

s = all < (L4 2)™ 20 — qll + Q" S (60 (Mitin + lin),
i=1
where v, = max{M; pn,k € I}, n > 1.
Again, applying Lemma 11, we obtain that lim ||z, — g exists for any g € F
n—oo

and hence {x,} is a bounded sequence. O

Lemma 15. Let E be a real uniformly convex Banach space and K a nonempty
closed convex subset of E2 which is also a nonezrpansive retract of E with the non-
expansive retraction P : E — K. Let {T;,i € I}, be a finite family of m uniformly
L-Lipschitzian total asymptotically nonerpansive mappings from K into E with
a nonempty common fixed point set, F, such that

1T e — Tyl < l|lz =yl + pindi(llz — yll) + lin, nxzl, i€l
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o0
where {1in}22 1 and {l;n}22 1, i € I are nonnegative real sequences with > fin <
n=1

(o]
00, Y lin <o00,i €1 and ¢; : RT — RT i € I are strictly increasing continuous

n=1

functions with ¢;(0) = 0, i € I. Suppose that there exist constants M;, M} > 0
such that ¢;(N) < M for all A\ = M;, i € I. Let {x,} be the sequence defined by
the iterative scheme (5), where {cun} are sequences in [e,1—¢€| for some € € (0,1),
1€1. Then nh_)ngo lxn — Tixnl| =0, i€ 1.

Proof. Lemma 14 asserts that lim |z, — ¢|| exists for any ¢ € F # (. Assume
n—oo
that

Jim [z, — g = . (6)

Observe that for any positive integer 7, 2 < j < m, we have the following estimates

[Yn4m—j — all <1+ M7 pjn + (1 + M7 i) M p41ynt
+ (14 Mjpjn) (1 + M7 pGnyn) MiobGe2n + -+
+ (1 + M7 pjn) 1+ M7y pgyn) - - (L4 My, pigm—1yn) My pomn] | 20 — |+
+ &5 (Mj)pjn + Lin + (L4 M 11jn)[d¢+1) (M(j+1)) BG+1)n + LG+ynl+
+ (L M7 ) (L + MGy piann) [BG+2) (M) BGrn + LGr2m] + -+
+ (1 + M7 pjn) (1 + M5 gy pgiryn) - -
(L Myt m—1)n) [Om (M) i + lna] - (7)

and for any positive integer j, 1 < j < m, we have
IT5(PT) ™  ynm—j—1—all < (A 4+M; pgn) |yntm—j—1—all+6; (M) jn+1in. (8)

In the light of our assumptions, it follows from (7) and (8) that for each positive
integer 7, 1 < j <m:

limsup || (PT;)" ™ yntm—j—1 — ql| < c. 9)

n—00

It follows from (6) that

lim ||z 11 —ql| =
n—00

= lim [|(1 = o10)(@n — q) + a1 (T (PTY)" Ynam—2 — @) = c. (10)

n—oo
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Using (6), (9), (10) and Lemma 12, we obtain

nlggo [2n = T (PT)"™  Yntm—2| = 0. (11)
Since
2 — gl < |20 = Ti(PT)"  Yntm—2ll + [ T1(PT1)"  Ynim-2 — gl <

<
< lwn — TL(PT)™ Ynm—2ll + (1 + M7 pi10)[Ynsm—2 — qll+
+ &1 (M) pan + lin,

using (11) and taking lim inf on both sides of the above inequality, we get
¢ < liminf || yn+m—2 — ¢||- (12)
n—oo

Inequality (7) implies
lim sup ||yn+m—2 — q|| < ¢ (13)
n—oo

Now, (12) together with (13) yield
lim ||yn+m—2 - Q|| =
n—oo

which implies that

lim ||(]- - a?n)(xn - Q) + a?n(T2(PT2)n71yn+m73 - q)” = ¢,

n—00

and similarly by (6), (9) and Lemma 12, we get
nh_{IOlo 20 — To(PT2)" " yntm—3] = 0.
Continuing in the same fashion we obtain

lim ||z, — T;(PT)" "Ynim—j1]| =0  foreach je€ {1,2,...,m—1} (14)

n—oo

and
lIm ||yntm—; —¢|| =0 for each j €{2,3,...,m —1}.
n—oo
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Now,

l|zn— Tj(PTj)nilan <
2= T3 (PT)" Yntm—j—1 [+ 1T (PTH)" Yntm—j—1— T (PT)" an <

<
<Nlan—T5(PT)" Ynam—j—1ll + 1jn®; (Yntm—j—1 — @nl) + ljn <
<

+ ¢ (Mj)pjn + ljn =

= &= T5(PT)"  Ynim—jll + &5 (M) pjn + Lin+

+ (1+ M ) | (1= ag1yn)zn+age1n i (PTj40)"  Ynim—j—2—n|| <
< Nan— T (PTy)"  yntm—j—1ll + &5 (M) pijn + Lin+

+ (14 M jn) gl T (PTip)" ™ yngm—j—a|-

Therefore, it follows from (14) that

lim ||z, — T;(PT;)" ‘a,|| =0  foreach j€ {1,2,...,m —1}. (15)

n—r oo

Since Tj is uniformly L-Lipschitzian for each j € I — {m}, then noting that
Ty, = Pz,, n > 1, and that P is nonexpansive, we have the following estimate:

[ = Tjan|| < [lon=Tj(PTy)" " an ||+ Ty (PT)" 0 =T (PTy)"  ynsm—j—1+
I T(PT)™ Yyngm—j1 — Tjan| <
<Nan = Ti(PT)" aull + 12 — T (PTH)™  Ynim—j-1ll+
| T(PT)"  an — 2all + LITH(PT) "™ *Ynm—j—1 — Tnl|-

Hence, using (14) and (15), we get that
lim ||z, — Tjz,|| =0 for each j €I —{m}. (16)
n—oo

For j = m, we have

lyn = all = (1 = @mn) (@n = @) + Cmn (T (PT)" 20 — q)l| <
< (1 = amn)ll@n = all + Cmnl| T (PTin)" 2 — gll <
< (1 = amn)l[zn = qll + amn[(1 + My, i) [|20 = qll + Gm (M) pmn + lmn] <
< (L4 My, pimn) |20 = qll + G (M) piann, + b
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Thus
limsup ||y, — q|| < c. (17)
n— o0

On the other hand,
Hxn - QH < Hxn - m—l(PTm—l)n_lynH + ”Tm—l(PTm—l)n_lyn - QH <
<

llzn — Tmfl(PTmfl)nilynH +((1+ qum—l/‘(m—l)n))Hyn —q||+
+ ¢m71(Mm71)/14(m—1)n + l(m—l)n'

Again, (14) implies
liminf |y, — ¢|| > ¢ (18)
n—00

It, therefore, follows from (17) and (18) that

lim ||yn —qll = ¢,
n—oo
which is equivalent to
lim [|(1 = amn)(zn —q) + amn(Tm(PTm)nilxn —q)l=c (19)

n—00

Also,

”Tm(PTm)n_lxn —qll <1+ My pmn) |70 — qll + Gm (M) s + linn,

which implies
limsup || T (PT)"  2n — q|| < c. (20)

n—00

Finally, applying Lemma 12 in presence of (6), (19) and (20), we get that

lim ||2n, — T (PTn)"™ 2| = 0.

n—oo

Moreover,

|2 — Trmn |

so that

lim @, — Thay| = 0.
n—oo

This completes the proof. O
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The following theorem extends Theorem 10 to the case of the class of total
asymptotically nonexpansive mappings on uniformly convex Banach spaces.

Theorem 16. Let E be a real uniformly convex Banach space and K a nonempty
closed convex subset of E2 which is also a nonezxpansive retract of E with the non-
expansive retraction P : E — K. Let {T;,i € I}, be a finite family of m uniformly
L-Lipschitzian total asymptotically nonerpansive mappings from K into E with
a nonempty common fixed point set, F, such that

1T e — Tyl < llz =yl + pindi(llz — yll) + lin, nxzl, i€l

oo
where {1in}o2 and {lin}22,, i € I are nonnegative real sequences with > fin <
n=1

o0
00, > lin <o00,i €I and ¢; : RT — RT | i € I are strictly increasing continuous
n=1

functions with ¢;(0) = 0, i € I. Suppose that there exist constants M;, M} > 0
such that ¢;(X) < MFX for all X > M;, i € I. Let {x,} be the sequence defined
by the iterative scheme (4), where {au,} are sequences in [e,1 — €| for some € €
(0,1), i € I. If one of the mappings {T;}1™, is either completely continuous or
semicompact then {x,} converges strongly to a common fized point of {T;}1 .

Proof. The proof follows from Lemma 15 and the proof of Theorem 3.4 in [5]. O

The following corollary follows from Theorem 16.

Corollary 17. Let E, K, {T;,i € I} be as defined in Theorem 16. Let {x,} be
the sequence defined by the following iterative scheme

r1 € K,

Tn+1 = (1 - Oéln)xn + OélnTlnyn+m—2;

Yn+m—2 = (1 - a2n)$n + O‘ZnTQnynerfBa (21)
Yn = (]- - amn)xn + amnT£$n7 n = 1; m = 27

where {ain} are sequences in [e,1 — €| for some e € (0,1), i € I. If one of
the mappings {T;}™, is either completely continuous or semicompact then {x,}
converges strongly to a common fized point of {T;}1 .
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Remark 18.

(i) The main results of this paper are obviously valid for the case where {T; :
K — E,i € I} is a finite family of N uniformly continuous asymptotically
nonexpansive and uniformly continuous asymptotically nonexpansive in the
intermediate sense nonself mappings with a nonempty common fixed point
set.

(ii) Theorem 16 of this paper and its corollary trivially carry over to the class of
total asymptotically quasi-nonexpansive mappings defined above with little
or no modification.

(iii) Our results mainly generalize and extend those obtained by Chidume and
Bashir [5].
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