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Abstract. In this paper we are interested in the existence of solutions for the Dirichlet
problem associated with degenerate nonlinear elliptic equations

— ZD]- [w(z) A4 (2, u, Vu)] + b(z, u, Vu)w(z) + g(z)u(z) =

= fo(z) — ZDjfj(fI?) on 2

in the setting of the weighted Sobolev spaces W4 (Q,w).
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1. INTRODUCTION

In this paper we prove the existence of (weak) solutions in the weighted Sobolev spaces
WP (€, w) (see Definition 2.2) for the Dirichlet problem

Lu(z) = fo(z) — » D;fj(x) on £,
®) ()fo();f.()

u(z) =0 on 0%,

where L is the partial differential operator

Lu(z) = =) Djlw(z)Aj(e, u(@), Vu(@)] + bz, u(z), Vu(@)w(z) + g(@)u(z),

j=1
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where D; = 0/0x;, Q is a bounded open set in R", w is a weight function and the
functions A4; : QX RxR"=R (j =1,...,n), b: @ x RxR"=>R, g: Q — R satisfy
the following conditions:

(H1) z—A;(x,n,§) is measurable on  for all (n,£) € R x R,
(n,§)—A;(z,n,€) is continuous on R x R™ for almost all z € Q.
(H2) There exist a constant 6; > 0 such that

[A($7na€) - A(x7,’7/751)](§ - 5/) Z 91|§ - €/|P’

whenever £,&" € R™, £ £ &', where A(z,n, &) = (Ai1(x,n,€), ..., Au(x,n,£)).
(H3)
A(z,n,8).6 > MIEI” + Ailnl” — g1(2)|nl,

with g1 € LPI(Q, w), where A\; and A; are positive constants.
(H4)
A, m,€)] < K (@) + ha (@) o + ha() 67,

where Kj,h; and hg are positive functions, with hy and hy € L*°(Q), and
Ki € LV (Q,w) (with 1/p+1/p’ = 1).

(H5) z—b(z,n,&) is measurable on Q for all (n,£) € R x R™,
(n,&)—b(x,n,&) is continuous on R x R™ for almost all x € Q.

(H6) There exists a constant 63 > 0 such that

[b(x,n,£) = bz, 0, &) (n—n") = Oaln —n'|",

whenever 7,7 € R, n £ 7.
(H7)
b(x,m,8)n = X2l€” + Aa[nl” — g2(@)n],

with go € L”/(Q, w), where Ao and Ay are positive constants.
(H8)
b, 0. )| < Ka(a) + ha(@)|n""" + ha(a) €7,

where K5, hy and hy are positive functions, with K5 € LPI(Q,w), hs and hy €
L>(Q).
(H9) g/w € LI(Q,w), where 1/¢=1/p' — 1/p, and g(z) > 0 a.e. x € Q.

By a weight, we shall mean a locally integrable function w on R™ such that w(z) > 0
for a.e. z € R™. Every weight w gives rise to a measure on the measurable subsets on
R™ through integration. This measure will be denoted by y. Thus, u(E) = [, w(z) dx
for measurable sets £ C R".

In general, the Sobolev spaces W*(Q) without weights occur as spaces of solutions
for elliptic and parabolic partial differential equations. For degenerate partial differ-
ential equations, i.e., equations with various types of singularities in the coefficients,
it is natural to look for solutions in weighted Sobolev spaces (see [1,3] and [4]).

A class of weights, which is particulary well understood, is the class of A,-weights
(or Muckenhoupt class) that was introduced by B. Muckenhoupt (see [8]). These
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classes have found many usefull applications in harmonic analysis (see [9]). Another
reason for studying Ap-weights is the fact that powers of distance to submanifolds
of R™ often belong to A, (see [7]). There are, in fact, many interesting examples of
weights (see [6] for p-admissible weights).

The following theorem will be proved in section 3.

Theorem 1.1. Assume (H1)-(H9). Ifw € A, (with 2 < p < c0), fo/w € L (Q,w),

fi/w € LY (Q,w) (j = 1,...,n), then the problem (P) has a unique solution u €
WP (Q,w). Moreover, we have

1 n »'/p
Hu||W01’7’(Q7w) < ’W(Z ||fj/w||LP/(Q7w) + ||ngL1’,(Q7w) + ||92/W||Lp’(Q,w)) )
j=0

where v = min{ A1, Ao, A1, Ao }.

2. DEFINITIONS AND BASIC RESULTS

Let w be a locally integrable nonnegative function in R™ and assume that 0 < w < oo
almost everywhere. We say that w belongs to the Muckenhoupt class 4,, 1 < p < oo,
or that w is an Ap,-weight, if there is a constant C' = C,, ,, such that

Q;/@mmg(éﬂ/wWFMWmﬁpl<c

B B

for all balls B C R™, where | - | denotes the n-dimensional Lebesgue measure in R”.
If 1 <g<p,then A; C A, (see [5,6] or [9] for more information about A,-weights).
The weight w satisfies the doubling condition if there exists a positive constant C'
such that
u(B(x; 1)) < Cu(B(a;2r)),

for every ball B = B(z;r) C R", where u(B) = [pw(z)dz. If w € A, then p is
doubling (see Corollary 15.7 in [6]).

As an example of an A,-weight, the function w(x) = |z|*, z € R", is in A, if and
only if —n < a < n(p — 1) (see Corollary 4.4, Chapter IX in [9]).

If we Ap, then
IE)p WE)
= <o 2)
(lBI 1(B)

whenever B is a ball in R™ and E is a measurable subset of B (see 15.5 the strong
doubling property in [6]). Therefore, if p(E) = 0, then |E| = 0.

Definition 2.1. Let w be a weight, and let 2 C R™ be open. For 0 < p < oo we
define LP(Q,w) as the set of measurable functions f on Q such that

1/p
wmmm=(/mm%@m) .
Q
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If we A4, 1 < p < oo, then w™/®=1) g locally integrable and we have
LP(Q,w) C L, .(Q) for every open set Q (see Remark 1.2.4 in [10]). It thus makes
sense to talk about weak derivatives of functions in LP(Q,w).

Definition 2.2. Let w be a Ap-weight (1 < p < 00), and let Q C R™ be open. We
define the weighted Sobolev space W1 (Q, w) as the set of functions u € LP(Q,w) with
weak derivatives Dju € LP(Q,w). The norm of u in WP(Q,w) is defined by

il gy = ( [ u@ratz) de [1Dsu@)ata) daz:)w. (2.1)
Q i=1q

We also define W,”(,w) as the closure of C§°(Q) with respect to the norm
.

Ifwe A,, then WHP(Q,w) is the closure of C> () with respect to the norm (2.1)
(see Theorem 2.1.4 in [10]). The spaces W?(Q, w) and W, ** (€, w) are Banach spaces.

It is evident that a weight function w which satisfies 0 < ¢; <w( ) <cy for x€Q2
(where ¢; and ¢y are constants), gives nothlng new (the space Wo P(Q,w) is then
identical to the classical Sobolev space Wy (£2)). Consequently, we shall be interested
above in all such weight functions w which either vanish somewhere in Q or increase
to infinity (or both).

In this paper we use the following two theorems.

Theorem 2.3. Let w € A,, 1 < p < 00, and let Q be a bounded open set in R". If
Um—u in LP(Q,w) then there exists a subsequence {um, } and a function ® € LP(Q,w)
such that:

(1) U, (x) = u(x), my — oo, p-a.e. on Q,

(ii) |um, (z)] < ®(z), p-a.e. on
(where p(E) = [, w(x)dx
Proof. The proof of this theorem follows the lines of Theorem 2.8.1 in [2]. O
Theorem 2.4. Let Q be an open bounded set in R™ and w € A, (1 < p < 00). There
exist constants Cq and 0 positive such that for all w € C§°(Q) and all k satisfying
1<k<n/(n—1)+4,

||UHLkp(Q,w) < CQ||VU||LP(Q,w)'

Proof. See Theorem 1.3 in [3]. O

Definition 2.5. We say that an element u € W, ?(Q,w) is a (weak) solution of
problem (P) if

Z/ (), Vu(z))Djp(x da:—l—/b x,u(zx), Vu(z))p(z)w(z) de+

i=lg
+Q/<> dx—/fo dx+j219/fj

for all p € W, ?(Q,w).
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3. PROOF OF THEOREM 1.1

The basic idea is to reduce the problem (P) to an operator equation Au = T and
apply the theorem below.

Theorem 3.1. Let A : X—X* be a monotone, coercive and hemicontinuous operator
on the real, separable, reflerive Banach space X. Then the following assertions hold:

(a) for each T € X* the equation Au =T has a solution u € X,
(b) if the operator A is strictly monotone, then equation Au =T is uniquely solvable
m X.

Proof. See Theorem 26.A in [11]. O

To proof Theorem 1.1, we define B, By, B : Wol’p(Q,w) X Wol’p(Q,w)—>R and
T : Wy (Q,w)—R by
B(’U’v (P) = Bl(“a (P) + B?(uv (10)7

Bi(u,p) = Z/W.Aj(x,u, Vu)Djpdr =

j=1 Q

= /w Az, u, Vu).Vedr,

(z)¢p(x) do+

=
&
Il
P
B

3

+

/fj(;v)ngo(x) dz.
=19

Then u € Wy P (Q,w) is a (weak) solution to problem (P) if

B(u,p) = Bi(u, ¢) + Ba(u, p) = T(p),

for all p € W, P(Q,w).
Step 1. For j =1,...,n we define the operator Fj : Wol’p(Q,w)—>Lp/(Q7w) by

(Fju)(z) = Aj(z,u(z), Vu(z)).
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We have that the operator F} is bounded and continuous. In fact:
(i) Using (H4) we obtain

1E5ul T .0y = / |Fju(@)|” wde = / |A; (2, u, V) [P wdz <
Q Q

/ ’ p/
§/<K1+h1|u|p/p +h2|Vup/p) wdx <
Q

IN

c, / {(Kfl + Rl + hg’|vu|P)w] do =
Q
c, [

Q

Kf/wder/hﬁ’l|u|pwd1’+/hgl|Vu|pwd:17],
Q Q

where the constant C, depends only on p.
We have

/ B Ll de < [[ha ] g / jufw e < e o 0l
Q Q

and

/hg VulPwdz < [hs ] o) / Ve d < [hall oyl -
Q Q

Therefore, in (3.1) we obtain

IEull Lo () < Cp(HKHLP’(Q,w) + (17l ooy + |h2||L°O(Q))|ul|%§,p(97w))~

(ii) Let u, — u in WyP(Q,w) as m — oco. We need to show that Fju,—Fju
in L?' (€, w).

If Uy, — win Wy P(Q,w), then u,, — win LP(Q,w) and |V, | — [Vau| in LP(Q, w).
Using Theorem 2.3, there exists a subsequence {u,, } and functions ®; and ®, in
LP(Q,w) such that

U, (2)—u(z), g —ae. in Q,
[thm,, ()| < P1(z), p— a.e. in Q,
|V, (2)|=|Vu(z)|, p—ae. in Q,

[Vt (x)] < ®a(z), 1 — a.e. in Q.
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Hence, using (H4), we obtain

Fytm, = Fyull g = [ 1Fytem, &) = Fru(o)” s =
Q

= / |A; (2, Uy, VU, ) — .Aj(x,u,Vu)|p/w dr <

<C A (2, U, , Vg, vy Aji(z,u, Vu v wdzr <
P J k k j
Q

) AP
SCP[/<K1—|—h1|umk|p/p +h2|Vumk|p/p> wdz+
Q

’ / p/
+/(K1+h1|u|p/p +h2|Vup/p> wdm} <
)
’ ’ p,
<20, /<K1+h VP 4 hy <I>”/”> wde <
<20, [/K1 wda:—l—/hp @ﬁ’wdw—k/h” <I’2wda:} <

<20, [nmum o+ Wil [ W
Q

Hhall~ ) [ Whwde] <
Q
<26y 1K g+ 1y 191+

+ ||h2||1£oo(sz) ||(I)2||}£P(Q,w):| :

By condition (H1), we have
Fum (x) = Aj (2, um (), Vum ()= A; (2, u(r), Vu(z)) = Fju(z),
as m — oo. Therefore, by the dominated convergence theorem, we obtain
| Fjtm, — Fju||Lp/(Q’w) — 0,

that is, )
Fity, — Fju in LP (Q,w).

By the convergence principle in Banach spaces, we have

Fju, — Fju in LPI(Q,oJ). (3.2)
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Step 2. We define the operator G : W, P (Q,w) — LP (Q,w) by
(Gu)(z) = b(z, u(x), Vu(x)).

We also have that the operator G is continuous and bounded. In fact:

(i) Using (H8) we obtain

Gl /\Gu\p/wda::/|b(x,u,Vu)|p/wdx <
Q Q

’ ’ p/
< / (K2+h3|up/p +h4|vu|”/p> wdz <
Q

< cp/ {(Ké’, + 12 |ulf + hZ,|Vu|p)w} do =
Q

=C, {/K2 wdx—i—/hg |u|pwdx+/hp |Vu|pwdx} <

Q Q
<q, (nKzn’;p/(w + (el oy + Wil ) Wl )
(ii) By the same argument used in Step 1(ii), we obtain analogously, if u,, — wu in
WyP(Q,w), then
Gum— Gu in L7 (Q,w). (3.3)
Step 3. We have

|</|fo||<P|d93+Z/|f]||Dg<p|dx—

Jlﬂ

|fol |fi
:/7|<p|wdx+z TJ|ng0\wdx§
Q i=1g

n

< HfO/WHLP’(Q,w)”‘P”LP(Q,M) + Z ||fj/wHLP/(Q7w)HD]'%O”LP(Q’LU) <
j=1

n

< (Mo/elloviar + S U5l g

j=1

Moreover, using (H4), (H8), (H9) and the generalized Holder inequality, we also have
[B(u, )| < [Bi(u, )| + [Ba(u, )| <

< Z/\A z,u Vu)||D]cp|wdx+/|b z,u, V)| |plw da+
J= 1Q (34)

+ [ lallul ol o
Q
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n (3.4) we have

/|A(:c,u, Vu)| |[Velwdr < / <K1 + h1|u|:0/p/ n hzvup/p/) Vol wde <
Q Q

S 6,0 120 00y F 1 e ey 221y ) 170 1 0 F
P (Qw) ) (2) (Q,w)

2l o oy IVl 6, ) 19 oy <

< (M1l @ + b lamey + Wizl ) I g g
and

/|b(m,u, Vu)| |p|wdr < / <K2+h3|u1’/p’ +h4|Vu|P/p’>|<p|wdx <
Q Q

< [ Kalplodn + hall iy [ 1ol [plwdo -+ hallm oy [ 1907 folwdo <
Q Q

< (WEallar  + Uallm 1o gy + WVl gy Vi

and, since 1/¢+1/p+1/p=1,

g
[ 1aluliglde = [ uijolwar <
Q Q

< Hg/wHLq(Q,w)||UHLP(Q,w)||S0||Lp(Q,w) <

< Nlg/@llLagaw lullw > @) 1€l » @.0):

Hence, in (3.4) we obtain, for all u,o € W, (2,w)

1B, )| < 1Kl o) +||h1||Lm<Q)||qu/1pM+||h2|\mw||u||”/1pm ot

12l o ) + sl oo @ P8 o el e gy Il

Wo P (2,w) lp(Qw)

Flg/wl Lo [ellw e ) | 1Plwi 2 (@)

Since B(u, -) is linear, for each u € W, ?(,w), there exists a linear and continuous
operator

A WP (Q,w) — WP (Q,w)]*



24 Albo Carlos Cavalheiro

such that (Au, o) = B(u, @), for all u, ¢ € Wy (Q,w) (where (f, z) denotes the value
of the linear functional f at the point z) and

Al < DB gy + el 0 + W2l e 0+
1 oy + Wl e 028+ Wl e 0

+ ||g/w||L<1(Q,w)Hu||W01‘p(Q7w)'
Consequently, problem (P) is equivalent to the operator equation

Au=T, ueW,”(Qw).

Step 4. Using condition (H2), (H6) and (H9), we have

(Auy — Aug,uy — ug) = B(uy,u; — uz) — B(ug,u; — ug) =

= /wA(x,ul,Vul).V(ul —ug)dx—i—/b(m,uhVul)(ul — ug) wdz+
Q Q

+ /(u1 — ug)guy de—
/ (x,uz, Vuz).V(uy — ug) de — /b x, ug, Vug)(u; — ug) wdr—
Q Q
/g up — ug)ug der =
Q

O

w (A(x, uy, Vuy) — Az, ug, Vu2)> V(up — ug) dz+

+ /(b(x,ul,Vul) — b(z,u2, Vug))(u1 — ug)w dx + /g (ug — ug)* dx >
Q Q
> 61 /w IV (up — ug)|? dx +02/|u1 — us|Pwdz >
Q Q

> 0 ||U1 - U2H€I/OLP(Q,UJ)7

where § = min {61, 62}.
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Therefore, the operator A is strictly monotone. Moreover, using (H3), (HT7)
and (H9), we obtain

(Au,u) = B(u,u) = By(u,u) + Ba(u,u) =
:/wA(x,u,Vu).Vudx+/b(x,u,Vu)uwdm+/gu2dx2

Q Q Q

> / <A1|u|p+)\1|Vup—gl|u|>wdx—|—
Q

—|—/ <A2|u|p+)\2Vu|p—g2|u>wdx2
Q

> a1 0y~ (U910 o)+ 19201 ) [l gy
where v = min {\1, A2, A1, Ao }. Hence, since p > 2, we have
_AAww) o s [
[ull i r@.0) 0 ()

that is, A is coercive.
Step 5. We need to show that the operator A is continuous.
Let ty,— u in W) (9, w) as m — co. We have

| B1 (tm, ©) — Bi(u, )| Z/|A T, Uy V) — Aj(x,u, Vu)||Djplw de =
J= 1Q

= Fiuy, — Fjul|Djplwdr <
J

]19

n
< Z [Ejum = Fjull o (.o D5l Lo .0y <
=1

< Z | Fjum — Fju”LI’I(SZ’w)‘|<pHW01’p(Q7w)
j=1
and
‘BZ U, ) BQ(U’ L)0)|

‘/ x um,Vum)—b(x,u,Vu))gpwdx—F/gcp(um—u)dx <
Q

< /|Gum ~ Gullg|wdz + / 191 ¢! [t — ] dz <
Q Q

< | Gum — GUHLP/(Q,W)||90||LP(Q,M) + ||g/w||LQ(Q,w)||S0||L:D(Q7w)||um - u||LP(Q7w) <

< | Gum — G“HLP’(QM)||<P||W01=P(Q,w) + ||9/W||Lq(g,w)H‘PHWOLP(QM)HUm - “”WOLP(QM)
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for all p € W, *(Q,w). Hence,

|B(tum, @) = B(u, )| < |Bi(um; ) = Bi(u, @) + [Ba(um, ) = Ba(u, )] <

< [Z [Fjtim — Fjul| g )+

j=1
+ [|Gum — Gu||LP’(Q7w) + ||g/WHLq(va)||um - ”Wc}vp(ﬂ,w) ”‘P”WOLP(Q,W)'

Then we obtain

At — Aull, < 3 | Fjum — Fjull g0+
j=1

1 Gum = Gull o .0y + 19/9l Lo lum = tllwi @ .w)-

Therefore, using (3.2) and (3.3) we have ||Au,, — Au||,— 0 as m — oo, that is, A is
continuous (and this implies that A is hemicontinuous).

Therefore, by Theorem 3.1, the operator equation Au = T has a unique solution
u € WyP(Q,w) and it is the unique solution for problem (P).
Step 6. In particular, by setting ¢ = u in Definition 2.5, we have

B(u,u) = By(u,u) + Ba(u,u) = T(u). (3.5)

Hence, using (H3), (H7), (H9) and v = min {A\1, A2, A1, A}, we obtain

Bi(u,u) + Ba(u,u) = [ wA(x,u, Vu).Vudx + /b(x,u,Vu) uwdz + /gu2 dx >

Q Q

> <A1|up + M\ |Vul? — glu|) wdz+

'Q\ b\

# [ (Aalul + 2l 9ul? = gefu ) wato >
Q

> Yl ) = U911 0,0y + 1921l o 0.09) Il o
and
T(u):/foudx+2/ijjudx§
Q

jzlg

< ||f0/w||Lp’(Q,w)”u”LP(Q,w) + Z ||fj/w|LP'(Q)H‘Dju”L:D(Q,w) <

Jj=1

< (2 fj/WIILp/m)) el
j=0
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Therefore, in (3.5), we obtain

Yl g.w) = (9l @) + 1920l (@.0) Tellwiru) <

< (Wl ) llhagro

j=0
and we obtain

1 n p//p
ol < 5 (Z 163/l + N1l 0+ Nl )
j=
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