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Abstract

In this paper we introduce an online algorithm that uses integral reinforcement knowl-
edge for learning the continuous-time zero sum game solution for nonlinear systems with
infinite horizon costs and partial knowledge of the system dynamics. This algorithm
is a data based approach to the solution of the Hamilton-Jacobi-Isaacs equation and it
does not require explicit knowledge on the system’s drift dynamics. A novel adaptive
control algorithm is given that is based on policy iteration and implemented using an ac-
tor/disturbance/critic structure having three adaptive approximator structures. All three
approximation networks are adapted simultaneously. A persistence of excitation condi-
tion is required to guarantee convergence of the critic to the actual optimal value function.
Novel adaptive control tuning algorithms are given for critic, disturbance and actor net-
works. The convergence to the Nash solution of the game is proven, and stability of the
system is also guaranteed. Simulation examples support the theoretical result.

1 Introduction

The H.. control problem is a minimax optimization
problem [3], and hence a zero-sum game where the
controller is a minimizing player and the distur-
bance a maximizing one.

Game theory [1] and H-infinity solutions rely
on solving the Hamilton-Jacobi-Isaacs (HJI) equa-
tions, which in the zero-sum linear quadratic case
reduce to the generalized game algebraic Riccati
equation (GARE). In the nonlinear case the HJI
equations are difficult or impossible to solve, and
may not have global analytic solutions even in sim-
ple cases (e.g. scalar system, bilinear in input and
state). Solution methods are generally offline.

In this paper we use Reinforcement Learning
(RL) [10] methods, specifically a new Integral Re-
inforcement Learning (IRL) approach, to provide a
learning algorithm for the solution of two-player
zero-sum infinite horizon games online. This al-

gorithm does not need any knowledge of the drift
dynamics of the system. A novel adaptive control
technique is given that is based on reinforcement
learning techniques, whereby the control and dis-
turbance policies are tuned online using data gener-
ated in real time along the system trajectories. Also
tuned is a ‘critic’ approximator structure whose
function is to identify the value or outcome of the
current control and disturbance policies. Based on
this value estimate, the policies are continuously
updated. This is a sort of indirect adaptive control
algorithm, yet, due to the direct form dependence
of the policies on the learned value, it is affected
online as direct (‘optimal’) adaptive control.

Reinforcement learning (RL) is a class of meth-
ods used in machine learning to methodically mod-
ify the actions of an agent based on observed re-
sponses from its environment [11, 12, 14, 16]. The
RL methods have been developed starting from
learning mechanisms observed in mammals. Ev-
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ery decision-making organism interacts with its en-
vironment and uses those interactions to improve
its own actions in order to maximize the positive ef-
fect of its limited available resources; this in turn
leads to better survival chances. RL is a means
of learning optimal behaviors by observing the re-
sponse from the environment to non-optimal con-
trol policies. In engineering termsPersonName, RL
refers to the learning approach of an actor or agent
which modifies its actionsPersonName, or control
policiesPersonName, based on stimuli received in
response to its interaction with its environment.

In view of the advantages offered by the RL
methodsPersonName, a recent objective of control
systems researchers is to introduce and develop RL
techniques which result in optimal feedback con-
trollers for dynamical systems that can be described
in terms of ordinary differential or difference equa-
tions. These involve a computational intelligence
technique known as Policy Iteration (PI) [8, 11, 12,
14, 16], which refers to a class of algorithms built
as a two-step iteration: policy evaluation and pol-
icy improvement. Pl provides effective means of
learning solutions to HJ equations online. In control
theoretic terms, the PI algorithm amounts to learn-
ing the solution to a nonlinear Lyapunov equation,
and then updating the policy through minimizing a
Hamiltonian function. PI has primarily been devel-
oped for discrete-time systems, and online imple-
mentation for control systems has been developed
through approximation of the value function based
on work by [9, 10,13]. Recently, online policy it-
eration methods for continuous-time systems have
been developed by [17, 18, 20].

We present an online integral reinforcement al-
gorithm that combines the advantages of [19] and
[20]. These include simultaneous tuning of distur-
bance, actor and critic neural networks (i.e. all neu-
ral networks are tuned at the same time) and no need
for the drift term in the dynamics. Simultaneous
tuning of actor/disturbance/critic structures was in-
troduced by [18, 19], and has been the idea of recent
papers in the area, however in most of these papers
the authors either designed model-based controllers
[22] or used dynamic neural networks to identify
a model for the unknown nonlinear plant [23, 24].
Our algorithm avoids full knowledge of the plant
and uses only three neural networks by designing a
hybrid controller as in [20]. This paper generalizes

the method given in [19] to solve the 2-player zero-
sum game problem for nonlinear continuous-time
systems without knowledge of the drift dynamics.

The contributions of this paper are a new direct
adaptive control structure with three parametric ap-
proximation structures that converges to the solu-
tion of the zero-sum game problem without know-
ing the system drift dynamics term. The adaptive
structure converges to the solutions to the HJI equa-
tion without ever explicitly solving either the HJI
equation or nonlinear Lyapunov equations. The
three approximation structures are tuned simultane-
ously in real time using data measured along the
system trajectories.

The paper is organized as follows. Section 2 re-
views the formulation of the two-player zero-sum
differential game. A policy iteration algorithm is
given to solve the HJI equation by successive solu-
tions on nonlinear Lyapunov-like equations. This
essentially extends Kleinman’s algorithm to non-
linear zero-sum differential games. Section 3 de-
velops the online zero-sum game PI algorithm with
integral reinforcement learning. Care is needed to
develop suitable approximator structures for online
solution of zero-sum games. First a suitable ‘critic’
approximator structure is developed for the value
function and its tuning method is pinned down.
A persistence of excitation is needed to guaran-
tee proper convergence. Next, suitable ‘actor’ ap-
proximator structures are developed for the control
and disturbance policies. Finally the main result
is presented in Theorem 1, which shows how to
tune all three approximators simultaneously by us-
ing measurements along the system trajectories in
real time. Proofs using Lyapunov techniques guar-
antee convergence and closed-loop stability. Sec-
tion 4 presents simulation examples that show the
effectiveness of the online synchronous zero-sum
game CT PI algorithm in learning the zero sum
game solution for both linear and nonlinear sys-
tems.

2 Background on Zero Sum Games

In this section is presented a background review
of 2-player zero-sum differential games. The objec-
tive is to lay a foundation for the structure needed
in subsequent sections for online solution of these
problems in real-time. In this regard, the Policy It-



ONLINE LEARNING ALGORITHM FOR ...

317

eration Algorithm for 2-player games presented at
the end of this section is key.

Consider the nonlinear time-invariant affine in
the input dynamical system given by

&= f(x) +g()ulx) +k(x)d(x) (1)

where state x(r) € R, f(x(r)) € R", g(x(r)) €
R™™ control u(x(t)) € R™, k(x(t)) € R™%and dis-
turbance d(x(¢)) € RY, Assume that f(x) is locally
Lipschitz, f(0) = 0 so that x = 0 is an equilibrium
point of the system.

Define the performance index [26]

2)

forQ(x) > O,R = RT > 0, r(x,u,d,T) = Q(x) +
ul Ry — ? |d||*, and T > 0a parameter to be defined
and Y > v* > 0, where ¥* is the smallest y for which
the system is stabilized [4]. For feedback policies
u(x) and disturbance policies d(x), define the value
or cost of the policies as

* 2
Vial)ud) = [ (Q0)+u" fu=F 1d|”) a
3)
When the value is finite, a differential equivalent to
this is the nonlinear Lyapunov-like equation

0=r(x,u,d,T)
+(VV)T (F(x) + g(x)u(x) + k(x)d(x)), V(0) =0
“4)
where VV = oV / dx € R" is the (transposed)
gradient and the Hamiltonian is

H(x,VV,u,d) = r(x,u,d,T)

W) () + gl k@)

For feedback policies [3], a solution V (x) > 0 to (4)
is the value (3) for given feedback policy u(x) and
disturbance policy d(x).

2.1 Two-Player Zero-Sum Differential
Games and Nash Equilibrium

Define the 2-player zero-sum differential game [2],
[31, [25]

(6)

subject to the dynamical constraints (1). Thus, u is
the minimizing player and d is the maximizing one.
This 2-player optimal control problem has a unique
solution if a game theoretic saddle point exists, i.e.,

if the Nash condition holds

minm[?x J(x(0),u,d) = m[?xmin J(x(0),u,d) (7)

u

To this game is associated the Hamilton-Jacobi-
Isaacs (HJI) equation
8)
Given a solution V*(x) > 0: R" — R to the HJI
(8), denote the associated control and disturbance
by employing the stationarity conditions as

oH
5 =0=u = —ITR g"(x)VV* (9
oH 1
and write

(11)

Note that global solutions to the HJI (11) may
not exist. Moreover, if they do, they may not be
smooth. See [3] for a discussion on viscosity solu-
tions to the HJI. The HJI equation (11) may have
more than one nonnegative local smooth solution
V(x) > 0. A minimal nonnegative solution V,(x) >
0 is one such that there exists no other nonnega-
tive solution V(x) > 0 such that V,(x) > V(x) > 0.
Of the nonnegative solutions to the GARE, select
the one corresponding to the stable invariant mani-
fold of the Hamiltonian matrix. Then, the minimum
nonnegative solution of the HJI is the one having
this stabilizing GARE solution as its Hessian ma-
trix evaluated at the origin [4].

It is shown in [3] that if V*(x) is the minimum non-
negative solution to the HJI (11) and (1) is locally
detectable, then (9), (10) given in terms of V*(x) are
in Nash equilibrium solution to the zero-sum game
and V*(x) is its value.

2.2 Policy Iteration

The HJI equation (11) is usually intractable to solve
directly. One can solve the HJI iteratively using one
of several algorithms that are built on iterative solu-
tions of the Lyapunov equation (4). Included are [4]
which uses an inner loop with iterations on the con-
trol, and [6] which uses an inner loop with iterations
on the disturbance. These are in effect extensions
of Kleinman’s algorithm [27] to nonlinear 2-player
games. Here, we shall use the latter algorithm.
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I(0) ) = [ (0)+"

u—"2 ||d|]2> dr = /Omr(x,u,d,T) dr 2)

V*(x(0)) = minmax J (x(0), u,d)= minmax f;" (Q(x) Ul Ry 7 |de2) dt ©)

u

Policy Iteration (PI) Algorithm for 2-Player
Zero-Sum Differential Games

Initialization: Start with a stabilizing admissi-
ble control policy ug

1. For j=0,1,... given u;

2. Fori=0,1,...setd’ =0,
solve for V}(x(t)), d™" using (12), (13)

On convergence, set Vi (x) = V} (x)

3. Update the control policy using (14)

Goto 1.

Note that this algorithm relies on successive so-
lutions of nonlinear Lyapunov-like equations (12).
As such, the discussion surrounding (4) shows that
the algorithm finds the value VJ? (x(1)) of successive
control/disturbance policy pairs.

3 Online Solution of Zero Sum
Games with Integral Reinforce-
ment Learning

The online solution of zero-sum games in real time
cannot be accomplished by simply throwing in the
standard NN structures and adaptation approaches.
E.g., for one thing, approximation is required of
both the value function and its gradient. Second,
one requires learning of the cost or value associ-
ated with the current control and disturbance poli-
cies. Therefore, in this section we first carefully
develop proper approximator structures which lead
to solution of the problem.

3.1 Value Function Approximation

A practical method for implementing PI for
continuous-time systems involves two aspects:
value function approximation (VFA) and integral
reinforcement learning (IRL). This section dis-
cusses VFA, and the next presents IRL. In VFA,
the Critic value and the Actor control function are

approximated by neural networks, and the PI al-
gorithm consists in tuning alternatively each of the
three neural networks.

It is important to approximate V (x) in Sobolev
space, since both the value V(x) and its gradient
must be approximated. This machinery is provided
by the Weierstrass higher-order [7] approximation
theorem. Thus, assume there exist a weight param-
eter matrix W; such that the value V(x) is approxi-
mated by a neural network as

V(x) =W/ ¢(x) +&(x) (15)

where 0(x) : R" — R" is the activation func-
tion vector, N the number of neurons in the hidden
layer, and €(x) the NN approximation error. It is
known that €(x) is bounded by a constant on a com-
pact set. Select the activation functions to provide a
complete basis set such that V (x) and its derivative

v Vo'W +
ox

%

ox (16)

are uniformly approximated. According to
the Weierstrass higher-order approximation theo-
rem [7], such a basis exists if V(x) is sufficiently
smooth. Then, as the number of hidden-layer neu-
rons N — oo, the approximation error € — 0 uni-
formly.

3.2 Integral Reinforcement Learning

The PI algorithm given above requires full system
dynamics, since f(x),g(x),k(x)appear in the Bell-
man equation (12). In order to find an equivalent
formulation of the Bellman equation that does not
involve the dynamics, we note that for any time 7
and time interval T ; O the value function (3) satis-
fies (17)

In [20] it is shown that (17) and (12) are equiva-
lent, i.e., they both have the same solution. There-
fore, (17) can be viewed as a Bellman equation for
CT systems. Note that this form does not involve
the system dynamics. We call this the integral re-
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0=0(x) + V7 () ()~ YV ()g()TR g (1)9V (1)

1

0=H(x,VV,u*,d*) = Q(x) + VVT (x) f(x) — =VVT

4

inforcement learning (IRL) form of the Bellman
equation.

Therefore, by using a critic NN for VFA, the
Bellman error based on (17) becomes (18)

where the parameter in the control weighting term
is selected as the time 7>0. We define the integral
reinforcement as

p0)= [ (oW fu-F ) ez (9
Now (18) can be written as
ep— p = Wi AO(x(t)) (20)
where

AP(x(1)) = 0(x(1)) —0(x(t=T)). (1)

Under the Lipschitz assumption on the dynamics,
the residual error €p is bounded on a compact set.

Remark 1. Note that, as N — oo, €g — 0 uniformly

[1].

3.3 Online Integral Reinforcement Learn-
ing Algorithm for Zero Sum Games

Standard PI algorithms for CT systems are of-
fline methods that require complete knowledge on
the system dynamics to obtain the solution (i.e. the
functions f(x),g(x),k(x) in Bellman equation (12)
need to be known). It is desired to change the of-
fline character of PI for CT systems and implement
it online in real-time as in adaptive control mech-
anisms. Therefore, we present an adaptive learn-
ing algorithm that uses simultaneous continuous-
time tuning for the actor and critic neural networks
and does not need the drift term f(x) in the dynam-
ics. We term this the online integral reinforcement
learning algorithm for zero sum games.

3.3.1 Critic Neural Network

The weights of the critic NN,W; that solve (18)
are unknown. The output of the critic neural net-

1
+-— VT (xX)Tkk"VV (x),

7 V(0)=0 (8)

(x)g(x) TR 'gT (x)VV (x) + 4172 Vv (x)TkkI VV (x)

(11)
work is
V(x) =W/ o(x) (22)

where W, are the current known values of the critic
NN weights. Recall that ¢(x) : R” — R is the acti-
vation functions vector, with N the number of neu-
rons in the hidden layer. The approximate Bellman
error is then (23)

[ (00 +u Bu=T alP) ax

-T
AW 0(x(1)) =Wl o(x(r =T)) = e (23)
which according to (19) can be written as

Wl AO(x(t)) =e1—p (24)

It is desired to select W to minimize the squared
residual error
1,7
Ey = jeje; (25)

ThenW; (1) — W;. We select the tuning law for the
critic weights as the normalized gradient descent al-
gorithm

B e A0l
(1+80(x(1))TA0(x(1))

t
2 A~
[, (@) +u" fu=T laI?) dv+80(x(0)" W]
(26)
Note that the data required in this tuning algo-
rithm at each time are (Ad(z),p(r)). The system

dynamics f(x), g(x) are not needed. Note for future
use that

AO(t) = Ad(x(t)) = [| Vo (x)idt
= [l ;VO(f+gutkd)di= [ ;01dt

27

Define the critic weight estimation error W, =W, —
Wi and substitute (18) in (26). Then, with the no-
tation AQ(r) = AG(t)/(A0(t)TAG(¢) + 1) and m; =
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0= Q%) + VVIT (x)(f + gu; +kd') + u Ru; —* || d'||* (12)
. . 1 .
d"! = argmax[H (x, VV},u;,d)] = ﬁkT(x)VV; (13)
de¥(Q) Y
ujr1 = argmin[H(x,VV; ), u,d] = —3R™'g" (x)VV;, (14)
uc'?(Q)
14+ Ad(¢)TAd(¢), we obtain the dynamics of the d(x) = Z—;ZTkT(x)V(bTWI (31)

critic weight estimation error as

Wi = —a1a5() 80() Wi+ a8(0) = (28)
A

Though it is traditional to use critic tuning al-
gorithms of the form (26), it is not generally under-
stood when convergence of the critic weights can be
guaranteed. In this paper, we address this issue in a
formal manner. To guarantee convergence of W to
W1, the next Persistence of Excitation (PE) assump-
tion is required. Note from (24) that the regression
vector AQ(¢), or equivalently the normalized vec-
tor Ad(t), must be persistently exciting to solve for
Wiin a least squares sense.

Persistence of Excitation (PE) Assumption.
Let the signal Ad(¢) be persistently exciting over the
interval [t — Tpg, 1], i.e. there exist constants 3; > 0,
B2 > 0, Tpg > 0 such that, for all ¢,

BlISSoE/

t—Tpg

t

AG(D)AGT (T)dT < Bl (29)

Technical Lemma 1. Consider the error dynamics
(28) with output

yi=A20(t)"W,
Assume AQ(t) is PE according to (29).

Le~t||£BH < gmaxand  |[y1]] < Ymax- Then
||W; ||converges exponentially to the residual set

- v/ BT,
Wi(r) < VPBTre
B1
where 9 is a positive constant of the order of 1.

Proof: [14].

{b’max + SBZGI (gmax +ymax)}} .

3.3.2 Action and Disturbance Neural Networks

The policy improvements step in PI are given
approximately as

u(x) = —1TR™'g" (x)Vo' W (30)

with critic weights W unknown. Therefore, define
the control and disturbance policy in the form of ac-
tion neural networks which compute the control and
the disturbance input in the structured form

wy(x) = —3TR'¢" (x) Vo' Wa (32)

d3(x) = #TkT(x)vq)Tﬁ@ (33)

where Wz, W5 denote the current known values of
the actor and disturbance NN weights respectively.

Based on (30), (31) and (18), define the approx-
imate HJI equation (34) with the notations
Di(x) = Vo(x)g(x) TR 'g" (x) Vo' (x),
Ey (x) = 5 VO()k(x)K" (x)VOT (x)
where W) denotes the ideal unknown weights of the
critic, actor and disturbance neural networks which
solve the HJL. The error €x,;(x) has components
arising from the NN approximation error and its
gradient. We now present the main results, which
provide tuning laws for the actor, disturbance and
critic neural networks that guarantee convergence
to the Nash solution of the game with closed-loop
stability. The next notion of practical stability is
needed.

Definition 2. [26] (UUB) A time signal {(¢)is
said to be uniformly ultimately bounded (UUB)
if there exists a compact set S C R"so that for
all {(0) € Sthere exists a bound B and a time
Ts(B,£(0)) such that ||{(¢)|| < B for all > 1o+ Tp.

Definition 3. [27] A continuous function o :
[o,0) — [0,00)is said to belong to class Kif it is
strictly increasing and oi(0) = 0. It is said to belong
to class Ko, if o0 = ecand ou(r) = eo as r — oo.

Facts 1. For a given compact set Q C R":

1. f{.) is Lipschitz so that || f(x)|| < by||x||
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V) = [ ), u(e0), d(x(5) a5+ 1) an

I (Q0) +uT Bu—T I ) dx + W] o(x(0)) — W 0(x(1 —T)) =5 (18)

2. g(.), k(.) are bounded by constants:

18()[| < bg, k()| < by
3. The NN approx error and its gradient are
bounded so that

&1l < bet, [|Ver || < be,,

4. The NN activation function and its gradients are
bounded so that

[0C < by, [[VOX)|| < bo,

5. The critic NN weights are bounded by a constant

W1 [ < Wanax [[91 ()| < Doy,
Vo1 ()] < by,

[92(x) | < by,

Vo2 (x) || < Doy,

Theorem 1. Adaptive Tuning Algorithm for zero
sum games. Let the system dynamics be given by
(1), tuning for the critic NN be provided by (35)
where (36) and assume that Ad,(¢) is persistently
exciting (which means u,, dsare persistently excit-
ing). Let the actor NN be tuned as (37) and the
disturbance NN be tuned as (38) where F; > 0,
F, >0, F3 >0, F;> 0 are tuning parameters cho-
sen as in the proof. Then there exists a Ny and a time
Ty such that, for the number of hidden layer units
N > Ny and the time interval T < Ty, the closed-
loop system state, the critic NN error Wy, the actor
NN error W, and the disturbance NN error Wiare
UUB.

Proof: See appendix.

Remark 2. Note that the data required in the critic
tuning algorithm (35) at each time are Ad,(¢) and
the integral reinforcement. The system dynamics
f(x),8(x),k(x) are not needed. The input coupling
dynamics g(x),k(x) are needed for the actor and
disturbance tuning algorithm (37).

Remark 3. The tuning parameters Fi,F;,F3,Fy are
selected appropriately to ensure stability as detailed
in the proof of Theorem 1.

Remark 4. The proof reveals that the time interval
T cannot be selected too large nor the number of
hidden layer units N too small.

Remark 5. The assumption Q(x) > 0 is sufficient
but not necessary for this result

Theorem 2. Nash Solution. Suppose the hypothe-
ses of Theorem 1, hold. Then:

1. H(x, Wl,ﬁl,cfl) is UUB. That is, W; converges
to the approximate HJI solution, the value of the
ZS game. Where

0 = —ER_I gL (x)VoT (x)W (39)
. 1 .
| = 2—7213 (x)Vo! (x)W, (40)

2. u(x),ds(x) (see (32) and (33)) converges to the
approximate Nash equilibrium solution of the
ZS game.

Proof: See [19].

Remark 6. The theorems show that PE is needed
for proper identification of the value function by the
critic NN.

4 Simulations

To support the new online algorithm for zero
sum games we offer two simulation examples, one
linear and one nonlinear. In both cases we ob-
serve convergence to the Nash solution of the game
without knowing the system drift dynamics. In
these simulations, exponentially decreasing noise is
added to the control and disturbance inputs to en-
sure PE until convergence is obtained.

4.1 Linear System

Consider the continuous-time F16 aircraft plant
with quadratic cost function used in [28]. The sys-
tem state vectorisx=[ o ¢ &, |, where a de-
notes the angle of attack, ¢ is the pitch rate and 9,
is the elevator deflection angle. The control input is
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t 1o S
/ . (—Q(x) — ZWlTDl (X)W + ZWfEl (X)W; +e J,(x)> dt =W Ad(x(1)) (34)
tf
A o A¢ A A — A A - A
Wi = —a, m (A(Pz(t)TWl + ftt_T (Q(x> + zlt ZTD1W2 — %WgTEl 3) dT) 35)
A (x(1)) = [ VO(f +guzr +kd3) di = [ ;62 dt=0(x(r)) — 0(x(t — T)) = Ao (1) (36)
Wy = —ay { (FWy — FTASEWL) — 11Dy (x) W28} Wl} (37)
Wi = —a3 { (FaWs — FsTAQ W) + . E| (x)W3A07 Wl} (38)
_ —X1+ X2
S = —x7 —x3 +0.25x5(cos(10xy) +2)> — 0.25x2%(sin(x1) +2)?
(41)
0 1
. [ —1.01887 0.90506 —0.00215 o lusctlola
YT 08225 —1.07741 —0.175550 0 —1 | 1 u 0
(42)

the elevator actuator voltage and the disturbance is
wind gusts on angle of attack.

One has the dynamics x = Ax + Bu + Kd,(42)
where Q and R in the cost function are identity
matrices of appropriate dimensions and y = 5.
Also 01:10, a2:a3:1, Flzl, FzIIOI,
F3 =1, F; = 10I where [ is an identity matrix
of appropriate dimensions and 7 = 0.01. In this
linear case the solution of the HJI equation is
given by the solution of the game algebraic Ric-
cati equation (GARE) [25]. Solving the GARE
gives the parameters of the optimal critic as W|" =
[1.6573 1.3954 —0.1661 1.6573 —0.1804 0.4371]"
which are the components of the Riccati solution
matrix P.

The online integral reinforcement zero-sum
game algorithm is implemented as in Theorem
1. Figure 1 shows the critic parameters, denoted
by Wi = [Wa Wa Wi Wu Wes We |7
converging to the optimal values. In fact after
300s the critic parameters converged to W, (t7) =
[1.7408 1.2247 —0.2007 1.5247 —0.1732 0.4585]"
The actor and disturbance parameters after 300s
converge to the values of

~

Ws(t7) = Walty) = Wi (ty).

Then, the actor NN is given as

0 T
ﬁz(x) = *%Ril 0 V(D{(X)Wz(l‘f).
1

Then, the disturbance NN is given as

The evolution of the system states is presented in
Figure 2. One can see that after 300s convergence
of the NN weights in critic, actor and disturbance
has occurred.
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Parameters of the critic NN

25

0 50 100 150 200 250 300 350 400
Time (s)

Figure 1. Convergence of the critic parameters to
the parameters of the optimal critic.

System States

0 ! ! 1 1 | ! 1
0 50 100 150 200 250 300 350 400
Time (s)

Figure 2. Evolution of the states.

4.2 Nonlinear System

Consider the following affine in control and dis-
turbance inputs nonlinear system, with a quadratic
cost constructed as in [29]

X = f(x) +g(x)utk(x)d, x € R?
where (41)

glx) = [ cos(lo(jq)+2 ]

0= fing 2 |

One selects Q = [(1) (1) ,R=1,vy=8. Also

ay=50,ap =a3=1, F; =1, F, = 10I, F5 =1,
F4 = 101 where [ is an identity matrix of appropri-
ate dimensions and 7" = 0.01.

The optimal value function is

1 1
Vix) = Zx‘l‘ + Ex%

the optimal control signal is
u*(x) = —L(cos(10x1) +2)x,

and

d*(x) = ZT’YZ(sin(x]) +2)x2

One selects the critic NN vector activation func-
tion as
2 2 4 .4
O1(x) =[x x5 x| x]

Figure 3 shows the critic parameters, denoted by

Wi=[Wa Wo Wa Wa"

by using the synchronous zero-sum game algo-
rithm. After convergence at about 50s have

Wi (i) = [0.0036 0.5045 0.2557 0.0006]"

The actor and disturbance parameters after 80s con-
verge to the values of

N

Wilty) = Walty) = Wi(ty).
So that the actor NN

0 T
) =58 | o0y | Vel

also converged to the optimal control, and the dis-
turbance NN

T
N 0 o

_ T T
d(x) = 272 [ sin(4x;) +2 } Vo (x)W3(tf)
also converged to the optimal disturbance.

The evolution of the system states is presented in
Figure 4.
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Parameters of the critic NN

Figure 3. Convergence of the critic parameters to
the parameters of the optimal critic.

System States
o

4 L 1 L 1 L 1 1 L 1
0 10 20 30 40 50 60 70 80 90 100

Time (s)

Figure 4. Evolution of the states.

5 Conclusion

In this paper we have proposed a new adaptive
algorithm which solves the continuous-time zero-
sum game problem for nonlinear systems. The im-
portance of this algorithm relies on the partial need
of dynamics, only g(x) is needed, the simultaneous
tuning of the actor, disturbance and critic neural net-
works and the convergence to HJI and saddle point
without solving these equations.

Appendix

- Wl s W2 -
— ngenote the errors be-

Proof for Theorem 1: Let W, = W,
W, — WZ and W3 =W,

tween the weights. We consider the Lyapunov func-
tion candidate (A.1) The derivative of the Lyapunov
function is given by(A.2).

Next we will evaluate each one of the three terms
of L(x). The first term is Ly (x) = [ ; V(x(1))dt =
[ (WEVo; (x)i +€(x))dt With the control com-
puted by the actor approximator (32) the system dy-
namics are given by

i = f(x) = 58(x)TR™'g" (x) VT (x)W>

+3 ok VT (X)W

The first term in (A.2) becomes (A.3).

Now we want to obtain a representation of
Ly(x) in terms of the parameters of the op-
timal value functionW;, and the parameter er-
rors Wi, Wo and Ws.  Thus, by adding and
subtracting%WlTﬁl (x)W, we obtain (A.3.1) and us-
ing the notation (A.3.2). From the HJI equation (34)
one has (A.4) then (A.5). Using the tuning law for
the critic, the second term in (A.1) becomes (A.5.1)
Adding (A.3) to the integral in the right hand side,
using the notation ms = A, (t)T Ady(t) + 1and (36)
we obtain (A.6)

Using (27) and (36) the first integral in (A.6) be-
comes (A6.1)

Then (A.5) becomes

WTA¢2(() T)

(f,_ (- WZTDl( Wi+ SW]Ey (x)W,
+3 WITDl( )W1 WITEI 1)d'c
I (YW Dy ()W — DT E ()W

_WlTVq)l( )f(x) +€HJI( )) d‘C)

Using the definition for the parameter error
Wy = W, + W, Wy = W5 + Wsthe first six terms un-
der the integral can be written as

1—%‘;’{51 (W %AVA;’{EI( X)W — *W3TE1( x)Ws
ZWI D, (X)Wl — §W2 Dl( )Wl + W ( )W
= (W2 + W) Dy (x) (Wa + Wa)

—%(VAV3 +W3)TE1 (X)(W3 +W3)

—%WZTDl (X)W] + %WJD] (X)WQ

+%W3TE1 (X)W1 — %WJD] (X)W3

Developing the parenthesis, and making use of
the definition W, = W, + W, we obtain
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L(t) = [_g V(x(¥)de+ 3W[ (ay ' Wa(0)+5 [ Wi (D)ay ' Wa(t)dr+ 5 [y WH (v)ay ' Ws(t)de 22
Ly (x) + Li(x) + La(x) + L3(x)

(A.1)
L(x) = [} 1 V(x(0))dt+ W] (t)ay 'Wi(e) + [ W] (D)ay ' Wa(t)dt+ [} W (t)ay ' Ws(t)dt
(A.2)
Ly(x)= [; (V¢1(X)f(x) 1D (x )Wz + SE1 (x)W5) dT +ei(x)
where € (x(t)) = ﬁ_r V€ (%) (f(x) = 38()R™"gT (x) VOT Wa + 52 kk” VoI W3)d
(A.3)
Ly (x) = [y (W'Vo1f(x) + 3 W] D1 (x) (Wi — Wa)
—IWLE,(x) (Wi —W3) — WDy (x)W) + W E, (x_)Wl) ?”H-Sl (x)
= [+ (WIVO1 £(x) + W] Dy (x)Ws — AW E, (x)Ws
—%WlTﬁl (X)Wl -+ %WITEl (x)Wl) dt+¢; (x)
(A.3.1)
G1(x) = Vo1 f(x) = 5Di(x)Wi + %El (X)W
LV ()C) = J;CT (Wchl -+ %WlTﬁl (X)Wz — %WITE_‘l (X)W3) dt+¢; (x)
(A.3.2)
j;th WITG]d’C: ftth (—Q(x) — %WlTﬁl ()C)W] -+ %WlTE_l (X)Wl +81—111(x)) drt .
(A4)
Ly (x) =[" 1 (—0(x) — sWIDy(x)W; + s W] E1 (X)W + ey (x)) dT +
S QWD ()W, — LW E  (x)Ws3) dt + € (x)
(A.5)
=W (t)a; 'Wi(r)
=W o Pty (A0 (e )Tm + [ (Q(x) + *WI Dy Wy — YW By W3 ) d}
(A.5.1)
L WTA?; (Jl 7(o ( Wi — ol ()W Ydt+ [ (AWT Dy (x)Ws — YW Eq (x) W5
4W1TD1( )W] + 4W1 ( )Wl +£HJI( ))dT)
(A.6)
S (od(x ) —of (x x)Wi)dt = A ) _
= f,_ ( Wi V¢1( ) (x) = 3WI D1 (x)Wi+5Wi E1 (x)W; + 3W] Dy ()W) — sW] E (x)W))dt

(A.6.1)
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T

—?szEl(X) |+ 3W, Di(x)W2
3" 1 ()W

—|—% A3TE_1 (X) A1 - % A3T _1(X) A3

= 1% %T D1 (x)Wy +1%YT’T2T_51 ()Wa
—3 W5 E\ ()W) — 3 W5 E1(x)W3

Using this last relation and (36), we obtain
(A.7). Inserting the results (A.5) and (A.7) in (A.2),
and using the notation
ARLUTTA) — NG, (a(t = T), T 2, ),

equation (A.2) becomes (A7.1). Using the relation

65 (x(7))dt = Py (1)
and making use of weight error definitions it can be
written as (A.7.2).

A¢2( (t T Tuz,d3 f
mg t—T my

Using the dynamics of the actor parameters
(A.7.2.1) the dynamics of the disturbance param-
eters (A.7.2.2) and the weight error definitions and
rearranging the terms, (A.2) becomes (A.7.3)

According to Facts 1, we can write (A.3) as
(A.7.2.3)

Also since Q(x) > 0 there exist gsuch that
xTgx < Q(x)and for x € Q.

Now (A.2) becomes (A.8).
Select € > 0 and Ny(€) such thatsup ||ex|| <
x€Q
€.Then, assuming N > Ny we define
x(1)
5 AQy (x(t = T), T, i, d3)" Wi (1)
Z(t,T) = 2
( ) WZ(T)
3(7)
and
A@Z(x(t - T)a T, MAZaC,l})TWl (t) 1
Ay (x(t = T), T, it2,d3)" Wi (1)
Wi(7)
1,T) = - - -
) W) Dy (x(2)) (o)
()
W3(0)" 1 (x(1)) Wi (1)

then (A.8) becomes (A.8.1) where (A.8.2)

0 0 W3 Wy Ws Wg |
0 0 Wy Wiy Wy Wy
Wi Wi O 0 0 0

W=y wo 0 0 0 0
Ws1 Wsp 0 0 0 0
| Wer Weo O 0O 0 0 |
with (A.8.3) and
Dy (x) = Vo(x)g(x)R™'g" (x)Vo (x),
E(x) = Y%Vq)(X)k(X)kT(X)V‘I)T(X)-
Also
M 0 0 0
M— 0 My My My
0 Mz Miz My
0 My Myz My

with M| =ql, My =1,

M3 =My = fTFl (Sm W (r)) :
S
My = M3, = — TF3 + (r))
My =F

—3 (Wi (1)T @2 (1)" — Wi (1) P2(1)") D1 (x(1))
— (D1 (t)Wy (1)m™ () + m(t)Wy (1) Dy ()
My =F,

+i (Wi (D) D2(1)” + Wi (1) Da(1)T)E: (x())
+5 (E1 (D)W (1)m™ (t) +m(t)W1 (1) Eq (1))

and

dy
d= ds
dy
A
with (A.8.4) and m(r) = W

After taking norms and using the relations

K& —HA% ~T).T.ity.ds) "W <>H
+ | A0, (x( T),T,uz,d3) (r)H

+|[Wa(z H2+HW2 )7 Dy (x(x))Wa(7)|
+[|Ws (e )1 (x() W3 (1) ||

and for appropriate selection of py, p, one has

)P+ 1w (@

lz(e, )| < pi1 | Z(1,0) || + p2T || 21, 0) ||
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WTW S AW Dy (X)W — WEEy (x)W5 — G5 Wi+ enyi(x)) dt
(A7)
Lix)= [ (-0 ( ) = gWi (D) Dy (x())Wi (T) +3Wi ()" E1 (x(1)) Wi (t) +epyr(x)) dT -+ (x)
WA (1) A0, (x(t = T), T2, d3) (Ad (a1 = T), T, i, ) W (1)
+Wi(1)" Ad, (x (Z_T)aT?ﬁZ?d3)ft 7 €ra1(X(T ))dT
+ [ GWi (D) Di(x)Wa(r)) de+ [ W. () Wa(r)dt+ [ W (t)ory ' Wi(T)d
Wt )T—M’z( w ThLE (% (1) D1 (x(1))Wa(t ))d
_Wl( )TA¢2(X(Z nT13 T iy d3) ( TE1 ))W3(’C)) dt
(A.7.1)
L(x) = fx (—Q() = 3W1 (1) Dy (x(1)) Wi (%) +3 Wi (1) E1 (x(0)) Wi (1) + s (v)) d (1))
—Wl()TA%( 1)Ag,( ) Vi(t)+ 1()T<I>()fz 7 &1 (x( )dT+ﬁ (3W () ()W ())
ft ( 1(T)TE1(x)W5(1)) dr T@g( 0, ( (T )TD1 (1)) dr
+Wi ()" (W@ 1(x Wi(t ))dT+W1( )Tq’z( )J} (zWi(%) TDl X)Wa(t))d
—Wl( T‘bz (%W](‘C) 1( ¥ ( ))d‘t—l—Wl( T‘Pz l‘) ( TD1 x) 2(’5)
~Wi (1) Pt )f, (1 5(0)7E1(x)Wa(1)) de+Wi (1) s (1 )T%J}_TW( ©)" Dy (x(1))Wa(t)dt
=3 S Wi (©)T @a(1) Wa (1) Dy (x(x)) Wa (D) dt—Wi (1) o (1) 3 f W3 (0)T 1 (x(%)) W (T)dT
a1l )T 2 (1) W3 (1) By (x (T)) Wi(t)dt
Jr W) a3+ W (1) (0 Wa (1) Dy ()| Wa()d
I (W) a5 = 3 () (e W () 1 (x)| Wa(0)d
(A.7.2)
Wz = —az{(Fsz—FlTA@TWl) %5 ( )WzAﬁgWI}
(A7.2.1)
Wr = —a { (RWh — ATAGW1) — 7-Di (X)WzA@TWl}
(A.7.2.2)

lex (o)l < fip (be.by 1]l + 3T be,byby,Ormin (R) (Wanax + [[Wal|) + 52 Tbe, bebo, ( max—i—HW3H)>

(A.7.2.3)
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Lx)= [t ( 0(x) — ;W1 ()" D1 (x(v))W
+e1(x(r)) =Wt )TA¢2( )AG (1) Wi (1)+
—Wa (1) Wa (1) + TWa(t)" F1Ad, (1 )T
—W3( )TF4W3( )+TW3( 1) F3A, (1) W

( ())dT Je
g ( (r

1
Ji-r(Wa
it
Vi(t

—T
1 (x)Wa(T) d
(x ~2(’(7 dt—

))
))dr
(
(t

(x(t
D

So (A.8) becomes (A.8.5)

It is now desired to show that for small enough
T ||Z|| is UUB. Select pg > Olarge as detailed sub-
sequently. Select T such that T f(z,7) < &/ for some
fixed € > OVHZH < PB

Complete the squares to see that (A.9)
Implies Wi(||Z||) > Oand L < 0.

It is now desired to find upper and lower bounds
on the Lyapunov function L. Define w(t) =

x(t)

VV;ZES according to

Vi(t)

L() = [V (x()d+ S (1)ay Wi (1)
+% S Wy (T)GEIWZ(T)C[T

+% ﬁiT W3T (1)a§1W3 (t)dt

we can find class K (see Definition 3) functions k;
and write

ks (lx)) = [ r b (Ix(m) D de < [y
< J_rka (lx(@)) d = ka (|lx(2)]])

L[

2 e ey <k ()

V(x(t))dt

ks (|| W2]]) < Jay 'Wa(m)dt < ks (|[W2))

ks ([|Wsl]) <

We now need to find a relationship between ||w(z)]|
and HZ(t,r)Hto apply the results of Theorem 4.18
in [27].

One has
|Z(5,0)|| < lw@)][|Ad2(r) || < [[w(r)]]

According to Technical Lemma 1, (A.9.1)

))d7~'+ S Ws(0)" Fy
1))dT+Wi (t )Tq’z( ) I

(W )TEI

1
vz 1()6(1))‘?2 T)dt— 4]2
E )Ws(T)dT+15 j}
x(1))Wa(t )d’t—l— I

(1) 4 W1( OTE (x(T))Wi (T) +enyr(x)) d1

) F2W1 ’C) TWQ( )TF1A62(T)TW1£T)
1) FWi (1) — TW3(1)" F240,(1)" Wi (1)
t

SHJ](X(T))d’C

<> r (AW (0)T By (0)Ws
Ba(0) 1 (150" (s
WA (1)1 @ (0) (07
Wi (1) Ba(0) W3 (1)
WA ()7 s (1) Ws ()7

’\/—\

(1)d
T(I)Z j;l

T

(A.7.3)

Now assume that we have enough
hidden layer wunits N > Npthen € —
Oaccording to Remark 1. So we can write

-1
/BaTi
kio[[w(t)|l = ”E(1+5[3201)> [w(@)]l
<|zt9) < lwol
Finally, we can bound the Lyapunov function as

wT§w <L< w! Sw

Therefore,

1Z7a(s) < lwl*o(s) <L < wl*s (5) < 12|
and
ks 0 0 O
01 0 0
5=10 o ks O
0 0 0 kg
ks 0 0 0
= | 0 ko 0 O
and S = 0 ke 0
0 0 0 ko

Take p; > Oas defined in (A.9).

. E g p1 Then according to Theorem 4.18 in

[271VZ(0) , ||Z|| < ps. YO <1, and ||Z] <

\/ ﬁpla Vit < Tp.

Now the Technical Lemma 1 and the persistence of
excitation condition of A¢>show UUB of HW1 H

Select pp >
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L(x) < 1 [ Wan ID1(x) | dT+ § [ Wi |EL ()| de+ f_p (x(t) gqx () + (1)) dt
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)
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dl == ngbf,

d2 = LHZA(ECI()T)) .

= 3 (Wi (1) Dy (r) — ()chz( )W
(é 1( (1)) + F — TFAd, ()T —
+3be.b2by, Omin(R)

ds = —L(Wi (1) ®a(r) — Wi (1)7 s (1)) Wi (1) E: (x(1)
+<—1E1< (V) + Fs — TEAGy(x)T

+53be.bibo,.

(A.8.4)

L<—J'r HZHZGmin(M)dT+fzt—T ||d||2HZHdT+fzt—T (cte)de
+hr (P12 0)]| + 02T [ 29)]) Toma(W)ds

L<—[", HZHzcmm(zM)dt+jf,T || UZHdHff,T (c+£)§lt
+ [y (p%THZ(t,t)H +p3T?||Z(t,7)||” +2p1p2T || Z(2,7) | ) Omax (W)d7

L< _ftt—T (Gmin(M) _4P%T0maX(W)) HZHZgT"'_ fzt—T ]| HZH dt+ ftt—T (c+e)dr
I (D372 |Z0,0) [+ 201027 |20 9)][ ) G (W)ele

L<f' . (p%T2 1Z(2,7) H4 +2p1p2T || Z(2,7) H3) Cmax (W)dr
+ o (= Omin(M) +P3TGman (W) [|Z]|* + 11l | Z]] + (c +€) ) dx
=(T [ f@.0)+ [ rgt,n)de

where

f(t,7) = p3T \\Z(t,f)\}4<25max(W)+2plpz 1Z(2,7)||’ Gmax (W) + PR0max (W) || 2]
8(t,7) = —omin(M) || Z||” + ||| || Z]| + (c +€)

(A.8.5)
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