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ABSTRACT

A three-dimensional (3D) time-domain method is developed to predict ship motions in waves. To evaluate the Froude-
Krylov (F-K) forces and hydrostatic forces under the instantaneous incident wave profile, an adaptive mesh technique 
based on a quad-tree subdivision is adopted to generate instantaneous wet meshes for ship. For quadrilateral panels 
under both mean free surface and instantaneous incident wave profiles, Froude-Krylov forces and hydrostatic forces 
are computed by analytical exact pressure integration expressions, allowing for considerably coarse meshes without loss 
of accuracy. And for quadrilateral panels interacting with the wave profile, F-K and hydrostatic forces are evaluated 
following a quad-tree subdivision. The transient free surface Green function (TFSGF) is essential to evaluate radiation 
and diffraction forces based on linear theory. To reduce the numerical error due to unclear partition, a precise integration 
method is applied to solve the TFSGF in the partition computation time domain. Computations are carried out for 
a Wigley hull form and S175 container ship, and the results show good agreement with both experimental results and 
published results.
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INTRODUCTION

The design and operation of a ship requires accurate 
prediction of its wave-induced motions in various sea 
states. The three-dimensional time-domain methods have 
remarkable advantages over three-dimensional frequency-
domain methods in dealing with forward speed problems, 
strong nonlinear problems, transient problems, unsteady 
manoeuvre problems, and so on. Thus, the three-dimensional 
time-domain methods are widely adopted in engineering 
application.

For linear methods, incident wave elevation and ship 
motions are assumed to be small compared with the wave 
length. The evaluation of F-K forces, hydrostatic forces, 

radiation forces and diffraction forces is carried out over the 
mean wetted body surface. Based on the TFSGF method, Beck 
[1] solved the linearised radiation problem for a hemisphere 
at zero speed in still water using the linear impulse response 
functions. King [9] and Datta [4] further studied the linearised 
diffraction problem for ship motions with steady forward 
speed by the transient free surface Green function method. 
The accurate and efficient evaluation of TFSGF is essential 
to linear formulation for the diffraction and radiation forces. 
Beck [1] and King [9] applied series expansion and asymptotic 
expansions to different computational sub-domains due to 
the properties of the TFSGF. However, the partition between 
the small computational time sub-domain and the large 
computational time sub-domain is not clear, which may 
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lead to considerable loss of accuracy. Clement [3] discovered 
that the TFSGF is the solution of a fourth-order ordinary 
differential equation (ODE). Shen [15] solved the ODEs by 
the fourth-order Runge–Kutta method (RK44), but it leads 
to numerical instability after a long duration simulation, 
even for a quite small fixed time step. The precise integration 
method (PIM) [11], which is much more accurate and stable 
than the RK44 method for the same time step size, is applied 
to solve the ODE [10]. However, this method is quite time-
consuming due to excessive subdivisions of each time step 
size and a pretty high order of coefficient matrix.

The key to accurate evaluation of F-K forces and hydrostatic 
forces is the exact generation of the instantaneous wet hull 
surface under the incident wave profile, for which dynamic 
adaptive meshes are considered. Singh [16] adopted the 
wet‒dry method, in which the hull is defined by two sets of 
panels: the first set of panels is named coarse panels for the 
mean wet hull surface used to solve the linear hydrodynamic 
problem; the second set of panels is named fine panels for 
the full hull used for evaluating F-K forces and hydrostatic 
forces. At every time instant, if the centroid of the fine panel 
is under the incident wave profile then it is taken to be wet; 
otherwise it is considered dry. For dry panels, the pressures 
are considered to be zero. Thus, the pressure integrations 
for F-K forces and hydrostatic forces are solved by simply 
adding each panel’s contribution. However, even if the relative 
position change of the panel is much smaller than the panel 
size, a panel between two successive time steps may jump 
from a wet state to a dry state or from a dry state to a wet 
state, which may show discrete ‘jumps’ between successive 
time steps for the evaluation of forces. Sengupta [14] adopted 
the instantaneous mesh interception scheme to generate 
the instantaneous wet hull surface under the incident wave 
profile, in which the full hull is discretised only by coarse 
panels. He checked for the panels interacting with the incident 
wave profile, and determined the two intersection points 
for each panel by a standard least squares iteration method. 
The exact area of the partially wet panel and its centroid 
can be solved. This scheme makes the instantaneous wetted 
hull surface under the incident wave profile vary smoothly 
and continuously. If the wave height to wave length ratio is 
large, it is difficult to determine the interaction segments, 
and the iteration method used to acquire the interaction 
points is quite time-consuming. Rodrigues [13] proposed 
a third scheme based on the quad-tree subdivision approach. 
The third scheme is almost the same as the second scheme, 
except for the partially wet panel process. Following a quad-
tree subdivision approach, such panels are subdivided until 
a prescribed error limit is reached, and adjacent subpanels of 
the same tree level are agglomerated. However, agglomerating 
subpanels of the same level would be a troublesome step, and 
the algorithm is quite complex.

To accurately predict ship motions in regular waves, the 
adaptive mesh technique in light of a quad-tree subdivision 
scheme is adopted for generation of the instantaneous wet 
hull surface. For panels under both an instantaneous incident 
wave profile and a mean free surface, F-K and hydrostatic 

forces are calculated by analytical integration expressions 
on quadrilateral panels without loss of accuracy. For panels 
interacting with the instantaneous wave profile where F-K 
forces are significantly obvious and vary a lot, based on the 
quad-tree subdivision, such panels are subdivided into smaller 
subpanels until the prescribed precision is achieved. Due to 
the large memory of the computer and simplified procedures, 
there is no need to agglomerate adjacent subpanels of the same 
tree level, and the F-K and hydrostatic forces on subpanels 
are evaluated by Gaussian quadrature. Thus, the full hull can 
be discretised with coarse meshes for the evaluation of the 
nonlinear F-K and hydrostatic forces. Based on the TFSGF 
method, perturbation forces are still evaluated on the mean 
wet hull surface. To reduce the numerical error of TFSGF 
evaluation, the precise integration method is adopted for the 
partition computational domain between a small value of the 
time sub-domain and a large value of the time sub-domain. 
Finally, a Wigley hull and S175 container ship are used to 
validate the proposed ship motion model.

MATHEMATICAL FORMULATION

The fluid domain Ω is enclosed by free surface SF, body 
surface SB and infinite surface S∞, as shown in Fig. 1. The 
reference coordinate system oxyz is chosen, in which the 
plane oxy is coincident with the mean free surface and the 
positive direction of the oz axis is upward; and the reference 
system oxyz is moving with the ship at a constant speed U 
along the positive ox axis in an incident wave field.

S

FS BS

Wave
U

o
n

x

z y

Fig. 1. Ship coordinate systems and fluid domain definition

THE HYDRODYNAMIC PROBLEM

Boundary value equation
Based on potential f low theory, the hydrodynamic 

problem is formulated in the infinite fluid depth. In reference 
coordinate system oxyz, the total velocity potential in the 
fluid domain is written as [9] 

���� �� � 	Ux
����� 
 ����� �� 
 
 ����� ������  (1)

where 	Ux
�����  is the steady wave potential due to 
steady forward speed; ��  is the incident wave potential; 
���� � ����� ��� is the radiation potential; ��  is the 
diffraction potential; and  is the position vector.
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The perturbation potentialsatisfies the following conditions:
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where n is the unit normal vector pointing out of the fluid 
domain; ξκ is unsteady motion in the kth mode; n = (n1, n2, n3); 
r × n = (n4, n5, n6); (m1, m2, m3) = (0,0,0); (m4, m5, m6) = 
(0, Un3 – Un2); [9]; g is the acceleration of gravity.

The TFSGF is used to solve the perturbation potentialand 
given as [17]

@�A� B� � 	 C� � @D�A� B�E�� 	 C�+@F�A� B� � 	 C�G�� 	 C� (3)

where δ(t) is the Dirac function; H(t) is the Heaviside unit 
step function; P(x, y, z) is a field point; Q(ζ,n,ξ)is a source 
point; τ is the retard time; G0 =1⁄r − 1r'⁄ is the Rankine part 
of TFSGF; r=|P−Q|; r'=|P'−Q'|; Q'(ζ,n,−ζ) is the image point 
of Q above the mean free surface; @F  is the memory part of 
TFSGF and given by

@F�A� B� � 	 C� � �H :+I"J�,KL�9M.N:+I�� 	 C�OPD�IQ�=ID  (4)

where J0 is a Bessel function of order zero. 
G0 and its derivative integrations over the quadrilateral 

panels can be solved by the Hess‒Smith method [5]. @F and 
its derivatives can be solved in section 3.1.

The boundary value equation of perturbation potential 
Φκ can be given by [9]
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(5)

where Γ0 is the intersecting line between the mean wet body 
surface SB and the mean free surface SF; t0 is the initial time; 
nQ is a unit normal vector pointing out of the fluid domain 
at source point Q. 

Eq. (5) for the perturbation potential Φκ can be solved by 
the constant panel method, and the trapezoidal rule is used 
for convolution integration.

The hydrodynamic problem formulation
Based on the impulse response method, the radiation 

potential k can be written as [1]

���A� �� � H �c��A� � 	 C�2�4 �C�=C*
*U  (6)

where �c��A� � ) is the impulse response radiation potential 
in the kth mode. �c��A� � ) is decomposed into

�c��A� �� � d���A�e��� 
 d���A�f��� 
 g��A� �� (7)

Thus, the expression can be obtained for radiation forces 
Fjk as

hi����� 	�ji�2k���� 	 li�2�4 ��� 	 mi����2���� 	 H Ii��� 	 C�2�4 �C�=C*
D  (8)

where Fjk is the radiation force in the jth mode due 
to the kth mode motion; ρ is the density of f luid 
Ii���� � nS �&o)&* 3i 	 g�1i=W��X ; � ji� � 	nS d��3i=W�X ; �
mi� � 	nS d��1i=W�X ; �li� � nS �d��1i	d��3i�=W�X . 

The added mass Ajk(ω) and damping coefficients Bjk(ω)can 
be obtained via Fourier transform with coefficients ajk, bjk, 
cjk and Kjk in the time-domain (j = 1,2, ... ,6; j = 1,2, ... ,6; ω is 
the circular frequency) [9].In the reference coordinate system 
oxyz, the incident wave potentialis given by

���A� ��= pqU^r "Js,\p�tuvwxKywpzx�{"pr|* (9)

where η0 is the wave amplitude; α is the wave propagation 
angle (α =  is head seas); K = ω2⁄g is the wave number; 
ωe = ω − KUcosα is the encounter frequency.

The incident wave elevation ηI(t) at the origin o is given by

a����=aD"pr|* (10)

Based on the impulse response function method [1], I}�A� �) 
is the impulse response function of incident wave velocity 
����A� �� , �c��A� � ) is the impulse response function of 
���A� �� , and Kj7(t) is the impulse response function 
of diffraction force Fj7(t) (j = 1,2, ... ,6); I}�A� �), �c��A� �) and 
Kj7(t) are given respectively by

����A� �� � H I}�A� � 	 C�a��C�=CK
\  (11)

���A� �� � H �c��A� � 	 C�a��C�=CK
\  (12)

hi���� � H Ii��� 	 C�a��C�=CK
\  (13)
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In combination with Eqs. (2), (5), (11) and (12), the Kj7 can 
be obtained. Thus, the diffraction force Fj7(t) can be solved.

EVALUATION FOR F-K FORCES
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Fig. 2. Reference coordinate system and panel coordinate system

Consider the two coordinate systems illustrated in 
Fig. 2: the reference coordinate system o*x*y*z* and the 
local panel coordinate systemdefined by the vertices 1 to 4 
in the counterclockwise direction, named P1, P2, P3 and P4 
respectively. The o*z* axis points positively to the exterior 
of the fluid. The transformation between the position vector 
r in the reference coordinate system oxyz and the position 
vector in the panel coordinate system o*x*y*z* is given by

�� � �~ 
 ��� (14)

where r0 = (x0, y0, z0) is the position vector in the reference 
coordinate system oxyz, which is the origin of the panel 
coordinate system o*x*y*z*; T is the unit transformation 
cosine-director matrix between o*x*y*z* and the oxyz system 
and is given as

� � �
���� �� ���� �� ���� ��
���� �� ���� �� ���� ��
���� �� ���� �� ���� ��

�� (15)

where x, y and z are unit base vectors for the oxyz system; 
x*, y* and z* are unit base vectors for the o*x*y*z* system; �, � 
stands for the internal product between base vectors..

Based on linear dynamic conditions, the incident wave 
elevation ηI(t)(z ≤ 0) is

a����=aD�-9s��� 	 I�;�-9� 
 <9M.��{ (16)

From the linearised Bernoulli equation, the incident wave 
pressure pI and hydrostatic pressure pH can be pI(t) = ρgηI(t)eKz 
and pH = ρgz respectively (z ≤ 0) [2].

The pressure pIH composed of pI(t) and pH can be given by

������=n+a����"J, 	 �n+/�/ � �� (17)

The F-K forces and hydrostatic forces should be obtained 
over the instantaneous wet hull surface, and pIH should be 
modified to satisfy the free surface condition [2].

The F-K forces and hydrostatic forces acting on the body 
in the ith mode in the reference system oxyz are given by

h������=S ������3�=W�5�*�  (18)

where FiIH is the combination of the incident wave force and 
hydrostatic force in the ith mode solved on the instantaneous 
wetted hull surface SI(t) which is under the instantaneous 
wave profile.

F-K forces based on analytical integration expression
The full hull is discretised by N coarse quadrilateral panels. 

For the ith quadrilateral panel under both the instantaneous 
wave profile and mean free surface, the F-K force FIi is given by

���=0�n+aDS "J,�-9s��� 	 I�;�-9� 
 <9M.��{=W��  (19)

where Si  is the area of the ith quadrilateral panel, and ni is 
the unit normal vector of the ith quadrilateral panel pointing 
out of the fluid.

Note that Eq. (19) can be rewritten in terms of the ith panel 
coordinate system o*x*y*z*

���=0�n+aDS "��t��y���-9��;�� <��=W��  (20)

where

��;�� <��=��� 	 Is�;D 
 ���� ��;� 

���� ��<���-9� 
 �<D 
 ���� ��;� 
 ���� ��<��9M.�{ 

(21)

��;�� <�� � I�/D 
 ���� ��;� 
 ���� ��<�� (22)

The jth edge of the ith quadrilateral panel can be 
parameterised by (j=1,2,3,4) 

+�i��� � �;D��i� � <D��i� � 
 ��;D��i� � �<D��i� ��� � $ s���{ (23)

where �;�i� � ;���i� 	 ;D��i� , �<�i� � <���i� 	 <D��i� , �
;D��i� � ;�i� ��� ; �;���i� � ;�i� ��� , <D��i� � <�i� ���and i
<���i� � <�i� ���.

A, B on the jth side of the ith panel can be expressed as 
with respect to parameter υ

��i��� � IN/D 
 ���� ���;D��i� 
 �;�i� �� 

�;�i� �� 
 ���� ���<D��i� 
 �<�i� ��O 

(24)
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Av,ij(υ) is the derivative of Aij(υ) with respect to v, and Bv,ij(υ)
is the derivative of Bij(υ) with respect to υ

Let �� � ��� 
 ���,  and
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(26)

Ax*,i and Ay*,i are A’s derivatives on the i th panel and can 
be expressed with respect to parameter x* and y* respectively, 
and Bx*,i and By*,i are B’s derivatives on the ith panel and can 
be expressed with respect to parameter x* and y* respectively.  
Let , . Applying Green’s Theorem 
with parameterisation in Eq. (23), and resorting to integration 
by parts, if Ψx* ≠ 0, Eq. (20) can be expressed as

���= 0�©^qU§ª�

 �<�i� H "��«���N�t����-9��i��� 
�

D
¬
i��

�t���9M.��i���O=�
(27)

ΔCEij is to be understood as as[CEij(1)−CEij(0)] and ΔSEij is 
to be understood as [SEij(1)−SEij(0)] FIi can be given as

���= 0�©^qU§ª�

 �<�i� N�t���� ¡�i �
 �t����W¡�iO¬
i��  (28)

If Ψy* ≠ 0 FIi can be solved the same as Ψx*≠ 0 directly
Note that the analytical integration expressions for 

hydrostatic forces, hydrostatic moments and F-K moments 
can be solved in a similar manner.

F-K forces evaluation based on quad-tree subdivision 
scheme

There are three types of panels states for the full hull: 1) 
fully dry panel, in which all of the panel is above the incident 
wave profile; 2) fully wet panel, in which all of the panel is 
below the incident wave profile; 3) partially wet panel, in 
which part of the panel is under the incident wave profile. 
Partially wet panels, due to the large amplitude of the incident 
wave and large F-K forces variation, should be subdivided 
following a quad-tree subdivision as shown in Fig. 3.
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Fig. 3. Quad-tree subdivision for a partially wet panel

1) Check for the partially wet panel at each time step, if 
true, proceed to step 2. Otherwise the panel is eliminated if 
it is a fully dry panel, if not, the F-K pressures integration on 
the fully wet panel can be solved numerically and accurately 
by a 2 × 2 points Gaussian quadrature formula. 

2) Subdivide the partially wet panel into four smaller 
subpanels, and check for fully dry panels, fully wet panels 
and partially wet panels from the newly obtained subpanels 
respectively. From the partially wet subpanels, if the centre 
of each partially wet subpanel is below the incident wave 
profile, it is considered to be a fully wet panel, and otherwise 
is taken as a fully dry panel.

3) Add the contribution over each fully wet subpanel of 
the same level to solve the F-K pressures integration. For 
example, as shown in Fig. 3, the panels labelled ‘11’ and ‘12’ 
are the same tree level. Add the F-K pressure integration 
contribution from the different tree level.

4) Compare the F-K pressures integration between two 
successive subdivisions. If the relative error is less than the 
prescribed error limit, stop subdividing the partially wet 
panels, if not, proceed to step 2. 

SOLVING THE EQUATIONS OF MOTIONS

Using Newton’s Second Law, the six degrees of freedom 
motions of the rigid body in fixed space are determined by

­�i2ki��� � h���� (29)

where h���� � h������ 
 h����� 
 
 h�i���®
i�� , and Eq. (29)can 

be given as

i
�­�i
j�i�2ki��� 
 l�i24i��� 
 mi����2i��� 

H I�i�� 	 C�24i�C�=C*
D � h������ 
 h����� 

(30)

Eq. (30) can be solved by the Runge–Kutta method. Finally, 
the time history of ship motions can be obtained.
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COMPUTATIONS AND RESULTS 
VALIDATION

3.1 THE EVALUATION AND ANALYSIS OF TFSGF

Eq. (4) can be transformed into non-dimensional form

@F�A� B� � 	 C� � �¯+ °± ²
³´ h�µ� ¶� (31)

Let · � I± , µ � 	 �/ 
 2� ±´ and 

¯

¶ � �� 	 C�¯+ ±´ . 
h�µ� ¶��is given by

h�µ� ¶� � H ¸·"\¹º9M.N¶¸·OPD°·:� 	 µ�²=·D  (32)

F(μ, β) is a solution to the following fourth-order ordinary 
differential equation
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Fig. 4. Computation domains for evaluation of TFSGF

For small values of β, the series expansion can be adopted 
to solve the TFSGF, while for large values of β, the asymptotic 
expansion can be used to solve the TFSGF [1,9]. However, the 
partition domain is not clear between the small values of the 
β computation domain and large values of the β computation 
domain, for which the numerical accuracy of the TFSGF 
reduces a lot. Huang took β = 8 + 1.515μ as the dividing line 
[6], where the partition domain is in the range 8~9.515. And a 
number of other researchers usually take 6~8 as the partition 
domain for β. In the present study, to solve Eq. (33), 4~12 is 
taken to be the partition computational domain in which 
the precise integration method (PIM) is adopted [11], while 
the fourth-order Runge–Kutta method (RK44) is adopted 
by Shen [15]. For different computational domains, different 
computation methods are adopted, as illustrated in Fig. 4.

The fourth-order ordinary differential equation Eq. (33) 
can be written as a system of first-order equations

ÀÁ4 �¶� � ÂÁ�¶�ÀÁ�¶� (34)

where ÀÁ �¶� � sh Ãh Ã¶´ Ã�h Ã¶�´ Ã³h Ã¶³´ {�and
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Ä
ÉÉ
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� � � �
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	 ¿
¬ 	 �½

¬ 	Æµ 	 ½'
¬ 	µ¶Ç

ÊÊ
Ê
È
 (35)

The initial conditions for Eq. (34) can be solved by series 
expansion with proper truncation error.

For ¶ $ s¶�� ¶�K�{,  let Ë � ½\½)
½)ÌÍ\½)

�Ë $ s���{�, then the 
relationship between the time variant system and unit time 
variant system in Eq. (34) is given by

�ÀÁs¶� 
 Ë�¶�K� 	 ¶��{ � �Î�Ë�ÂÁs¶� 
 Ë�¶�K� 	 ¶��{ � Â�Ë�
 (36)

where Â�Ë� � 
 Â�Ë��
��D  (Â�� is the time invariant coefficients 

matrix). The transformation relationship is

=�Î =Ë´ � �¶�K� 	 ¶��Â�Ë��Î�Ë� (37)

Plugging Eq. (37) into (34), Eq. (34) can be solved by PIM 
[10]. 

When μ = 0, the analytical expression of the TFSGF is 

h��� ¶� � Ï½¾
�®¸� ÐPÍ» °

½'
Ñ ² Ò P\Í» °

½'
Ñ ² 
 P¾» °

½'
Ñ ² Ò P\¾» °

½'
Ñ ²Ó (38)

4 5 6 7 8 9 10 11 12
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
x 10

-3

 

 

RK44
PIM

RK44
PIM

Fig. 5. Diagram of relative errorofcompared with analytical results 

To compare the numerical accuracy of PIM with RK44 
in the partition computational domain, the value of ÀÁ  (4) is 
solved by PIM and is set to the initial conditions for Eq. (34). 
When μ = 0, the time-step is set as 0.02, and the TFSGF can be 
solved by PIM, RK44 and the analytical method respectively. 
The numerical results obtained from both PIM and RK44 are 
compared to the analytical results, and the absolute relative 
error is denoted as σ.

From Fig. 5, in the partition computational domain 4~12, 
the numerical error of PIM is much lower than RK44. Thus, 
the PIM has great numerical advantages over RK44 in solving 
the TFSGF in the partition computational domain.
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THE HYDRODYNAMIC RESULTS AND ANALYSIS

The principal dimensions of a Wigley I hull and S175 
container ship are given in Table 1 [7,16].
Tab.1. Principal dimensions of Wigley I hull and S175 container ship

Hull L(m) B(m) D(m) (m3) kyy/L

Wigley I hull 3.0 0.3 0.1875 0.0946 0.25

S175 container ship 175 24 9.5 24140 0.24

The upper hull above the mean waterline of the Wigley I 
hull is vertical, and the meshes of the full hull are illustrated 
in Fig. 6.

Fig. 6. Panels distribution on Wigley I hull 

The Wigley I hull is studied at Froude number Fn=0.2 in head 
seas (α = π). Figs. 7~8 show non-dimensional hydrodynamic 
coefficients for the Wigley I hull. The experimental results are 
denoted as “Experiment”, the computational results obtained 
by the present method are denoted as “Present method”, and 
the computational results obtained by Magee are denoted as 
“Magee” [12].

The non-dimensional hydrodynamic coefficients are 
d e f i ne d  a s Ô³³ � Ô³³ �n��´ , �ÔÕÕ � ÔÕÕ �n�Ö��´ ,  
×³³ � :Ö +´ ×³³ �n��´ a n d  ×ÕÕ � :Ö +´ ×ÕÕ �n�Ö��´
respectively. The non-dimensional frequency is defined as 
� � �:Ö +´ .
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Fig. 7. Non-dimensional heave added mass and damping coefficients
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Fig. 8. Non-dimensional pitch added mass and damping coefficients

From Figs. 7~8, the hydrodynamic coefficients by the 
present method are closer to the experimental results than 
Magee’s. The numerical prediction of the damping coefficients 
is better than that of the added mass coefficients. In the low 
frequency range, the computational results have a greater 

deviation from the experimental results due to the singularity 
of the critical frequency.

THE GENERATION OF EXACT INSTANTANEOUS 
HULL SURFACE

The Wigley I hull advances at Froude number Fn=0.2 in 
head seas, the amplitude of the incident wave η0 is 0.036 m, 
and the wave length to length between particular ratio λ/l 
is 1.4..

Fig. 9 Panel subdivision diagram

Selecting a square panel under the mean free surface, the 
coordinates of the four vertices in the reference coordinate 
system oxyz are P1 (-0.5, 0, -1), P2 (0.5, 0, -1), P3 (0.5, 0, 0) and 
P4 (-0.5, 0, 0). At time instant t=0, the F-K pressure integration 
over the square panel by the analytical expression method 
mentioned in section 2.2.1 is 170.738 N (the precision is set 
to 0.001N). Also, the F-K pressure integration over the square 
panel can also be obtained by the Gauss numerical integral. 
The prescribed precision for the Gauss numerical integral can 
be obtained by progressively subdividing the square panel as 
shown in Fig. 9. The F-K pressure integration on each subpanel 
can be evaluated by 2 × 2 points Gaussian quadrature.
Tab. 2. Values of F-K pressure integration on the panels at t=0 (unit: N) 

Subdivision time 0 1 2 3

F-K pressure integration 170.341 170.714 170.737 170.738

From Table 2, when the subdivision time is 3, the square 
panel is subdivided into 64 smaller subpanels, and the 
computational result of the Gauss numerical integral for 
F-K forces is the same as the analytical integration. However, 
the number of panels required for the analytical integration 
method is much less than for the Gauss numerical integral 
method, which improves the computational efficiency without 
loss of accuracy. If the geometry of the ship body under the 
waterline is simple, the magnitude for the discretisation of 
the hull can be of O(10), which are extremely coarse meshes 
without loss of accuracy. For example, only six panels are 
needed for the initial mesh of a simple barge.

This paper presents a coarse grid of 80 × 8 for the Wigley I’s 
full hull, and panels interacting with the instantaneous 
incidental wave profile should be subdivided by the quad-tree 
subdivision scheme as shown in Fig. 3, named scheme 1. Singh 
presents a fine grid which subdivides each original coarse 
panel into 4 smaller subpanels; the fine grid is 160 × 16over 
the full hull, named scheme 2 [16]. Panels interacting with 
the instantaneous incidental wave profile, as shown in Fig. 
11, should be progressively subdivided until the F-K pressure 
integrations do not change at all. The obtained numerical 
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results of F-K pressure integrations can be regarded as the 
reference, named scheme 3. 
Tab.3. Values of F-K pressure integration on the panels of Wigley I hull  

at t=0 (unit: N) 

Panel scheme 1 scheme 2 scheme 3

pan1 -0.3947 -0.3575 -0.3947

pan2 -0.1777 -0.1652 -0.1777

pan3 0.0772 0.0000 0.0772

For a coarse grid, there are an arbitrary three panels 
interacting with the instantaneous wave profile at t=0, 
named pan1, pan2 and pan3 respectively. The pan1, pan2 
and pan3 centre coordinates are (1.4625, 0.0084, -0.0234), 
(1.4625, 0.0650, -0.0234), and (0.8625, 0.1069, 0.0234) in oxyz 
at t=0. The absolute error for F-K pressure integration is set 
as O(10-4).

From Table 3, the computational results of scheme 1 are 
much closer to scheme 3 than scheme 2. For scheme 2, the 
grid for F-K forces evaluation is denser than the perturbation 
forces, but for panels located around the instantaneous wave 
profile where the F-K forces are significantly obvious, the 
number of panels is not enough to achieve accurate results. 
For scheme 1, the scale of panels for F-K forces evaluation is 
the same as the perturbation forces, but the panels interacting 
with the instantaneous wave profile continue to be subdivided 
by the quad-tree subdivision scheme as mentioned in section 
2.2.2. The subdivision for all coarse panels is avoided, which 
could reduce the computational time. On the other hand, 
the great value and variation of F-K forces over the panels 
interacting with the instantaneous wave profile is considered. 
Finally, the exact F-K forces over each panel can be obtained.

The meshes of the full hull for the S175 container ship are 
illustrated in Fig. 10.

Fig. 10. Panels distribution on S175 container ship hull 

The S175 container ship is fixed in the reference system 
oxyz advancing at Froude number Fn =0.0 in head seas, the 
amplitude of the incident wave η0 is 5 .0m, and the wave 
length to length between particular ratio λ/l is 1.

This paper presents scheme 1, scheme 2 and scheme 3 for 
the mesh generation of the S175 container ship’s full hull, 
which is the same as the Wigley I’s full hull. The coarse grid 
is 100 × 16 over the full hull by scheme 1. The fine grid is 
200 × 32 over the full hull by scheme 2. Scheme 3 is still 
regarded as the reference. The numerical results of scheme 4 

are obtained based on the three-dimensional time domain 
linear method [13]. 

scheme 1 scheme 2

Fig. 11. Panel distribution of S175 container ship under instantaneous incident 
wave profile at t=0

From Fig. 11, the edge of the instantaneous wet surface 
obtained by scheme 1 has a better fit to the instantaneous 
incidental wave profile than scheme 2, so the exact 
instantaneous wetted hull surface can be obtained by scheme 
1. Thus, the present method’s accuracy is certified.
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Fig. 12. Time history of heave F-K forces

From Fig. 12, both scheme 1 and scheme 2 show good 
agreement with scheme 3. But the relative error of the 
heave F-K force amplitude between scheme 1 and scheme 
3 is 0.025%, while the relative error of the heave F-K force 
amplitude between scheme 2 and scheme 3 is 0.26%. In 
addition, the relative error of the heave F-K force amplitude 
between scheme 4 and scheme 3 is -18.47%. Due to the 
complex curvature of the S175 container ship, the linear 
method adopted to evaluate F-K forces by scheme 4 leads 
to larger relative error. Thus, the scheme 1 proposed by the 
present method is certified.

SHIP MOTIONS RESULTS AND ANALYSIS

The Wigley I hull advances at Froude number Fn=0.2 for 
λ/L = 1.25 and λ/L = 2.00 in head seas, and the amplitude of 
the incident wave η0 is 0.018 m. The non-dimensional heave 
motion displacement ξ'3 can be defined as ξ'3 = ξ'3 ⁄η0, the non-
dimensional pitch motion displacement ξ'5 can be defined as 
ξ'5 = (ξ'5L)⁄(2πη0 ), the non-dimensional time t' is defined as 
t ⁄tw, and tw is the wave encounter period. “Linear” denotes the 
computational results of the linear method, “Present method” 
denotes the computational results of the proposed method 
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in this paper, and “RAO” denotes the response amplitude 
operator.
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Fig. 13. Time history of non-dimensional heave and pitch motion (λ/L = 1.25) 

From Figs. 13~14, the mean position of heave motions 
using the present method deviates from zero, while the mean 
position of heave motions by the linear method is also zero. 
Since the F-K forces and hydrostatic forces are evaluated on 
the instantaneous wet hull surface, the ship’s heave motions 
are not strictly sinusoidal. The amplitude of pitch motion 
based on the present method is almost the same as the 
amplitude of pitch motions based on the linear method for 
its geometric symmetry around its middle station.
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Fig. 14. Time history of non-dimensional heave and pitch motion λ/L = 2.00

In Fig. 15, the “Kim” results are obtained by Kim [8]. The 
numerical results of heave motion RAO obtained by the 
present method agree quite well with experimental results for 
most wavelengths, and the numerical results of pitch motion 
RAO obtained by the present method are fitted well to the 
experimental results, except for λ/L = 1.75. For heave motions, 
both the present method and the linear method proposed 
by Kim [8] can obtain better results than the experimental 
results. For pitch motions, the numerical results by the present 
method are closer to the experimental results than the linear 
method. When λ/L approaches 1.75, the numerical results of 
the pitch response amplitude operator have non-ignorable 
error compared with the experimental results. When λ/L 
approaches 1.75, the encounter frequency is nearly equal to 
the natural frequency of pitch motion, so resonance takes 
place, and the experimental result is somewhat larger than 
the numerical result. The present method can incorporate 
the influences of the curvature of the ship, and the behaviour 
of the ship in waves could agree well with the experimental 
results.
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Fig. 15. Heave and pitch motion RAOs

CONCLUSIONS

1) The precise integration method, adopted for the partition 
computational domain between a small value of time and 
large value of time, can improve the numerical accuracy 
substantially. Based on the present method, the TFSGF is 
applied to solve the radiation problem of a Wigley I hull, 
and the hydrodynamic coefficients show good agreement 
with both experimental results and are better than other 
published results.

2) To evaluate the F-K forces, an adaptive mesh technique 
based on a quad-tree subdivision is applied to generate the 
instantaneous wetted hull surface. The panels interacting 
with the instantaneous wave profile are subdivided by 
quad-tree subdivision, on which F-K forces are solved by 
Gauss quadrature, and for panels under the mean free 
surface, the F-K forces are solved by analytical integration 
expressions. This process allows for coarser meshes with 
no loss of accuracy, and the evaluation of the F-K forces 
could incorporate the influence of the curvature of the 
hull surface. F-K forces evaluations were carried out with 
the different methods for an S175 container ship in head 
waves, and the adaptive mesh technique proposed by this 
paper obtained better computational results.

3) Comparisons were carried out with both experimental 
results and a linear method for the ship motions of a Wigley 
hull in head waves. The numerical results of the present 
method are in good agreement with the experimental 
results, especially for the time history of heave motions.
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