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Abstract

The study evaluates the accuracy of determining coordinates of a corner of
a building measured in the RTN GNSS mode (Real Time Network Global
Navigation Satellite System) using the method of line-line intersection and
having applied the algorithm of vector translation, developed by the author.
The performed analysis of accuracy proved a high precision in determining
the points subjected to studies. An important factor in the formation of a mean
error regarding the position of the corner of a building, having used the
algorithm of vector translation, is the assumption of correctness of the
reference points, i.e. the so-called base points, determined in the RTN GNSS
mode. In this case, the base points take the role of measurement control
points. The mean error of the position of the corner of a building, taking into
account the innovative solution, is at the level of several centimeters. The
study results presented in the article allow to positively evaluate the algorithm
of vector translation in terms of accuracy of determining the position of a
corner of a building, measured in real time.

Keywords: RTN GNSS, vector translation, measurement of building
structures, innovative algorithm

1. Introduction

Over the last twenty years, there has been significant progress in technological
solutions used in the field of surveying. Surveying instruments used for measurements
of field details are among such modern solutions. Modern equipment which provides
numerous possibilities, contributes to the development of new, or improvement of the
existing measurement technologies. One such technologies is the real time
measurement RTN GNSS. Detailed analysis of the accuracy of this modern measuring
method is widely known and used. However, there are continuous attempts to improve
it in various research aspects, which would primarily result in the practical
implementation of tasks in the field of surveying. In the case surveys performed in the
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RTN GNSS mode, the biggest challenge for researchers is to search for technological,
design, and application solutions which will allow for the implementation of real-time
measurements in difficult field conditions (e.g. the obscured horizon). The respective
research was carried out by (Kyungho et al, 2009; Pelc-Mieczkowska, 2012; Bakuta,
2013; Dae et al, 2014). Also in (Krzyzek, 2015a, 2015c) original solutions developed
by the author were proposed, largely contributing to the reliability of determining
inaccessible field details for the RTN GNSS technology. All the solutions proposed by
the aforementioned authors are closely related to other studies concerning, generally
speaking, satellite measurements. They refer, for example, to the combined use of
different satellite systems for the measurements in the RTN GNSS mode (Gunter,
2000; Pirti et al, 2013; Xingxing et al, 2015), to the development of reference station
network in Poland (Wajda et al, 2008; Figurski et al, 2011), or to the application of
various technical solutions for GNSS receivers.

Making use of the existing achievements of scientists in various research aspects
of the RTN GNSS technology, the algorithm of vector translation, developed by the
author, used to increase the reliability and accuracy of determining coordinates of a
building structure measured in real time, was proposed in (Krzyzek, 2015a). The
problem of reliability of the modified coordinates having applied this innovative
algorithm, was examined in detail and presented in (Krzyzek, 2015b). However, this
article concentrates mainly on the aspect of accuracy of determining coordinates of
corners of a building structure, taking into account the method of vector translation.
The aim of the study presented in this article was to prove that observing the legal
provisions which govern surveying in Poland, using the algorithm of vector translation
for the measurement of building structures in the RTN GNSS mode will help to
increase, or at least maintain, high accuracy of determining the position of their
corners. For this purpose, a detailed mathematical analysis was conducted to prove
how the mean error of the position of a building corner is formed and determined, when
measured in the RTN GNSS mode, using the algorithm developed by the author.

2. Mathematical analysis regarding the formation of the mean error of corner
position after using the algorithm of vector translation

For a more complete understanding of the analysis, Figure 1 illustrates essential
components used in the method of vector translation. Due to the large volume of the
study material, only one corner of the building - the point d - for which all of the elements
of the algorithm of vector translation are met (Krzyzek, 2015a), was used in the
presented mathematical analysis. Accordingly, in order to fully illustrate the building
geometry, Figure 2 presents the general outline of the structure with the base points
(A-L) measured in the RTN GNSS mode and with control measurement of tie distances
R.

Moving directly to the mathematical analysis of the formation of the mean position
error of a corner of a building, first of all, a formula to determine the coordinates X, Y
of the point d, having applied the method of vector translation, must be determined —
denoted as X;, Y;:
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Fig. 2. Position of the base points (A-L), measured in the RTN GNSS mode to determine
corners of a building.
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Xg=Xg+Xp—Xgw
Xd’T - p’T +Xd”T ' p”T +Xdz "Dz
p'r+p"r+p;7

=a-cosAgw_cw + b - cosAgw_pw +

! rn (1)

Yle.p T+Yd”T.p T+delpZ
p'r+p'rtoz

Ya=Y;+Y5—Yw=a-sindgw_ew + b sindgw_,w +

where:

X, Y4 — final coordinates of the corner of a building, taking into account the full
algorithm of vector translation,

Xaw, Yyw - coordinates the corner of a building, determined as a weighted average
(excluding the last component - the method of vector addition — the algorithm of
vector translation),

Xz, X5, Yz, Y5, - coordinates of the terminal points of the vectorsaandbused in the
method of vector addition,

Agw_.w, Agw_.w — azimuths of the respective wall faces in a building,

Xargs Xar'pr Xags Yarg, Yarrps Ya, — coordinates of the corner of a building, determined in
the main direction (Xg;,.., Yy,,.), counter direction (X4,,.., Yg,,,.), and from the line-line
intersection (X,,, Y4,) of the wall faces in a building, according to the algorithm of
vector translation (Krzyzek, 2015a),

p' . p";, bz — the weights calculated according to the algorithm of vector translation
(Krzyzek, 2015a).

In order to specify the mean errormgof the point which is being determined, the law
of propagation of errors should be applied to the equation (1):

— 2 2 2.2 2 .02 2 2
mp_ = \/mc—l +tmp+a-omy, .+ b MY oo T M T My, (2)

Further considerations focus on a very important factor, which is the assumption of
correctness of the base points (A-L) - Fig. 2 — determined in the RTN GNSS mode,
which can be defined as measurement control points.

In accordance with the general knowledge and evaluation of the accuracy of the
field details being measured, as contained in (MIA, 2011), reference points (in this case
of the measurement control), are assumed to be error-free. According to this
assumption, all data (azimuths, angles, etc.), calculated based on these coordinates,
are also assumed to be error-free, which can be described by the general equation:

My =Mg_r =My =M = 0 (3)

where:

my —mean errors of the position of the base points (A-L) determined in the RTN GNSS
mode — the assumption which was adopted and substantiated in (Krzyzek, 2014),

m,_y - mean errors of the position of the points (corners of the building a-f) determined
from the line-line intersection of the appropriate base points (A-L),

my, — mean error of the azimuth A (or the angular correction v) of the respective wall
face in a building,

m,;, — mean error of the angle k.
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In order to solve the equation (2), first of all, the values of the vectorsaandbmust be
determined, and then mean errors of individual components of the formula (2).

According to the algorithm of vector addition (developed and examined in detail by
the author), the vectorsa andbrelative to the wall faces of the building (for the corner
d), are calculated as:

Ql
I

1
E (Rg—c - RZ—C)

(4)
b

1

E (Rg—e - Rg—e)

where:

RY_., Ri_. — the lengths of the wall faces of the building (d-c and d-e), determined
based on the coordinates,

RL_., RI_, — the lengths of the wall faces of the building (d-c and d-e) determined
based on the control measurement (of tie distances).

Using the Gauss' law for the equation (4), while taking into account the equation (3),
the mean errors of the vectorsa andb can be determined:

1
mC_l - EmRCpi—C
()
1
my = Eng—e

The next step is calculating the mean errors of the azimuths my ,,_,,, M4, _,,Of the
wall faces of the building. Therefore, the coordinates X, Y of the corners ¢, d, e, must
be determined according to the algorithm of vector translation (Krzyzek, 2015a) as
weighted averages:

- for the point d:
Xd,T'pd/T+Xd/lT'pdl/T+XdZ'de
Xagw = (6)
ple+pdllT+de
_ Yd,T'ple+YduT'pdllT+YdZ'de
de —_ (7)
ple+pduT+de
- for the point c:
XC,T'p 1 +X 11 Do +XCZ'pCZ
Xow =TT e ®)
pC/T+pCHT+pCZ
YC,T'p 1 Y oo +YCZ-pCZ
A (9)
pC'T+pC”T+pCZ
- for the point e:
Xe,T'p 1 +X 1 o +XeZ'peZ
Xew — erT e T e'Tr (10)
pe/T+penT+peZ
Ye,T'p 1 +Y 1 _p_n +YeZ'peZ
Yyw = T lelr e ey (11)

pelT+pellT+peZ

The components of the formulas (6) - (11) have been presented in the legend to the
equation (1).
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Using the equations (6) — (11), azimuths of the sidesA;w_.w, Agw_.w were
calculated, and then the mean errors m, ,,_,,, Ma_.,_.,Of the determined azimuths:

My w_w = (s1+4q1) -my (12)
Mg g = (S2+q2) -my (13)

where:

st o) o)
" +1 ch —de T +1 XCW —de
de - Y w )2 ( 1 YCW - de )2
1 (XCW — de) m +1 (XCW - de)z
2

r

1

o= (53

1 1 2 1 1
<r2 1 X de) * (rz +1 Xow— de)
1 Yow — Yow 2 1 Yow — Yyw \?
(r2 (Xew —de)z) ( )

= (i)
CW - XdW

r = (YeW—YdW)
27 \Xow — Xgw

r, + 1 B (Xew —de)z

The last step to solve the equation (2) is to determine the mean errors My s mydwof

the corner of the building denoted as d%.Thus, for the equations (6) and (7), partial
derivatives are calculated, while introducing additional denotations:

! !
X ;w Y  w Pdr
< d ) = ( d ) = T = AX = AY (14)
aXd,T 6Yd,T pd/T+pd/IT+de
! !
X ;w ay ,w Ddrr
< d ) = ( d ) = T = BX = By (1 5)
aXd”T aYdIIT pd’T'l'pd”T'l'de
! !
X w aY ,w Pd
< d > = ( d ) = Z = CX = Cy (16)
3Xdz 6de pd/T+de/T+de
<‘3de)’ = Xd’T'(pd'T+pd"'r+de)_(Xd'T.pd’T+Xd”T.pd”T+XdZ.de) =D (17)
= 2 - MX
OPdry (pd/T+pduT+de)
<6YdW), _ Yar(Pary +Pary +Pag)~(Yar Py 4Y arry Pary Yz Pag) D (18)
= 2 - My
OPdry (pd'T+pd”T+de)
<axdw ) _ Kary (Pt 4Pag) - (Xarr Pt +X g Py tXagPag) (19)
= 2 . ¢
Opdry (pd'T+pd”T+de)
<6de )I = Yd”T'(pd"r+pd"T+de)_(Yd'T.pd’T-FYd”T.pd”T+YdZ.de) =F (20)
= 2 - My
apd”T (pd,T+pd’,T+de)
<6de>, = XdZ'(pd'T+pd”'r+de)_(Xd'T.pd’T+Xd”T.pd”T+XdZ.de) =F (21)
= 2 — X
0pa, (pd'T+pd”T+de)
(aydw)l _ Yag (P 4Par g (Yarrpar W Par g ag) (22)
= 2 — 1Y
Opa, (pd'T+pd”T+de)
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and (having applied the law of propagation of errors) the following is obtained:

!

— [a2.32 2.2 2.2 2.2 2.2 2.2
My —\/AX deT+BX de”T+CX my, + Dy mpd,T+EX de"T+FX mpdz(23)

dl

— (42 .72 2,2 2,02 2.2 2,2 2.2
mydw—\/AY my T+By myd,,T+Cy mYdZ+DY mpd,T+EY mpd,,T+Fy mpdz(24)

To be able to carry out the final assessment of the accuracy of the position of the
corner d, having applied the algorithm of vector translation, the formation of mean
errors contained in the equations (23) and (24) should be determined. The mean errors
Mx gy My g Mgy My gy, @€ dependent upon the mean position errors of the corner

points of the building determined in the main direction my ,,, my,my_,, my_and in the
counter direction my, , my,, myx_,,, my,,,having applied the method of vector translation
(Krzyzek, 2015a). Taking into account equation (3) in these dependencies, it is:

— 2 2
de’T - 1’WI'XdI + mXc/ (25)
my, = |m&, +mé (26)
Yd’T Yd, Ycl
— / 2 2
deIIT - de” + mXe” (27)
— ’ 2 2
mYdlIT - mYd” + mye” (28)

The individual mean errors of the corners of the building, ¢, d, e, determined in the
main direction c¢’, d’, and in the counter direction e" d" (Krzyzek, 2015a), contained in
the equations (25) - (28), according to the equation (3) are as follows:

my,, = \/cosz(Ac_d +vy,) - mf?p_d (29)

My, = \/sinz (Apea + i) - mf?p_d (30)

my,, = \/cosz(Ab_C + v, ) 'mzzel’,’_ (31)

my,, = \/sinz (Ap—c + vi,) -m%p (32)

b—c

My, = \/cosZ(Ae_d + vke) - mip_d (33)

My, = \/sinz (Ageq +vi,) - m;p_d (34)
_ 2

My = \/cosz (Af_e + ka) mR;,_e (35)
e 2

My, = \/smz (Af_e + ka) mR}e_e (36)
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On the other hand, the mean errors My, » My, - the equations (23) and (24) - result

from the Gaussian model used for the coordinates X,,, Y, calculated (according to the

algorithm of vector translation) from the intersection of the lines: the base line d'; — ¢’
and the cutting line "' — d'';:

_ Yd,T—Yd//T+A'Xd/IT—u'XdIT

XdZ - A-p (37)
de = Yd”T + A(Xdz - Xd”T) (38)
where:
A = tgAdl/T—euT
I’l' = tgAle—ClT
and they are as follows:
2 2 1 A2 2 w2
(M + 8 0,) o+ G Mo, * G M, ¥
= 2 2
deZ I»l'(Xd/T—XdHT)+YdHT—Yle . mz + )u(XdHT—XdIT)+Yd/T—YdHT 2 (39)
(A=p)? g (A=p)? "
Uz 5 12 2 ( 2 > ) . 2.2
(A-p)? Yd”T + (A—p)2 YdIT + deIIT + de/T (A—p)2
2
)lz'Xd/l +[t2'Xd/ +[A'(Yd/l =Y 1, —20:X 311 )
T T T T ) _y D2
e, = || o Kary | i+ 40
2
/12'(Xd/IT—XdrT)+l'(Yd/T—YdHT) 2
\ (A-p)? ®

One of the most important factors of the algorithm of vector translation are the weights
Paip» Pangs Pa, Of the corner d, which are inversely proportional to the square of the

angular correction, respectively v, arp? Viangr Vkay,

Parr =
T derTz
p 1
drr
T vkd”Tz
1
pdz - vkdzz
where:
90° — kg,
de,T 2
90° — kg,
karg 2
90° — kg,
Vka, =T

(41)
(42)
(43)

kaips kang, ka, — horizontal angles of the corner d, determined according to the

algorithm of vector translation (Krzyzek, 2015a).
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Errors of the weights M g1 Mip gy Mp g~ for the equations (23) and (24) - are

determined using once again the law of propagation of errors to the equations (41) —
(43):

2
8
mple = \/(900_,{le) ’ mIZCdIT (44)
8 2 2
mpdlIT = (900_kd”T) ’ mkd”T (45)
8 2 2
mpdz = (900_kdz) ) mkdz (46)

where:
Mgy Micgy, Mic,~MEAN €ITOTrS of the horizontal anglesky,.., k4., kq,(Calculated from

the differences in the respective azimuths) of the corner d, determined basing on
the Gaussian formula:

— 2 2
mkd/ \/mAdr ol Aql _er
2 2
karr \/mAdn crr Agr_gry
2 2
mkd \/ Adz—CZ Adz—EZ

3. Evaluating the accuracy of measurement results, having applied the
algorithm of vector translation

The equations presented above allow to evaluate the accuracy of the method of vector
translation, which will substantiate high precision of the modified coordinates of the
corners of the building determined in the RTN GNSS mode. Given the assumption of
the equation (3) and the mean errors of the linear measurement (with open frame tape
measure) Mpp =gy from the equation (5) at the level of individual centimeters,

the final mean errors of the position of the corner of the building — the equation (2) —
have been presented in Table 1.

Tab. 1.Mean errors of the position of the corner of the building,
having applied the algorithm of vector translation

Mpp = Mpp [m] | mp_ [m]
0.01 0.015
0.02 0.027
0.03 0.040

A graphical presentation of the results contained in Table 1 have been illustrated in
Figure 3.
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0,045
0,040
0,035
0,030
0,025
0,020
0,015

0,010
0,005
0,000

Corner of the building - d

Mp [m]

B MI=0,01 [m] mMI=0,02[m] MI=0,03 [m]

Fig.3. Mean errors of the position of the corner of the building, depending on the error of
linear measurement, having applied the algorithm of vector translation.

When referring to the practical assessment of the accuracy of determining corners
of buildings measured in the RTN GNSS mode using the algorithm of vector
translation, one of the important aspects of the research should strongly emphasized.
It mainly concerns the assumptions presented in the equation (3). The equation (3) is
focused primarily on the correctness of the base points determined in real time. Such
an assumption entails the adoption of all the elements calculated based on the
coordinates of the base points as error-free. Such a course of calculations is in line
with (MIA, 2011). Obviously, one should be aware that any observation performed in
the field is always subject to a measurement error.

However, having used the method of vector translation, the assumptions adopted
from the equation (3) lead to the formation of mean errors of the corner of the building
(Tab. 1, Fig. 3) at a very high level of accuracy. This allows for a statement that the
implementation of the innovative solution will provide not only the reliability of the
results (Krzyzek, 2015b), but also a low level of mean errors of the obtained results.

4. Summary

In assessing the accuracy of determining corners of a building measured in the RTN
GNSS mode, one should be fully aware of all the factors involved in the formation of
the final value of the mean position error of the measured field detail. The process of
accuracy analysis can be carried out in two different directions. The first one involves
adopting all the observations and calculation results with specific errors. According to
the law of propagation of errors, for further calculations in the accuracy analysis, mean
errors of the control on which the whole measurement was based, should be assumed.
The provisions contained in (MIA, 2011) allow the mean position error of the
measurement control (the base points, in this case) at the level of £0.10m. The same
applies to the maximum mean position error of a field detail, which is the corner of a
building. In the case of large (but acceptable) position errors of the control, it could turn
out that the accuracy of determining the position of a corner of a building exceeds
10.10m (regardless of the method of measurement). Performance of the accuracy
analysis in this direction is a theoretical consideration.
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This article focuses primarily on the possibilities of practical applications of
innovative solutions (the algorithm of vector translation) in the field of surveying and
cartography. Therefore, the second line of research has been selected in the process
of accuracy analysis, which is assumption of correctness of the parameters presented
in the equation (3). They are mainly based on the assumption of correctness of the
reference points (base points). Such a course of conduct is adopted for the
implementation of the accuracy analysis of the field details determined with detailed
measurements, which include, for example, RTN GNSS technology. The research
results presented in the article allow for a positive evaluation of the algorithm of vector
translation in terms of the accuracy of determining the position of a corner of a building.
Assuming linear measurement errors (with open frame tape measure) at the level of
10.01m, £0.02m, or even +0.03m, it is noticeable that the accuracy of the position of
the corner of a building (mean error) does not exceed even half the value of the
allowable position error of the field detail.

In conclusion, it must be assumed that the algorithm of vector translation not only
increases the reliability of the determined coordinates of a corner of a building
(Krzyzek, 2015b), but it also allows to maintain high precision of its determination, and
therefore the mean errormpaof the point position remains at a low level (from 0.015 m

to 0.040 m).
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