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In this work, an analytical model describing liquid wicking phenomenon in porous media was constructed, based
on the statistical geometry theory and the fractal theory. In the model, a new structure-property relationship, de-
picted by specific surface, porosity, tortuosity, pore fractal dimension, maximum pore size of the porous media, was
introduced into the energy conservation equation. According to the theoretical model, the accumulated imbibition
weight in porous media was achieved, and the predictions were verified by available experimental data published
in different literatures. Besides, structure parameters influencing the imbibition process upon approaching equi-
librium height were discussed. The model and results in this work are useful for the application of porous media

in scientific research and industry.
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INTRODUCTION

The wicking behavior of liquid in porous media is a very
important aspect of natural phenomena, its mechanism
is widely used in scientific research and industry, for
example, paper-based microfluidics’, thermodynamic
studies?, oil recovery’, advanced textile industry*, and
energy harvesting devices®. Since the introduction of
the classical Lucas-Washburn equation®, much more
attention has been paid to its theoretical research and
engineering applied science.

Wicking is the liquid being absorbed into the porous
media by the action of the capillary pressure, generated
by the difference in energies of dry and wet surfaces
in the porous media. Numbers experiments have been
carried out for measuring the wicking parameters of
different porous media™!. On the other hand, lots of
researches have been done on studying the relation be-
tween the dynamics of the wicking rise and the porous
media structure characteristics®'®. For the uncertainty
and complexity of porous media, most research tries
to describe the structure characters of porous media,
and their influence on the wicking phenomenon. Trong
Dang-Vu'’, Nate Stevens', and Kramer", studied the
wicking rate in the sphere-like particles packed beds,
set up models including diameter and surface area of
the particles. Chan®, Fries®!, and Tamayol'?, build the
relationship between the wicking parameters, such as the
permeability, and the porosity, tortuosity, of the porous
media. However, most of these models are corrected
by empirical parameters based on the experiment data,
have a poor agreement with the natural porous media.

It was not easy to establish the theoretical relation-
ship between the structure characters and the physical
property of porous media until the development of
the theoretical work on stochastic geometry??. Elsner®
and Hermann?* constructed the relationship between
the effective dielectric and the geometry properties of
porous media based on the new specific surface area
and porosity models of the packed bed. Cai and Yu'®

described the pore nature and transport properties in
porous media based on the fractal theory. Li and Zhao®
established a mathematical model to predict the pro-
duction rate by spontaneous imbibition, and this model
predicts a power-law relationship between spontaneous
imbibition rate and time.

The aim of the present work is to develop a general
model for describing the wicking phenomenon in porous
media, completely based on theoretical grounds. For this
purpose, we established a new theoretical structure-pro-
perty relationship based on the conclusions in stochastic
geometry theory. And put it into the energy conservation
equation of liquid rise in porous media, therefore, an
analytical model was constructed. To verify the accuracy of
this model, the accumulated imbibition weight in porous
media was achieved, comparison was made between the
predictions and available experimental data published in
different literatures. At last, influences of the structure
characters, such as specific surface, porosity and tortu-
osity, on approaching equilibrium height were discussed.

THEORY
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Figure 1. Sketch of capillary rise in porous media
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During the liquid penetrating into the porous media,
the system surface energy must be balanced by the viscous
loss, the kinetic energy, and the gravitational potential
energy the fluid obtained, according to the energy balance
principle. As the dry solid-air interface area is reducing
and the wetted solid-liquid interface area is increasing,
the energy balance leads to:
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Where, y, is the surface energy of the dry surface, 7,
stands for surface energy of the wetted surface areas, 4,
is the area of solid-liquid interface, E, is viscous energy
loss, E, is the gravitational potential energy the fluid
obtained and E, is kinetic energy. According to Young’s
equation, the contact angle is introduced?’.
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In equation (2), 7, is the surface energy of the liquid.
Figure 1 shows capillary rise in vertical porous media.
In the porous media, the wetted surface is related to
the height of capillary rise, 4 , the cross area A4, and
the specific surface S,. Here, the specific surface S, is
an important structure parameter of the porous media,
which is defined as the ratio of the surface area to the
volume of the porous media, S, = S/V, then
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Inserting equations (2) and (3) into equation (1), yields:
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For dE = F - dh, the three terms in the right side of
equation (4) can be vicious, gravity, and kinetic forces,
respectively. Then,

S, Ay, cosO=F,+ F,+ F, )

Darcy’s law can be used to obtain the viscous pressure
drop of liquid flow across the porous media. Its form
may be simplified as

_ phh
e ©

Where P, is the viscous pressure loss, u is the dynamic
viscosity, 4 is the average velocity of liquid inside the
porous media, K is the permeability of the media. Here,
it is assumed that porous media can be considered as
a tortuous capillary. The tortuous path L, may have an
equal or longer distance, compared to the straight path
L, then define the tortuosity 7 as'é:
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And, Carman equation®® the permeability is

d2
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Where, d,, is the hydraulic diameter, which is related
to the structure of the porous media, ¢ is the porosity
of the porous media, and both of them will be described
in the next section. As the result, equation (6) can be
written as follows:
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Therefore, the viscous force associated with the above
viscous pressure is:

F, =302 (10)
¢d,

The gravitational force is the weight of the liquid suc-
ked inside the porous media, and can be expressed as:
F, = pgAph (11)

The kinetic force acts on the liquid, which depends

on mass and velocity of the liquid. As both mass and
velocity change with time, ¢, so:

d(mh
F, = dlmh) _
dt
Substituting expressions for viscous, gravitational, and

kinetic force into equation (5), leads to the following
expression for liquid-front movement in porous media:
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Equation (14) is the dynamics equation applied to a vi-
scous non-compressible liquid imbibed in the cylindrical
porous media. The liquid will reach a stationary level,
h,, established by the balance of gravity and capillarity,
_ Sy, cosd

pgp
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In equation (14), S,, 7, ¢ are the structure parameters
of the porous media. d,, is related to the structure of
the porous media. To determine the hydraulic diameter,
the porous media is assumed to be a bundle of capilla-
ries, and the total volume of which is the voids volume
of the porous media, the total surface of which is the
total surface area of the porous media. According to the
definition of the hydraulic diameter, d, is the ratio of
the total voids volume to the surface area of the porous
media. Then, the hydraulic diameter is given by

d — 4I/vui(1 — 4Vvoid /S-Y”ffb"e — ﬂ (16)
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In equation (16), V,,,, is the total voids volume, S,
is the total surface area, V,,,, is the total volume of the
porous media.

From equations (14) and (15), we can see that the
wicking phenomenon in porous media, is related to the
structure parameters: S,, 7, . Commonly, for porous
media, the porosity, ¢, is considered easy to obtain, and
here the porosity ¢ is known. The specific surface S, and
the tortuosity 7 can be calculated by numbers available
models®, which have a poor agreement with the natural
porous media without empirical parameters.

The Boolean model is an important and versatile
model for describing porous media. In this model, the
pore centers are located obeying Poisson distribution in
space V, as the result, the pores are allowed to overlap.
And this model is related to the density of the pores and



the pore size distribution f(r). For the Boolean model,
the specific surface area is defined as®:

S, =v[1-4]S (17)

In equation (17), v is the pore number in unit volu-
me porous media, and S=4r I ™2 f(r)dr , is the mean
surface area of the pores. "

Porous media have fractal features, and base on the
fractal theory, the probability function for the pore
distribution can be expressed as™:

f(r)= ar’r ron SESTL (18)

Where the factor a is found by normalizing the pro-
bability distribution function, D, is the fractal dimension
of the pores.

Therefore, the total volume of the pores in a unit cell
can be calculated by:
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Where, N, is the total pore number, & =7, /7. , and
the volume of the unit cell can be obtained by:
V, 4r Na r.

i e (20)

The density of the pores v is:

Nt 3 ¢ 3_D/'

As the definition, the mean surface area of the pores
S is:
S = j 4zr? f(r)dr =a '[ 4rir ® Vay
Timin Tinin (22)
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Inserting equation (21) and (22) into equation (17),
yields:

_3 30,177
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The pore fractal dimension, Dy, can be calculated
from™:

Ing

D,=d _E (24)
where d is the Euclidean dimension (d = 3 in this work).
A correlation between the average tortuosity of flow
path and porosity has been established experimentally
by flow through beds packed with spherical particles?®"):

(1-¢) (23)
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Cai et al. proposed a simple expression for calculating
maximum pore diameter as™:
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Inserting equations (24), (25) and (16) into equation
(14), an analytical capillary model for wicking in porous
media can be obtained. In this model, the parameters D,
and ¢ can be obtained from experimental measurement
whereas the quantities S, 7, r,,, will be estimated using
theoretical models. All the parameters have actual phy-
sical meaning, without empirical numbers.

DISCUSSION

It seems natural to take #(0) =/(0)=0 as the initial
conditions to solve equation (14). However, because
equation (14) has a singularity t = 0 when a finite force
is applied to an infinitesimal mass, m = Ah(t)gp(h — 0),
this would lead to an ill-posed problem. A way to solve
this problem is to rewrite the first term on the right side
of equation (14), in the form:

Svyl

[(me2)h+h?]  (27)

where A stands for some effective initial height®. It is
necessary to introduce such a correction, as well as the
meaning and order of magnitude of . For the constraint
of flow continuity, the volume of liquid set into motion
at the very beginning of capillary rise is not limited to
the liquid which is absorbed in the porous media. At the
same time, the liquid dipped part of the porous media
and in the bulk, reservoir starts moving.

For the wicking phenomenon in a circular column
porous media with sectional radius r,, assuming the
capillary just touches the liquid surface, as the result,
the length of the dipped part is negligible compared
to the anticipated lift. And the kinetic energy of the
flow through a hemisphere of radius R centered in the
entrance point must be equal to the flow through the
capillary cross-section, thus:

/lﬂ'l" ¢h2 J‘ 277"" tphu*cdr (28)

If Poiseuille flow is assumed:

spherc - ( ) h (29)
Then,
N
*=o (30)

which shows that the lower bound of the mass set into
motion as the capillary rise commences is of the order
of magnitude of m =7 p /(2¢). This simple argument
shows that the capillary force always acts on a finite
mass eliminates the initial burst. Therefore, the solution
of equation (14) can be carried out numerically through
the finite difference method.

Model comparison with experimental data

To verify the validity of the capillary model (equation
14), the accumulated imbibition weight in porous media
is achieved by:

W = Ah(ip (31)
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where, W is the weight of the liquid imbibed in porous
media, which is convenient to be got by experiment. /(¢)
is the height of the liquid, obtained from equation (14).
The theoretical predictions are tested using available
experimental data from different literatures.
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Figure 2. Comparison of the accumulated imbibition weight

of water versus time by the present full analytical
expression with experimental data in glass beads A®?
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Figure 3. Comparison of the accumulated imbibition weight
of water versus time by the present full analytical
expression with experimental data in glass beads B*

In Figures 2 and 3, the imbibition weight calcu-
lated by the present full analytical expression was
compared with the experimental data from Li et al.
The measurement was made at 20°C, with water
(y=72.3mN / m, p=0.997g / cm} u=1.01mPa-s) imbibed
in glass beads. The characteristics of glass beads are
presented in Table 1. In Figures 2 and 3, the present
model predictions have a good agreement with the ex-
perimental data. The contact angles 6 = 65° and 8 = 68°,
were used respectively, to fit the experimental data.

Table 1. Characteristics of bed of particles®

Particle . Bulk

Symbol diameter, [L71] Porosity density,[ kg /m’]
A 185 0.366 1.31
B 255 0.371 1.30

However, the value of contact angles here is less than
the value in the reference?, which is 76°. This is because
that the contact angles in reference®” were obtained by
the model without thinking about the effects of liquid
inertia, which was considered in equation (14). As the
result, the contact angles obtained here must be smaller,
for the same imbibition weight of water. Figure 4 shows
a comparison between the predictions of the present
model and the experimental data obtained using Ben-
theim® sandstone cores. The porosity of the sandstone
cores is 0.23, the cross-section is 5.15 cm? The charac-
teristic particle diameter of D, = 0.19 mm was used, to
fit the experimental data.

From Figures 2, 3 and 4, we can see that the present
model can fit the experimental data very well in the
initial period of imbibition time. But after 1000 seconds
in Figure 3, the experimental values of imbibition weight
are lower than predictions from the present model. It
is caused by the limited height of the porous media
material'®. When the imbibing water phase hits the top
of the sample, the imbibition rate will drastically be
slowed down causing the discrepancy between the model
predictions and the experimental data.
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Figure 4. Comparison of the accumulated imbibition weight
of water versus time by the present full analytical
expression with experimental data in glass beads C*

Structure properties influence

Base on the analytical model, equation 14, the influ-
ence of the porous media structure properties on the
imbibition process was discussed by considering water
as the imbibing liquid displacing the air. Hence, the
parameters y=72.3mN / m, p=0.997g /cm’, u=1.01mPa-s
were used in equation 14.

Figure 5 shows the imbibition height versus time at
the different specific surfaces. From the picture, it is
shown that the larger the specific surface, the longer
time is needed to reach the equilibrium height. The
numerical result agrees with equation 15. During the
imbibing process, water in the porous media with lower
specific surface, has higher rise rate, for the higher the
viscous force.

In Figure 6, the imbibition height versus time at dif-
ferent porosity is described. As shown in the picture,
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Figure 6. Plot of imbibition height versus time at different
porosity
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the lower the porosity is the longer time needed to
reach the equilibrium height. Like the specific surface,
the porosity influences the rising rate of the imbibition.

Figure 7 plots the imbibition height versus time at
different tortuosity. Tortuosity does not influence the
equilibrium height, from the picture. It is not difficult to
find that the larger the tortuosity, the slower the water
reaches the equilibrium height.

CONCLUSION

To sum up, a full theoretical model for the wicking
behavior of wetting liquid into porous media based on
statistical geometry was established in this paper. In
the model, a new structure-property relationship was
depicted in terms of a specific surface §,, porosity 0,
tortuosity 7, pore fractal dimension Dy, maximum pore
size r,,,,, which have clear physical meaning. In addition,
the accumulated imbibition weight in porous media
was achieved to verify the theoretical model, and the
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Figure 7. Plot of imbibition height versus time at different
tortuosity
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predictions can fit the published experimental data very
well. Base on the analytical model, the influence of the
porous media structure properties on the imbibition
process was discussed. The larger the specific surface
and the tortuosity, the longer time is needed to reach
the equilibrium height. On the contrary, the lower the
porosity is the longer time needed to reach the equili-
brium height. The model and results in this work are
useful for the application of porous media in scientific
research and industry.
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