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TOOTH CONTACT ANALYSIS OF NOVIKOV
CONVEXO-CONCAVE GEARS

Tadeusz Markowski, Michat Batsch

Summary

Paper presents mathematical model of convexo-concave Novikov gear mesh. The parametric equations
of teeth surface and units normal were obtained. Based on condition of continuous tangency of teeth
surfaces, the tooth contact analysis for both ideal gears and real ones was given. Thesis presents also the
method for obtaining contact pattern, on the basis of which a number of computer simulations were
carried out, aiming at examining the influence of chosen gear parameters on its contact region. The
presented results simulation of meshing will be used to design the Novikov gears, which will be made
and tested on the circulating power test machine.
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Analiza styku zebow przekfadni wklesto-wypuktych typu Nowikowa

Streszczenie

Opracowano matematyczny model wklesto-wypuktego zazebienia typu Nowikowa. Okreslono
parametryczne réwnania powierzchni bocznych zebéw oraz réwnania wersoréw normalnych do tych
powierzchni. Przeprowadzono analize styku zebow dla przektadni idealnej i rzeczywistej z uwzgled-
nieniem warunku ciagtej stycznosci powierzchni bocznych zebéw. Przedstawiono metode wyznaczania
obszaru styku, z wykorzystaniem ktorej wykonano symulacje komputerowe. Celem symulacji jest
ustalenie wptywu wybranych parametréw przekfadni na jej $lad styku. Analiza wynikéw symulacji
wspbtpracy zebow stanowi podstawe do zaprojektowania przektadni Nowikowa. Przektadnia bedzie
wykonana i poddana prébie na stanowisku mocy krazacej.

Stowa kluczowe: analiza styku zebéw, kota zebate Nowikowa, $lad styku

1. Introduction

Modern gearboxes should be characterized by high efficiency, low noise
levels and high load capacity at as small dimensions as [@sailtommon
teeth profile in gear transmissions is an involute one, wharenaex pinion
tooth flank works with a convex wheel tooth flank. The charaafténis work is
particularly adverse in case of surface strength. If the increase siirfaee load
capacity is required it is necessary to increase ddaus of tooth profiles and
therefore pitch diameter or pressure angle. Pressure eaglee increased by
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means of correction. Further increase of surface strength isecia with
increasing the overall dimension of a gearbox.

Due to the above-mentioned disadvantage of the involute teeth phefiee
were attempts to withdraw from it. The alternative could &&r gransmissions
with convexo-concave teeth profiles. One of these profiles iskideviooth
profile, in which circular arcs appear in a transverse section Kindsof gearing
was applied in the final reduction stage of Westland Lynx helicamarbox
(Fig. 1) [, 2].

Fig. 1. Novikov gears manufactured
in Westlands-Helicopters Itd., based on [1]

The pinion has convex teeth whereas the wheel has the concave lomes. T
gearbox was a reducer of reduction ratio 20. The convexo-concaeteéle
allowed to decrease the number of gears to 40% of number of ingeats
used previously [3].

The aim of this work is to develop the methods of tooth coataalysis [4]
and investigating the influence of gear parameters on aatorg@gion. The
achieved results will be used to design the optimal paraneatersnodification
of teeth of gearbox which will be tested. What's more thesgnted
mathematical model of gear mesh can be used to simulate the milling prgcess [5
of such kind of gears.
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2. Geometric model of gear mesh

The analysed gearbox is a parallel helical gear pair stsnsf two Novikov
gears with one line of action. A pinion has a convex tooth prefiereas
a wheel has concave one which is shown in Fig. 2.

Fig. 2. Geometric model of Novikov gear mesh

The stationary coordinate systérnonnected with a wheel case as well as
coordinate systems connected with pinibrand wheel2 were established.
Pinion rotates clockwise aboat-axis which passes through poi@; by the
angleg. The wheel rotates counterclockwise abmtdxis which passes through
point O, by the angle®. The distance between centerss also the distance
between the centers of coordinate systems. The surface of piqidn

coordinate systen is represented by a position vectqfl) and unit normal
r_11(1). Similarly, the surface of whe&l, in coordinate syster® is represented by

position vectoer(Z) and unit normalﬁéz). Surfaces of pinion and wheel teeth

with their units normal are represented in coordinate sykteynequations (1)
and (2):

7 =M 1)
B =M @

where: My, is the homogeneous matrix of transformation frbo f, My, is the
homogeneous matrix of transformation fr@rio f. If the gear position errors
(Fig. 3) should be taken into consideration the coordinate sy3temst be
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translate through the, y;, z — axes aboufla, 4a, and4a,, and rotate about
a constank; , y; — axes respective by the angigs ;.
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Fig. 3. Gear position errors, based on [6]
In this purpose the auxiliary coordinate systemas established (Fig. 4).

Zp=Zz ”Zf

Fig. 4. Position and orientation of auxiliary comate systentn

After taking into account the gear position errors the whe¢lb&irotating
about new translated and misaligragez, — axis. According to the Fig. 4, matrix
of transformation is given by formula (3)
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Mg, = Mgy Mp, (3

where:My( is the homogeneous matrix of transformation fioto f, My, is the

homogeneous matrix of transformation fr@no h. Each matrices will be given
as:

[cosp sing 0 O]

_|—sing cosp 0 O
Mgy = 4
1 0 0 10 @

0 0 0 1.

[cos¢p —sing 0 O]

sing cosp 0 O
My, = 5
n2 0 0 1 0 ®)

0 0 0 11

COSK, Sink, sink, COSk,Sink, Aa,

My, = 0 COSKy, —sink, Aa, ©6)

lSany SINK,COSK,  COSK,COSK,, a+AaZJ
0 0 0 1

The units normal of the surfaces in coordinate sydteme expressed by
formulas:

al) = 1y a 7
7l = 1,7 (8)

where: Lg; is the matrix of transformation frorh to f, Ly, is the matrix of
transformation fron2 tof. The above-mentioned transformation matrices can be
obtained by crossing out the last row and the last column of the eoemgs
matrices of transformation.

Figure 5 presents a transverse cross-section of Novikov gear pair.

The pinion with convex teeth and pitch radiyss mated with the wheel
with concave teeth and pitch radiys The contact point of teeth profil&sis
defined by the transverse pressure angleheQ’ point is the center of convex
tooth profile with radiug;, whereas th® point is the center of concave tooth
profile with radiusp,. The C point is the contact point of pitch circles and is
called the central point of meshing.
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Fig. 5. Transverse section of working Novikov gears,
— transverse pressure angte,— pinion pitch radiusr, — wheel
pitch radius,p; — convex teeth profile radip, — concave teeth
profile radii, a — distance between axed;o — distance between
central point of meshin@ and center of convex tooth profi®

Teeth profiles in pinion and wheel coordinate systems are egrprdss
parametric equations (9) and (10)

{xl = p1c0s6; + 11 — dorSin )
Y1 = p;Sinf; + dqrcos x,

{xz = p,c0s0; — 1, — (py — p1 + dor)sin (10)
Y2 = posind; + (p; — p1 + dggr)cos

Parametric equation of surface of convex tooth was obtained by a
simultaneous rotation and translation of circular arc (9). Gengraf pinion
tooth surface is shown in Fig. 6.
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Fig. 6. Pinion tooth surface generating

The vector representation of pinion tooth surface is therefoea diy (11)

@ [cosgol —sing; 0 0
(1) sinp; cosp; O 0 ]
=" :| 0 o o |
™ o
lrzlj l Zﬂ(plj
0 0 0 0 1

11
p1€080; + 11 — dprsin &, (11)

sin@; + d,,rcos «
1 1 co w

0
1

where: ¢, is the screw line parameté, is the circle parameteH; is the lead
of the screw line which is given by (12)

_2mny
tgp

Hy (12)

wheref is helix angle on the pitch cylinder. Finally after the stltstn of (12)
in (11) the surface of pinion tooth is expressed by formula (13)

p1€os(8;1 + @) + 1y cos@,—dco,sin(x,+ @1)
=0 _ |p1 sin(8; + @1) + rysing, + dgg,cos(e,+ @1)
1

p111CtgL
1

(13)

Similarly the parametric equation of surface of concave teath obtained
by a simultaneous rotation and translation of circular arc @&8herating of
wheel tooth surface is shown in Fig. 7.
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Fig. 7. Wheel tooth surface generating
The vector representation of wheel tooth surface is therefore givigdpy

[
(2)
7D = [h2 | =

2

5 |
i 0 0 0

cos@, sing, o e

—sing, cosg, 0 0 ]pZCOSHZ ry = (P2 = p1 + dgor)sin

[ (14)
= | H, p2sing; + (p2 — p1 + dggr)cos &,

0 0 0o —
o P2 2
0 0 0 1

where: ¢, is the screw line parameté, is the circle parameteH; is the lead
of the screw line which is given by (15)

_2mr,
°7 B

(15)

Finally after the substitution of (15) in (14) the surfacembieel tooth is
expressed by formula (16)

p2 €0s(8z — @2) — 1089, — (p2 — p1 + do)sin(Xy,— @3)
7:2(2) — | p2sin(6z — @2) + 1asing, + (p2 — p1 + dcos)cos(Xy— @2) (16)

paractef
1

The units normal of the surfaces of tooth of pinion and wineebordinate
systems respectiviand2 are given by equations (17) and (18)
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[—ctgfcos(6; + ¢1)7
W) o o | Jep e sintey
x1 ;X 1 )
= _| | _ 9p; " 90, _|=ct8fsin® +p1) an
! [ %’;)J arl(l) arfl) Jctg?p + sin?6,
Nz 0, x a0, sin 8,
| \/ctg?pB + sin?6, |
2 2
W] o o
@ |, @2 0% ~ 092 _
2 T T .0
l (Z)J ar, Xarz
nZZ 662 a(pz
ryctgfeos(6; — ¢2)
2ctg?B + (rsind, + (p; — py + deo,)cos(6; —,))’
1y ctg?f + (rzsinf, + (p; — pq c0:)€0s(0; —%,, (18)

ryctgBsin(6, — ¢3)

. 2
\/rzzc'fgzﬂ + (rysinf, + (p, — p1 + deoi)cos (8, —ox,))
—=(p; — p1 + dco,)cos(0; —x,,)+7, sin 6,

. 2
_\/rzzc'fgzﬂ + (rsind, + (0, — py + dgos)cos(8; —,,)) ]

3. Condition of continuous tangency

The condition of continuous tangency expresses in a system dfoegua
(29) [7, 8].

79 (01,01, 9) = 7 (03,02, B)

ﬁif) (91,01, 90) = ﬁgf) (92,02, 0)

(19)

The first equation of the system ensures that teeth surf@asescommon
point. The second equation of the system ensures the continngends of
surfaces. The goal of a tooth contact analysis is to solve this system wbrsjua
It can be done numerically for each discrete value of angletation of pinion.
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As a result the relationships between surface param#terangle of rotation of
wheel and the angle of rotation of pinion (20) can be found.

01(9), 01(0), 92(9), 02(@), P (@) (20)

The substitution of functions (20) in parametric representatfoteath
surfaces (13), (16) and (3.1), (3.2) gives the line of contact tendotus of
contact points on teeth surfaces (Fig. 8).

b)

- g Y,» mm

-5
= contact line
loci of contact points on teeth surfaces:
gears with axes position errors
= jdeal gears

-2
X‘r; mm s; \ , yf‘ mm

Fig. 8. Contact lines and loci of contact pointseeth surfaces: a) gears
with axes misaligned error, b) gears with axesadist error

In case of ideal gear pair without axes position errors cotitae is
a straight line parallel to thg-axis which passes throughpoint. That means
that the contact point moves through the gear width while rotating the gea



Tooth contact analysis... 63

The loci of contact points on teeth surfaces of pinion and wheehare t
parts of helix which lies on the, — line for pinion andp, — line for wheel.
Figure 8a) presents the TCA results with non-parallelism deviatien 0,008°.

As the result the locus of contact points on teeth surfacgg lowards the tip
of the pinion tooth and root of the wheel tooth while entering thshimg till
half of the toothed ring. Inverse situation occurs while motibnontact point
from half of the toothed ring till leaving the meshing. Thenltioeis of contact
points on teeth surfaces is hinged towards root of pinion tooth @md wWheel
tooth. Moreover loci of contact points are not yet¢he- line andp, — line. It
can cause change in surface pressure and sliding velocity #oeossdth of
toothed ring while in ideal gear pair these values are constant.

As results from simulations carried out for gear pair witts anisaligned
error this deviation does not essentially changes the contact poiahmot

Figure 8b) presents the results of tooth contact analysisaofpgér with
axes distance err&a, = 0,03 mm. In that case real pressure angle decreases
which can be observed as a translation of loci of contactgpointooth surfaces
towards the root of pinion tooth and tip of wheel tooth. These linestidirthe
¢4 — line for pinion and, — line for wheel.

4. Geometric contact region

Geometric contact region means the contact region obtained byalysia
of the geometry of surfaces in contact without taking into idenstion elastic
deformations.

One of the method of obtaining a contact pattern is a methochichw
a contact pattern is a set of points for which the distancgebat the teeth
measured through the pinion tooth surface unit normal is lesghbahickness
of paint in a no-load contact pattern test [6]. The above-mentidiséghce is
represented by the lengthlofector (Fig. 9).

pinion

Fig. 9. Designation of distance between the teeth
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For determining the length of vectowith given surface parameteds and
¢, the system of three equations with the unknowné, and¢, specified by
vector equation (21) should be solved

771(” (61, 91) + k(61,91) = fz(f)(gz' ®2) (21)

wherek = kﬁgf) is the length vector perpendicular to pinion tooth surface. The
points for which thek value is less or equal the paint thickness are set on the
1 (by1) graph. The,,,andby, values are given by equations (22)

= (D) + (D) by =0

(22)

5. Influence of gears parameters on contact region

The influence of gears parameters on a contact region westigmted for
gearing with data presented in Table 1.

Table 1. Data of analysed Novikov gear pair

Pinion Wheel
Normal module [mm] m, =3 m, =3
Number of teeth [-] z; =23 z, =56
Overlap ratio [-] g=12 g =12
Gear width [mm] b=36 b =36
Normal pressure anglé][ a, =20 a, =20
Translation of convex tooth profile [mm] dcor=0 dcor =0
Profile convex concave
Profile radius [mm] p1 = 5,0949 p, = 52733
Pitch diameter [mm] d, = 72,785 d, = 177,215
Tip diameter [mm] dg1 = 79,685 dg, = 177,215
Root diameter [mm] dfy = 71,285 dr, = 169,415

The parameter which influence on the contact region was cyrrentl
analysed was change in some range along with the additional depend
parameters. Figure 10 shows contact region obtained with a methocchn tivi
distance between the teeth was measured through the unit normal.
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Fig. 10. Contact pattern obtained with method iricwithe distance
is measured through the unit normal

Colors from yellow to red represent distance from 0 to 0,008 mm.
The influence of ratio of teeth profiles on a contact pattershown in
Fig. 11.

a) b) c)
% 38 ", 38 %, 38 -
= 36) ] S 3 | & 36 f
15 20 15 20 15 20
by, mm by, ,mm by, ,mm
d) e) f)
= 38 - = 38 - S 38 -
= 36 ] F 36 ] & 36 f
15 20 15 20 15 20
by, mm by, , mm by, , mm

Fig. 11. Influence of ratio of teeth profiles om@ntact pattern: eﬁz/p1 = 1,005, b)pz/p1 =
=1,015, )P/, = 1,025, d)?/,, = 1,035, €)%/, =1,045,1"2/, =1,055

The increase of ratio of teeth profiles decreases #@ @ir contact and it
becomes elliptical. For small values of this parametigr. (Ha and 11b) contact
pattern is spread all over the tooth height. It can causes stoesentration and
spalling of pinion or wheel tooth tip. However gearing with latia of teeth
profiles due to high level of conformity of surfaces and what faldvigh
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contact area can be distinguished by high surface strength. loafetsurface
stress calculations cannot be based on the Herzt theorpirém-dimensional

contact problem.
Figure 12 presents the influence of ratio of pinion tooth proéiius to

pinion pitch radius on a contact region.

a) b) c)
g 10 £ 40 ; g 40 -
= 36 = 36 = 36
15 20 15 20 15 20
by, mm byy, mm by, mm
d) e) f)
£ 40 £ 40 £ 40
= 38 - = 38 ‘ 5. 38 -
= 36 = 36 = 36
15 20 15 20 15 20
by, mm by, mm by;, mm
g) h) 1
£ 40 £ 40 g 40
= 38 & £ 38 - £ 5 D
= 36 = 36 = 36
15 20 15 20 15 20
by, mm by, mm by, mm

Fig. 12. Influence of ratio of pinion tooth profitadius to pinion pitch radius on a contact
region: af’/, = 0,11, b)P1/, = 0,12, 0)P1/p, = 0,13, )P/, = 0,14, €)P1/;, = 0,15,
0 P = 016,97 /r, = 017, 0P/, = 0,18, 1) 1/, = 0,19

The increase of ratio of pinion tooth profile radius to pinion pitfius
moves the contact pattern towards the tip of the pinion tdibttan cause the
edge contact and stress concentration. Sometimes it is liedioalocate the
contact pattern near the tip of pinion tooth (Fig. 12h and 12i). It carept the
edge contact after the assembly errors occurs.

Figure 13 presents the influence of normal pressure angle on actcont
region.
For small values of normal pressure angle contact region nimwesds the
pinion tooth root. The increase of normal pressure angle incrédaseontact
area to maximum value for pressure anglé. Zurther increase of pressure
angle decreases the contact area which becomes ellgtitahoves towards tip
of pinion tooth. For the same reasons which were mentioneasanaf ratio of
pinion tooth profile radius to pinion pitch radius it is sometimeguired to
locate the contact pattern near the pinion tooth as it is for 24
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Fig. 13. Influence of normal pressure angle onrdaxd region: ay, = 10°, b)a,, = 12°,
) a, = 14° d)a,, = 16°, €)a, = 18°, ) a, = 20°, @) a,, = 22°, h)a, = 24°

Figure 14 shows the influence of translation of convex tooth profile.

For its negativevalues contact pattern is a deformed ellipse, which narrows
in the negative direction of axis of abscissae. For positiveesatieformed
ellipse narrows in the positive direction. For small or higlues of translation
the edge contact appears.

Figure 15 presents the influence of the axes distance errar camtact
region.

The increase of the axes distance error decreases theassirprangle and
therefore contact region moves through the pinion tooth rootdacdeases
contact area. The negative influence of axes distance error campercate by
proper location of contact pattern for ideal gearbox. Then afteaghembly
point of contact as well as the contact region will take the desiraliteopos
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Fig. 14. Influence of translation of convex tootofie: a)d.,, = —0,6 mm,
b)d.,, = —0,4 mm, c)d.,, = —0,2 mm, d)d.,, = 0 mm, €)d.,, = 0,2 mm,
f) deor = 0,4 mm, g)d.,, = 0,6 mm
a) b) c)
g 40; g 40 g 40
T G s N Vo
‘*E 36 "~§ 36 : : ‘*E 36
15 20 15 20 15 20
b,,, mm b,,, mm b,,,, mm
d) e) n
g 40 S 40 g 40
% 3| i . 5 B . ¥ e
‘*E 36 ‘~§ 36 “E 36
15 20 15
b,,, mm

g MM
Fig. 15. Influence of the axes distance error @oratact region: ada, = 0, b)Aa, = 0,01mm,
¢) Aa, = 0,02mm, d)Aa, = 0,03mm, e)Aa, = 0,04mm, f) Aa, = 0,05mm,
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Conclusions

Based on the developed mathematical model of convexo-concave Novikov
gear mesh the detailed analysis of teeth contact has been performed ipehis pa
Knowledge of the influence of gear parameter on contacbmegllows to
determine its optimal values which can compensate assemibls esuch as
misalignment and distance axes errors.

The decrease of the ratio of the radius of teeth profilesases the area of
contact and extremely increases the sensitivity of gearbahdage in axes
distance. What is more if the shape of contact pattern is kitag/npossible to
determine the boundary value of this ratio after which sugtiess calculations
can be performed by means of Hertz theory which assume non-cargorm
surfaces and elliptical contact area.

The increase of the ratio of tooth profile radius to pitch sadou increase
pressure angle) moves the contact area towards the tip of the pinion tooth.

The increase of the axes distance error decreasgwesalire angle, moves
contact pattern to the root of the pinion tooth and decrease®itect area. It
can be compensate by proper choice of ratio of tooth profile radiypstch
radius or pressure angle.

Presented mathematical model can be also useful in the designiools
for machining this type of gears.
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