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This paper investigated the focal shift of partially coherent dark hollow Gaussian beams through
a thin lens system. An analytic expression of the irradiance distribution of the focusing partially
coherent dark hollow Gaussian beams in the back focal plane has been given by using the Collins
formula. The focus shift of focused partially coherent dark hollow Gaussian beams in different
parameters is studied in detail by numerical calculations. It is found that the absolute value of
the focal shift of partially coherent dark hollow Gaussian beams decreases as the transverse
coherence width or the order of the dark hollow Gaussian beams or a parameter of the dark hollow
Gaussian beams increases. 
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1. Introduction 

When a light beam is focused by a converging lens, the axial coordinate where the in-
tensity takes its maximum value does not coincide with the position of the focus as
predicted by geometrical optics. The real focus – the point with maximum axial inten-
sity of the focusing beams – is shifted away from the geometric focus, and rather some-
what closer to the diffraction plane, which is called the focal shift (see Fig. 1) [1–4].
In some cases, such as some imaging applications, the magnitude of the focal shift is
sufficiently small, therefore, the focal shift can be neglected. However, in some cases,
such as in some laser cavities, the influence of the focal shift cannot be neglected, so
the focal shift becomes very important. Therefore, it is interesting and necessary to
study the focal shift. This phenomenon, especially the focal shift of the beams with
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zero-central intensity, has been attracting more and more attention because of the appli-
cations in guiding and manipulating the neutral atoms and micro-sized particles [5–7].
The trapping characters by laser beams are affected by the changes in the partial co-
herence of the beams [8]. 

At present, there are two different definitions of focal shifts reported. One which
is proposed by LI and WOLF and is called the LW method [3, 4] is to find the position
of the maximum intensity along the optical axis. After the beams are passed through
a thin lens system, it is then viewed as the real focus [1, 3, 4]. This is determined by
the root of the equation dI(z)/dz = 0, where I(z) is the axial intensity distribution of
the beams. Another one based on the encircled-power method which is proposed by
GREENE and HALL and is called the GH method [9] is usually used for some different
cases, such as high-order Bessel–Gaussian and Hermite–Gaussian beams [10, 11].
Until now, there have appeared many papers concerning the focal shift in different
types of focused beams through a variety of systems. But most of them are for coherent
beams, and rarely for partially coherent beams.

The purpose of this paper is to investigate the dependence of the focal shift of
the partially coherent dark hollow Gaussian beams (DHGBs) on the parameters of
the beams. In Section 2, we obtain the expression for the cross-spectral density of par-
tially coherent DHGBs through a thin lens system from the Collins formula. It can help
us in describing the intensity distribution of focused partially coherent DHGBs in the
focal plane. In Section 3, based on the expression derived above, the focal shift with
different parameters is given. It is found that the relative focal shift is strongly depend-
ent on these parameters: the transverse coherence width σg, the order N and the pa-
rameter p of the DHGBs. In Section 4, we finally conclude the main results.

2. The cross-spectral density of the focused 
partially coherent DHGBs

The cross-spectral density of the focused partially coherent DHGBs at the input plane
(z = 0) is defined as a superposition of a finite sum of partially coherent Gaussian
Schell-model beams [12]: 
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Fig. 1. The schematic of a lens optical system.
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(1)

where:

while both  and  denote binomial coefficients, w0 determines the beam waist
width, p is a real positive parameter and satisfies p < 1 (we can adjust the central dark
size of the DHGBs by varying p), σg is the transverse coherence width, N is the order
of the DHGBs. The irradiance distribution of a partially coherent beam is given by
I(x, y, z) = W(x, y, x, y, z). We calculate in Fig. 2 the normalized irradiance distribu-
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Fig. 2. Normalized intensity distributions ( y = 0) of the input DHGBs, for different N with p = 0.9 (a),
and for different p with N = 9 (b). 
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tions ( y = 0) of the DHGBs for different values of N and p. It is shown that the range
of the zero-central increases as N or p increases. 

Under the paraxial approximation, the propagation of any linear-polarized field
through an optical system can be treated by the Collins formula of the cross-spectral
density, which is given by

(2)
where

and WI (x1, y1, x2, y2, 0) is the cross-spectral density of the partially coherent DHGBs
in the input plane as Eq. (1), and z is the distance from the input plane to the output
plane, k = 2π/λ is the wave number, λ is the wavelength, A, B, C and D are the elements
of this matrix for the paraxial optical system between the input plane and the output
planes [13]. Here, we consider the partially coherent DHGBs propagating through
an apertureless lens (as shown in Fig. 1). The elements of the transfer matrix of this
optical system between the input and the output planes can be given by 

(3)

where f  is the focal length of the lens, s is the distance from the input plane to the lens
plane, the ratio α = s/f ; z1 is the distance between the geometric focus and the real fo-
cus, which is called focal shift, and z1 = z – f – s.

Substituting Eqs. (1) and (3) into Eq. (2), and after integration, the cross-spectral
density of the partially coherent DHGBs at the output plane can be described as
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and

 

3. The focal shift of partially coherent DHGBs

In this section, we will study the phenomenon of the focal shift for partially coherent
DHGBs passing through an apertureless lens system. The irradiance distribution of par-
tially coherent DHGBs at the output plane can be given by

(5)
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The position of the maximum irradiance point along the axis can be a root of
the following equation [1, 4, 14]:

(6)

According to the LW method, in our case, a root (z1) of Eq. (6) is just the focal
shift. On substituting Eq. (5) into Eq. (6), we can easily find the root of the equation,
which means that we have obtained the focal shift z1, the point of the maximum irra-
diance along the axis. 

Based on the equations obtained above, some numerical calculations were per-
formed to illustrate the focal shift of partially coherent DHGBs passing through a thin
lens. In our following calculations, we choose and fix the parameters as: λ = 1.06 μm,
f = 0.1 m, w0 = 1 mm, and s = 0.

In order to study the effect of transverse coherence width on the irradiance distri-
butions of the focused partially coherent DHGBs, we calculate in Fig. 3 the 3D-nor-
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Fig. 3. 3D-normalized intensity distributions and corresponding contour graphs and corresponding
cross-lines ( y = 0) of the focused partially coherent DHGBs at the focal plane for different coherence
width σg with p = 0.8 and N = 9; σg /w0 = 0.1 (a), σg /w0 = 1.8 (b), and σg /w0 = 10 (c).
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malized irradiance distributions and corresponding contour graphs and corresponding
cross-lines ( y = 0) of the focused partially coherent DHGBs at a geometrical focal
plane for different coherence width σg with p = 0.8, and from Fig. 3, we can find that
the focused irradiance distribution of the partially coherent DHGBs is related to its in-
itial coherence width. When the coherence width is large (see Fig. 3c), the focused
beam profile is Gaussian distribution and there is a small bright ring around the bright-
est circular solid beam spot. But as the coherence width decreases, the bright ring grad-
ually disappears and the focused beam profile gradually becomes only Gaussian
distribution, and the focused beam spot size increases.

Figure 4 shows the focal shift z1/f of partially coherent DHGBs with coherence
width σg = 0.1w0 versus the parameter p and the order of the DHGBs N at N = 5 in
Fig. 4a and at p = 0.5 in Fig. 4b. From Fig. 4, we can see that the focus shift of partially
coherent DHGBs increases with the rise in the parameter p or the parameter N.
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Fig. 4. Focal shift of partially coherent DHGBs with coherence width σg = 0.1w0 versus the parameter p
and the order N of the DHGBs: N = 5 (a), and p = 0.5 (b).
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Fig. 6. Focal shift of partially coherent DHGBs with p = 0.5 versus the transverse coherence width σg for
different order N of the DHGBs.
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near the geometrical focus point for different N and σg . The black point is the position of the real maximum
intensity.
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Figures 5 and 6 show the focal shift z1/f of partially coherent DHGBs versus
the transverse coherent width σg /w0 for different values of the parameter p and differ-
ent order N of the DHGBs. From Figs. 5 and 6, we can see that the focus shift of par-
tially coherent DHGBs increases with the rise in the transverse coherent width σg /w0
for different parameter p (or different order N ). For the same transverse coherent width
σg /w0, the bigger the value of p (or N ), the larger the focal shift. But for the focus shifts
of partially coherent DHGBs with different parameter p (or different order N ), the dif-
ferences between them become smaller and smaller as the transverse coherent width
σg /w0 increases. From Figs. 4–6, we can also find that the effects of the parameter p
and order N on the focal shift of partially coherent DHGBs are similar. 

Figure 7 shows the contour lines of the focused irradiant distributions of the par-
tially coherent DHGBs with p = 0.5 near the geometrical focus point for different N
and σg , where the black point is the position of the real maximum intensity. From
Fig. 7, we can clearly see that the real focus is closer to the diffraction plane (here it
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Fig. 8. Contour lines of the focused irradiance distributions of the partially coherent DHGBs with N = 5
near the geometrical focus point for different p and σg . The black point is the position of the real maximum
intensity.
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is a thin lens), and the focal shift decreases as the order N or the coherence width σg
increases. One can also see that these focus shift phenomena are in agreement with
the results given above.

Figure 8 shows the contour lines of the focused irradiance distributions of the par-
tially coherent DHGBs with N = 5 near the geometrical focus point for different p
and σg , where the black point is the position of the real maximum intensity. Through
the transverse and longitudinal comparison in Fig. 8, it is obvious that the focal shift
decreases as the coherence width σg  or the parameter p increases.

4. Conclusion 

In summary, we have studied the properties of the focal shift of partially coherent
DHGBs. The cross-spectral density of partially coherent DHGBs through a thin lens
system has been obtained by using the Collins formula. By calculating the point of
the maximum irradiance in focused beams, the position of the real focus has been
found. Through theoretical analysis and numerical simulations, it is easily found that
the focal shift of partially coherent DHGBs can be controlled by changing the beam
parameters (such as p, N and σg ) properly. Further research on the manipulating and
trapping of neutral atoms and micro-sized particles by focused DHGBs will be carried
out in the future.
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