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1. Introduction

Production planning is an activity that considers the best use of 
production capacity in order to satisfy customer demand during a 
specified finite planning horizon. There are three types of production 
planning, based on the different lengths of the planning horizon: the 
strategic planning level (long-term), the tactical planning level (medi-
um-term) and the operational planning level (short-term) [11]. In gen-
eral, the length of the long-term planning is about one year or more. 
In this stage, the aggregate demands need to be forecasted, and some 
strategic decisions, such as product category, equipment and resource 
planning, need to be made. The length of the medium-term planning 
is about one month or more. This stage often involves making deci-
sions on production quantities or lot sizing and on the maintenance 
policy over the planning horizon. The length of the short-term plan-
ning is about one week or less, and this stage involves making deci-
sions on the day-to-day scheduling of production operations based on 
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customer orders and tactical planning. In this paper, our focus is on 
the medium-term tactical production planning, since at this level the 
production quantities or lot sizing should be determined, and the pre-
ventive maintenance (PM) decisions should be scheduled. Through-
out this paper, we will use the term ‘production planning’ instead of 
‘tactical production planning’, for simplicity.

Production and maintenance departments are usually located sep-
arately in modern companies. The production department has to make 
production planning based on the maximum production capacity, and 
to satisfy customers’ demands, whereas the maintenance department 
has to ensure the proper functioning of the production system through 
maintenance actions. Conflict is inevitably generated since the two 
departments share the same system. If the production department ig-
nores the occupation of maintenance time, or just considers it subjec-
tively or empirically, the system may experience idle time, production 
delays and even shortages. On the other hand, if the maintenance de-
partment schedules the maintenance without considering the produc-
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edge, 3) we also consider how the product quality is affected by the 
defects and failures in system, and this was also not studied in previ-
ous works, 4) to model the PM decision for the system, we use the 
delay-time concept.

The concept of the delay-time has been widely applied in mainte-
nance modeling and optimization; see [17] for a detailed review. The 
failure process of a component is regarded as a two-stage process: 
the period from new to the initial point of the defect, usually referred 
to as the normal stage or time-to-defect; and the period from the ini-
tial point to the component failure, referred to as the delay-time stage 
[3], as shown in Fig. 1. If the PM, which is considered to be perfect, 
is carried out during the delay-time, the defect can be identified and 
removed by repair or replacement. The delay-time models have been 
applied to single-component systems [4, 16, 24] and complex sys-
tems with many components [5, 6, 18–21]. In this paper, we use the 
complex system delay-time model since typical production systems 
are equipped with many components. For complex systems, multiple 
defects can be present at one time, and the arrival process of the de-
fects can be approximated by a Homogenous Poisson Process (HPP) 
– see [17]. Fig. 2 illustrates the defect arrival and failure processes of 
a complex system where PM interventions were carried out at points 
A and B. It is clear from Fig. 2 that three defects could be identi-
fied and removed if the defect identification and removal are perfect. 
The delay-time-based PM models differ from other PM models in that 
they directly model the relationship between the PM and the number 
of system failures. Many case studies have shown the validity of the 
delay-time-based models [10, 13, 23].

This paper is organized as follows. The model assumptions and 
notations are given in Section 2. Section 3 formulates the problem. 
Numerical examples are presented in Section 4. Section 5 concludes 
the paper.

2. Assumptions and notations

2.1.	 Assumptions

The defects of the system arrive independently according to (1)	
an HPP.
The delay-time of all defects is independent and identically (2)	
distributed.
The PM is perfect and renews the system.(3)	
A corrective maintenance is always performed at a failure, (4)	
which is minimal in the sense that it will only repair the failed 
component while the defect arrival rate of the system is unaf-
fected.
The setup structure is sequence-independent.(5)	
The PM may be carried out at the end of some production pe-(6)	
riods.

tion planning, excessive maintenance or inadequate maintenance may 
occur, so that the productive capacity cannot be fully used. Thus, it is 
necessary to find an integrated model to optimize the production and 
maintenance planning simultaneously.

There are only a few related researches at the tactical level in this 
integrated area. Weinstein and Chung [22] studied the integration of 
production and maintenance decisions in a hierarchical planning en-
vironment, and evaluated an organization’s maintenance policy using 
a three-part model, where an aggregate planning model was described 
using a mixed-integer linear programming in stage one, a master pro-
duction scheduling model was proposed to minimize the weighted 
deviations from the goals given at the aggregate level in stage two, 
and the master production schedule and the maintenance plan were 
simulated in stage three, which is the only stage studying the system 
failures. Their work was further researched by Aghezzaf et al. [1], 
which considered the reliability parameters of the production system 
at the early stage of the planning process, and developed a multi-item 
capacitated lot-sizing problem based on a system that was subjected 
to random failures, to minimize the expected total costs of production 
and maintenance. This work was extended by Aghezzaf and Najid [2], 
which discussed the issue of integrating production planning and PM 
in a production system composed of parallel failure-prone production 
lines. Two mathematical programming models for the problem were 
proposed, where the first model assumed that each production line of 
the system implements a cyclic preventive maintenance policy, the 
second model relaxed the cyclic restriction, but the backorder cost 
was not considered both in [1] and [2]. Fitouhi and Nourelfath [8] 
developed an integrated model for planning production and non-cy-
clical PM for a single machine. The backorder cost is considered and 
an enumeration method is used to get all of the PM solutions in the 
model, which was later extended in [9] to multi-state systems. Nourel-
fath et al. [15] also developed an integrated model for production and 
PM planning in multi-stage systems, where the preventive mainte-
nance selection task in the integrated planning model is solved using 
a genetic algorithm. This work was then extended by Nourelfath and 
Chatelet [14] to a parallel system with dependent components, and a 
simulated annealing algorithm was developed. These works were well 
studied about the integrated problem, but some assumptions can be 
relaxed. For example, they did not consider the production quality in-
fluenced by the system, that is, they implicitly assumed that all of the 
products were qualified whereas unqualified products are common 
in reality. Besides, the setup time was ignored in the model, and the 
downtime caused by failures was not formulated by real production 
time. These gaps are filled in this paper.

The purpose of this paper is to develop an integrated production 
and PM model at the tactical level. The objective of the model is to 
determine the production and maintenance plan that minimizes the 
expected total cost over a finite planning horizon, which includes sev-
eral equal-length periods. A set of products must be produced in lots 
during this planning horizon, and the demand for the same product 
may vary from one period to another. For example, the length of the 
planning horizon may be half a year, which may be thought of as 
six separate monthly periods, and the demand of the same product 
may vary from month to month. Since the production capacity is in-
fluenced by both PM and failures – and is therefore random – the 
production quantity of each product in each period will be calculated 
with consideration of the inventory and backorder. Since the system 
is subject to random failures, the PM is carried out periodically at 
the end of some production planning periods, whereas the corrective 
maintenance is always performed at a failure. The innovative points 
of this paper are 1) Previous works usually assume that the downtime 
caused by failures can be ignored, whereas our model considers this 
type of downtime when formulating the expected number of system 
failures over each period, 2) the downtime caused by setup is also 
studied, whereas no other literature has attempted, to our best knowl-

Fig. 1. The delay-time for a defect. ‘○’ initial point, ‘●’ failure point

Fig. 2. The defect arrival and failure processes of a complex system
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The percentage of unqualified products is proportional to the (7)	
number of failures.

Assumptions (1) and (2) have been used in previous delay-time 
models. Assumption (3) is for modeling simplification. Assumption 
(4) is commonly used in maintenance modeling, such as in [12], where 
– due to the time constraint and the need to resume the production as 
soon as possible – only the failed component is repaired or replaced, 
while the defect and failure rates of the system are unchanged after the 
repair. Assumption (5) is one of the two setup structures. Usually, pro-
duction changeover between different products can incur setup time 
and setup costs. If the setup time and cost in a period are independent 
of the sequence, it is termed as a sequence-independent structure. Al-
ternatively, the sequence-dependent structure refers to the case where 
the setup time and cost depend on the sequence of the products, and 
is more complex than the sequence-independent situation – see [11]. 
In this paper, we consider the simpler situation, and the more com-
plex situation will be studied in a separate paper. Assumption (6) is 
practice-based since periodic PM is still the main form of preventive 
maintenance used in factories throughout the world. The rationale in 
assumption (7) lies in the fact that more failures mean more defec-
tive components within the system, which furthermore leads to the 
production of more unqualified products, given that the failure arrival 
process is a Non-Homogeneous Poisson Process (NHPP) [17].

2.2.	 Notations

Model parameters(1)	
H	 The length of the planning horizon.
Z	 The number of periods during H.
T	 The length of each period.
n	 The number of different products.
dij	 The demand for product i in period j, i=1,2,⋯,n, j=1,2,⋯,Z.
ti	 Production time for each unit of product i.
ξj	 The actual production time for all products needed to be pro-

duced in period j.
u	 The defect arrival point.
f(∙)	 The probability density function (pdf) of the delay-time.
F(∙)	 The cumulative distribution function (cdf) of the delay-

time.
λ	 The rate of the occurrence of defects.
ds

i 	 The average time per setup for product i.
dd	 The average time to repair per defect identified at a PM.
df	 The average time to repair per failure.
dp	 The average time per inspection at a PM.
Cs

i 	 The average setup cost of producing product i.
Cd	 The average cost of repairing a defective component that 

is identified at a PM.
Cf	 The average cost of repairing a failure, which contains 

the cost of repairing or replacing the failed component and the 
additional cost of unavailability.

Cp	 The average cost of an inspection at a PM.
Cdp	 The average cost of one unit of unqualified product.
pi	 The cost of producing one unit of product i.
hi	 Inventory holding cost per unit of product i per unit time.
bi	 Backorder cost per unit of product i.
EN(dp)	The expected number of unqualified products.
EC(dp)	The expected total cost of unqualified products.
EC(m)	The expected total cost of maintenance.

Model variables(2)	
xij	 Quantity of product i produced in period j.
Iij	 Inventory of product i at the end of period j; Ii0 denotes the 

inventory of product i at the beginning of period 1.
yij	 Binary variable, which is equal to 1 if product i is produced in 

period j, and 0 otherwise.

Bij	 Backorder level of product i at the end of period j; Bi0 denotes 
the backorder of product i at the beginning of period 1.

TPM	 The length of the PM interval, TPM = kT, k is a positive integer, 
1 ≤ k ≤ Z 

3. The models

In this section, we first describe the research problem, then we 
evaluate the production time constraint in each period, the expected 
total cost of maintenance and the expected total cost of unqualified 
products, at last the integrated model is derived.

3.1.	 Problem description

The integrated production and maintenance strategy is illustrated 
in Fig. 3. The length of the planning horizon is H , including Z  pe-
riods of fixed length T , and a set of products need to be produced 
during this planning horizon. For each period j, the demand for prod-

uct i, ijd , needs to be satisfied either by production in this period or 
by carrying inventories from earlier periods, but the backorder may 
happen due to setup and PM times, so we consider not only inventory 
holding cost but also backorder cost in our model. The number of PMs 

during the planning horizon is Z k   , since the length of PM interval 

PMT  is equal to kT , where Z k    is the largest integer smaller than 

or equal to Z k . The planning horizon can be divided into two parts, 

with the first part ( )0, Z k k T      including Z k    equal PM inter-

vals ( )ˆ ˆ, 1zkT z kT +   , where ˆ 0,1, , 1z Z k= −   , and the second 

part ( ) ,Z k k T ZT     , the length of which is shorter than PMT . We 
must decide which products to produce in which periods, the exact 
production quantities, and PM interval, in order to minimize the sum 
of PM, production, unqualified products, setup, backorder and inven-
tory holding costs.

3.2. The production time constraint

The production time constraint in (1)	 ( )0, Z k k T    

As the quantity of product i produced in period j is ijx , the actual 

total production time in period j is 
1

n
j i ij

i
t xξ

=
= ∑ . Specifically, in PM 

interval ( )ˆ ˆ, 1zkT z kT +   , the period number j ranges from ˆ 1zk +  to 

ẑk k+ . We use ( ), ,j ij ij PML x y T  to denote the production time con-

straint in period j, that is, ( )
1

, ,
n

i ij j ij ij PM
i

t x L x y T
=

≤∑ .

The first period in PM interval ( )ˆ ˆ, 1zkT z kT +    is ( )ˆ ˆ, 1zkT zk T +  

. In this period, ˆ 1j zk= + , the expected number of failures is 

ˆ ˆ1 1
0 0 0

( ) ( )zk zkt f t u dudt F t dtξ ξλ λ+ +− =∫ ∫ ∫ , the expected downtime 

Fig. 3. Integrated production and maintenance strategy.



Eksploatacja i Niezawodnosc – Maintenance and Reliability Vol.17, No. 2, 2015218

Science and Technology

caused by failures is ˆ 1
0

( )zk
fd F t dtξ λ+∫ , [13], and the downtime 

caused by setup in this period is ˆ, 1
1

n
i
s i zk

i
d y +

=
∑ . Thus, we have 

ˆ 1
ˆ ˆ1 , 10

1
( )zk

n
i

zk f s i zk
i

d F t dt d y Tξξ λ+
+ +

=
+ + ≤∑∫ , that is,

( ) ˆ 1
ˆ ˆ ˆ ˆ1 , 1 , 1 , 10

1
, , ( )zk

n
i

zk i zk i zk PM f s i zk
i

L x y T T d F t dt d yξ λ+
+ + + +

=
= − −∑∫ . (1)

Similarly, the time constraint in the subsequent periods until the 
penultimate period can be expressed as 

( )ˆ ˆ ˆ' , ' , ', ,zk k i zk k i zk k PML x y T+ + + =

'
ˆ

1
' 1

ˆ
1

ˆ, '
1

( )

k
zk a

a
k

zk a
a

n
i

f s i zk k
i

T d F t dt d y
ξ

ξ
λ

+
=
−

+
=

+
=

∑
− −

∑
∑∫ , 

(2)

where ' 2, , 1k k= − .

The PM is carried out in the last period, where ˆj zk k= + ; the 

number of defects identified at PM is [ ]
ˆ

1
0

1 ( )

k
zk a

a F t dt
ξ

λ
+

=
∑

−∫ , so the 

expected downtime caused by PM is [ ]
ˆ

1
0

1 ( )

k
zk a

a
p dd d F t dt

ξ
λ

+
=
∑

+ −∫ . 

The time constraint in this period can be given by:

( ) [ ]
ˆ ˆ

1 1
1

ˆ
1

ˆ ˆ ˆ ˆ, , ,0
1

, , ( ) 1 ( ) .

k k
zk a zk a

a a
k

zk a
a

n
i

zk k i zk k i zk k PM f p d s i zk k
i

L x y T T d F t dt d d F t dt d y
ξ ξ

ξ
λ λ

+ +
= =
−

+
=

+ + + +
=

∑ ∑
= − − − − −

∑
∑∫ ∫

(3)

The production time constraint in (2)	 ( ) ,Z k k T ZT    

In ( ) ,Z k k T ZT     , j can be denoted as 1, ,Z k k Z+     or-
derly, in each period. We only consider the downtime caused by fail-
ures and setup, since PM is not carried out during this interval. The 
model of the production time constraint is similar to Equations (1) and 
(2), so we will not express it here.

3.3.	 The cost model of maintenance and unqualified prod-
ucts

The expected maintenance cost(1)	

Based on Section 3.2, during each PM interval ( )ˆ ˆ, 1zkT z kT +   , 

the actual production time is 
ˆ ˆ

ˆ

ˆ ˆ1 1 1
=

zk k zk k n
z

j i ij
j zk j zk i

t xξ ξ
+ +

= + = + =
=∑ ∑ ∑ , the ex-

pected number of failures is 
ˆ

0
( )

z
F t dtξ λ∫ , and the expected number of 

defects identified at PM is [ ]
ˆ

0
1 ( )

z
F t dtξ λ −∫ . The failure and the re-

pair cost of the defects are 
ˆ

0
( )

z

fC F t dtξ λ∫  and [ ]
ˆ

0
1 ( )

z

dC F t dtξ λ −∫ , 

respectively. The PM cost is pC .

The actual production time during ( ) ,Z k k T ZT      can be ex-

pressed as 
/ 1 / 1 1

'=
Z Z n

j i ij
j Z k k j Z k k i

t xξ ξ
= + = + =      

=∑ ∑ ∑ , and the expected 

failure repair cost is '
0

( )fC F t dtξ λ∫ .

Then, the total maintenance costs during the planning horizon can be 
expressed as:

[ ]
ˆ ˆ1

'
0 0 0

ˆ 0
( ) ( )d 1 ( ) d ( )d

z zZ k

C f d p f
z

E m C F t t C F t t C C F t tξ ξ ξλ λ λ
−  

=

 
= + − + + 

 
∑ ∫ ∫ ∫ .  	

(4)

The expected cost of unqualified products(2)	
We then consider the quality of products affected by the defects 

and failures in the system. Based on Assumption (7), a coefficient β  
will be used to construct the relationship between the expected number 

of unqualified products, ( )NE dp , and the number of failures: we 

have ( )
ˆ1

'
0 0

ˆ 0
( )d ( )d

zZ k

N
z

E dp F t t F t tξ ξβ λ λ
−  

=

 
 = +
  
∑ ∫ ∫ . The expected 

cost incurred due to unqualified products in the planning horizon can 
be given as:

( )( )C dp NE dp C E dp= .     (5)

3.4.  The integrated model

Based on the models proposed in 
Section 3.2 and Section 3.3, the inte-
grated cost model can be expressed as 

follows:

Minimize ( )
1 1

( ) ( )
n Z

i
i ij i ij i ij s ij C C

i j
p x b B h I C y E m E dp

= =
+ + + + +∑∑

 
(6)

	 Subject to: , 1 , 1ij ij i j i j ij ijI B I B x d− −− = − + − ,	 (7)

	
*

*
, 1ij i j ijij

j j
x d B y−

≥

 
 ≤ +
 
 
∑ ,	 (8)

	
( )

1
, ,

n
i ij j ij ij PM

i
t x L x y T

=
≤∑ ,	 (9)

	 { }0,1ijy ∈ ,	 (10)

	 ijx , ijI , 0ijB ≥ .	 (11)

The objective function (6) consists of the total production cost, 
the total backorder cost, the total inventory cost, the total setup cost, 
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the expected total maintenance cost as given by Equation (4) and the 
total expected cost of unqualified products as given by Equation (5) 
during the planning horizon. Equation (7) relates backorder or inven-
tory at the start and the end of period j to the production quantity and 

the demand in that period; clearly 0ijI >  and 0ijB >  cannot hold 

simultaneously. Equation (8) sets the upper limit of ijx , and if 0ijy =  

then 0ijx = , and if 1ijy =  then 0ijx ≥ . Equation (9) corresponds 
to the available production time constraint in period j, the detail of 
which was proposed in Section 3.1. Equation (10) 

indicates that ijy  is a binary variable. Equation 

(11) indicates that ijx , ijI  and ijB  are all non-
negative numbers.

The integrated cost model, Equations (6)–
(11), can be solved by some mathematical pro-
gramming software (e.g., LINGO or MATLAB). In our paper, we use 
MATLAB to solve it.

3.5.	 Validation

The integrated cost model is composed of two parts, the linear 

function ( )
1 1

n Z
i

i ij i ij i ij s ij
i j

p x b B h I C y
= =

+ + +∑∑ , and the nonlinear func-

tion ( )CE m  and ( )CE dp . The linear part is commonly used in litera-

ture so we pay attention to validate ( )CE m  and ( )CE dp . Both 

( )CE m  and ( )CE dp  were derived based on assumptions (1) 
and (2). Here we explain the rationale of the two assumptions. 
For complex systems, an approximation was made based on 
the delay-time concept: defect arrivals from all components 
are grouped and modelled by a stochastic point process, such 
as an HPP, and the delay times of all defects follow one identi-
cal distribution. This HPP approximation has been justified 
mathematically in [7], and the grouped delay time case was 
verified by simulation studies and a case study in [6].

4. Numerical example

In this Section, the pdf of the delay-time is assumed to fol-
low an exponential distribution with parameter α . Previous 
delay-time-based case studies have used an exponential distri-
bution as the delay-time [4], and this was chosen based on the 
best fit to the actual data. Subsequently, a simulation test was carried 
out to confirm that, for a complex system with many components, 
the pooled delay-time followed an exponential distribution approxi-
mately [6].

We now present a real case to demonstrate the integrated cost 
model proposed in Section 3. The data in this section was collected 
from our recent visit to a factory producing steel gratings. There are 
several production systems in this factory, and we chose a system 
that produces two types of steel gratings, that is, n=2. The production 
unit is ‘ton’, and the demands of products are as shown in Table 1. 
The planning horizon is Z=6 months with T=30 days (the time unit 

is ‘day’). Table 2 shows the time and cost parameters, and the other 
parameters are λ=0.0462, α=0.0833 and β=0.5.

Using Equations (1) – (11) and the parameters given above, we 
can calculate all of the optimal results corresponding to different PM 
intervals, as shown in Table 3. It can be seen that the minimum total 
cost is 1.1934e+07 when the PM interval is 2 months, that is, carrying 
out the PM bi-monthly is the best choice for this system.

Table 4 shows the detailed results with the optimal PM policy, and 

we can see that 1 jI =0, 1 jB =0, 2 0jI ≠ (j=1~4) and 25 0B ≠ . Both 
the inventory and backorder occur for product 2, but neither occur 

for product 1. This is because 1 2h h>  and 1 2b b> . To confirm this, 

changing the inventory cost parameters to 1h =50 and 2h =60, we can 

get the optimal production plan as shown in Table 5, where 1 0jI ≠

(j=1~4) and 2 jI =0. Table 4 also shows the production planning in 
every period. The factory can arrange its production and maintenance 
according to our model and results.

Table 1.	 Demands of products in every period.

j=1 j=2 j=3 j=4 j=5 j=6

1 jd 700 1050 1000 880 1300 600

2 jd 1100 700 800 900 580 1200

Table 2.	 The time and the cost parameters

it i
sd i

sC ip ih ib

i=1 0.0167 0.0139 55 1200 50 1400

i=2 0.0165 0.0135 50 1000 40 1200

dd fd pd pC dC fC dpC

0.012 0.0417 0.0174 20 200 800 25

Table 3.	 The optimal total cost with different PM intervals.

TPM 1 month 2 months 3 months 4 months 5 months 6 months

Total cost 1.1936e+07 1.1934e+07 1.1935e+07 1.1935e+07 1.1936e+07 1.1935e+07

Table 4.	 The optimal production plan with TPM=2 months.

Period
Product 1 Product 2

1 jx 1 jI 1 jB 1 jy 2 jx 2 jI 2 jB 2 jy

1 700 0 0 1 1105.8 5.8 0 1

2 1050 0 0 1 749 54.8 0 1

3 1000 0 0 1 802.2 57 0 1

4 880 0 0 1 921 78 0 1

5 1300 0 0 1 498.5 0 3.5 1

6 600 0 0 1 1203.5 0 0 1

Table 5.	 The optimal production plan with 1h =50, 2h =60 and TPM=2 months.

Period
Product 1 Product 2

1 jx 1 jI 1 jB 1 jy 2 jx 2 jI 2 jB 2 jy

1 705.8 5.8 0 1 1100 0 0 1

2 1098.3 54.1 0 1 700 0 0 1

3 1002.2 56.3 0 1 800 0 0 1

4 900.8 77.1 0 1 900 0 0 1

5 1222.9 0 0 1 576.5 0 3.5 1

6 600 0 0 1 1203.5 0 0 1
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5. Conclusion

An integrated production and periodic PM planning model was 
proposed at the tactical level for a complex system, with the delay-
time concept used to model the PM decision for the system. A real 
case was studied as a numerical example. Using this integrated model, 
we can decide which products need to be produced and their exact 
production quantities in each period, and the optimal PM interval can 
be calculated simultaneously. From the example, we can see that the 
production quantities were also influenced by the inventory cost and 
backorder cost of different products. Of course, this study has certain 
limitations, which leads to the need for further research: 1) consider-

ing the integrated production and PM planning with a sequence-de-
pendent setup structure; 2) considering non-periodic PM policies; and 
3) considering several types of defects and failures that may have dif-
ferent impacts on the cost and downtime of the production systems.
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