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Abstract. The purpose of this paper is to study the notion of a ¥z-density point and
W z-density topology, generated by it analogously to the classical Z-density topology
on the real line. The idea arises from the note by Taylor [3] and Terepeta and
Wagner-Bojakowska [2].

We introduce the following notation:

N  the set of positive integers,

R  the set of real numbers,

R4 the set of positive real numbers,

S o-algebra of subsets of R having the Baire property,
7  o-ideal of subsets of R of the first category,

C  the family of all nondecreasing continuous functions ¢ : Ry — (0, 1] such
that lim ¢(x) = 0.

z—01
We say that two sets A and B are equivalent (A ~ B) if AAB € Z, where
AAB is the symmetric difference of A and B. Additionally, if A C R, « € R
and g € R, then —A={x e R: —z € A}, a-A={a-z€R: z € A},
A =R\Aand A—xzp={x € R: z+x9 € A}. For each z € R, let
[z] = max{n e NU{0}: n<uz}.
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Definition 1. [1] We say that 0 is a point of T-density of a set A € S if for
each increasing sequence of positive integers {nm,}tmen there exists a subse-
quence {Nm, }pen such that

{z: Xny,an19(@) A= 1} €1

A point xg is a point of T-density of a set A € S if 0 is a point of I-density
of the set A — xg. A point xq is a point of T-dispersion of a set A € T if xq is
a point of T-density of the set R\ A.

Let
®(A) ={z € R: =z is Z-density point of A}

forAeS,and 77 ={A€S: AC ®(A)}. We recall the following theorems.

Theorem 1. [1] 0 is a point of Z-density of a set A € S if and only if for each
sequence {t"}nEN C Ry such that lim, o t, = +00 there exists a subsequence
{tn tren Such that

{fee[-1,1]: x4, an-11(x) /= 1} € L.
Theorem 2. [1] For any A€ S and B€ S,
i) if A C B, then ®(A) C ®(B),
i) ®(0) =0, ®(R) =R,
iii) if A~ B, then ®(4) = ®(B),
iv) (AN B)=d(A)NP(B),
v) A~ ®(A).

Theorem 3. [1] 77 is a topology on the real line stronger than the Euclidean
topology.

Definition 2. Let ¢ € C.

I. We say that 0 is a point of right-hand z-dispersion of a set A from S
if for each sequence {(hy,my)}nen with the following properties

o {(hn,mp)}nen C Ry x (NU{0}),

o the sequence {hy}, cy is decreasing,
e lim h, =0,

n—oo

e for each n € N, mnG{O,...,{

w(in)] -1
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there exists a subsequence {(hn,,Mn,)}cn Such that

{z €[0,1]; Xa,(x) /= 0} €T,

where

1
A = <7hnk'¢(hnk) . A—mnk> N [0, 1]

IT. We say that 0 is a point of left-hand z-dispersion of a set A € S if 0
is a right-hand point of Wz-dispersion of the set —A.

ITI. We say that 0 is a point of ¥r-dispersion of a set A € S if 0 is a point
of right-hand and left-hand z-dispersion of the set A.

IV. We say that xoq € R is a point of Wr-dispersion of a set A € S if 0 is
a point of Wr-dispersion of the set A — xq.

V. We say that zo € R is a point of z-density of a set A € S if xg is
a point of Yz-dispersion of the set R\ A.

Lemma 1. Let ¢ € C and {(an,by) tnen be a sequence of open intervals such
that lim b, =0 and, for each n € N,
n—oo

1) 0<apt1 <bpy1 < anp,
ii) bn+1 < bnw(bn);
iii) b, —ap < bnw(bn).

o0
Let G = U (@n,bn). Then, for each sequence of positive real numbers {hy }, oy
n=1

such that lim h, = 0 there exists a subsequence {h”k}kEN satisfying the con-
n—oo

dition
nk

Proof. Let {h,},cy be an arbitrary sequence of positive real numbers such
that lim h, = 0. We can assume that, for each n € N, there exists p, € N
n—oo

such that
bp,+1 < hp < by,
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We shall consider two cases.
a) There exists positive integer ng such that, for each n > ny,

bpn+1 S hn S ap,, -

Assume that ng = 1. We consider a sequence {hi . bpn+1} . Then there
n ne

exist a € [0,1] and an increasing sequence of positive integers {ny}rea such
that

lim — b 1= Q.
k—oo hnk Py, +

Hence

. 1 ) 1
0< lim -—- (bpnk+1 - a’pnk+1> < lm o— by, 41 -9P(bp,, +1) =0

k—o0 Ny, -0 hnk

and

lim — -a 1= o
oo hnk Pny,+

By the above and

.1 1
0 < lim o bp,, +2 < khm ho bppy+1 - w(bpnkﬂ) =0,

k—00 N, —00 Ny,

we infer that
{ z €0,1] :X%Gm[o,l](x) #— 0} c {0,, 1}.
Tk

b) Now we assume that, for each n € N, there exists k, € N, k, > n such
that

Uppy, < Pk, < bp"k'

Then

L b < i b o<1 1 b 1
im — = m . N
e Y = el bp, (1 =4 (bp,,, ) o
and
P T ( Pn apw) = koo T, s o)

Hence

kh—>I2<> hk apnk =1
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Additionaly
lim —— b, 41 < lim —— b, (b, ) =0,
k—oo hy,, k k—oo hy,, k k
therefore
{ z €0,1] :XﬁGﬁ[O,l](x) #— O} c {0,1}. O

Theorem 4. Let ¢ € C. If 0 is a point of right-hand Wz —dispersion of a set
A €8S, then it is a point of a right-hand T-dispersion of the set A.
Proof. Let {t,}nen be a decreasing sequence of positive real numbers such

that lim ¢, = 0. We may assume that, for each n € N, there exists a positive
n—oo

h,, such that
tn - hn¢(hn)

Then lim h, = 0. Let, for each n € N, m,, = 0.

n—oo
The sequence {(hy,, m,) Inen satisfies the conditions of Definition 2, there-

fore there exists a sequence {(hy,,, Mn, ) }ren such that

lilzri)s;p (m A - mnk> n[o,1] € Z.
By
lim sup (4 A —my, ) N[0, 1] = lim sup <L -A) N[0, 1],
k—o0 hnk¢(hnk) g k—o0 ng
the proof is complete. O

Theorem 5. Let ¢ € C. There exists an open set G such that 0 is a point
of right-hand I-dispersion of the set G and 0 is not a point of right-hand
Yr-dispersion of the set G.

Proof. We shall define a sequence of open intervals {(an,bn)},c such that
i) 0<ant1 < bn+1 < ap,
ii) bn+1 < min{%, bnw(bn)}a
i) bn — an = bptb(by),
- 1
iv) o €N

for each n € N.
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Let by be a positive real number such that 9 (b1) € {3,3,...}. Let n € N.
Assume that we have defined positive real numbers by, ...,b,. Now we shall
define a positive b, fulfilling the following properties:

w(bn-i-l) S {%, %, } and bn+1 < min {%, bnw(bn)} .

For each n € N, we put a,, = b, — b,¥(b,,). Then, for each n € N,

> bn—l ' w(bn—l) > bn

N |

ap—1 = bn—l(l - w(bn—l)) > bn—l '

Set G = [j (an,bp).

n=1
By Lemma 1, 0 is a point of right-hand Z-dispersion of the set G. Now we
prove that 0 is not a point of right-hand 1z-dispersion of the set G.
Let {(hn,mp)}nen be a sequence such that h, = b,, m, = [m] -1
for each n € N, and let {(hy,,mn,)}ken be an arbitrary subsequence of
{(hpn,mpn) tnen. We shall show that

. 1
Let £ € N. Then
1
) Ty () = =
1 1 1 1
(bnkwbnk)(b”k = bt bn)) = [wa)nk)] Ty ) [wbm] * 1) -
1 1 1 1
= - bn - y - = ) .
(wbnk)“ VO )) = 5y T ) Blon) 1) ©.1)

By the above, 0 is not a point of right-hand vz-dispersion of the set G. O

Theorem 6. Let ¢ € C. There exists an open set G such that 0 is an accu-
mulation point of the set G and 0 is a point of right-hand 1z-dispersion of the
set G.

Proof. We define sequences of real positive numbers {ay },y and {b,}
such that

neN
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]-) b1 < %an@b(an)’
2) 0< bn —ap < %an¢(an)a
for each n € N, and

3) lim a, = lim b, =0.
n—oo n—oo
Let b; be an arbitrary real positive number. Let n € N. Assume that we
have defined numbers b4, ...,b,_1 and aq,...,a,_1. Let b, be a real positive
number such that b, < ﬁan_lw(an_l). By the continuity of a function
g(z) = z + Layp(z) and by b, < b, + 1b,1(by,), there exists a, such that
an < b, and a,, + %anw(an) =b,.
o0

Set G = U(an,bn). We shall show that 0 is a point of right-hand

r-dispersion of G. Let {(hpn,mn)tnen be an arbitrary sequence satisfying
the conditions of Definition 2. We consider the following possibilities:

a) Assume that there exists a subsequence {(hp, , My, ) }ren such that for each

k € N, my, = 0. Then, in view of Lemma 1, 0 is a point of a right-hand

Z—dispersion of GG. Since klim hn, ¥ (hy,) = 0, we may choose a subsequence
—00

{hnkp }pEN such that

p—oo w(hnkp) p—oo hnkpw(hnkp)
b) Assume that there exists a subsequence {(hy, , My, )}ren such that
[mnkhnkw(hnk)7 (mnk + 1)hnkw(hnk)] NG =10

for each k € N.
Then, for each k € N, (éh) -G — mnk) N[0,1] = (. Hence
"k

1 1
lim sup (hiG — mnkp> N[0,1]=limsup ———— -GN [0,1] € Z.
Ny

Py 3(
lim s ( ! G >m[0 1]1=0
imsup | ———— - G —m,, 1] = 0.

c¢) If none of the cases a) and b) is true, then there exists ny € N such that
for each n > ng, m,, > 1 and

[mnlintb (), (1n + Dhnto(hn)] NG # 0.

We can assume that for each n € N there exists r, € N, r,, > 1 such that

[t (), (M + Dbt (h)] N (ar,, by, ) # 0
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Therefore
1
< (4 Do) < | ] (i)
and, by
brnJrl < Tiarn@b(arn) <1 hn¢(hn) < mnhn¢(hn)a
we have
[mnhnw(hn)v (mn + 1)hn'¢(hn)] n U (aj7 bj) = 0.
Jj=ra+1
Additionaly, by a,,—1 > hy,
rn—1
[mnhnw(hn)v (mn + 1)hnw(hn)] N U (aj7 bj) = 0.
j=1

Let n € N and
Tn € [mnhn¢(hn)a (mn + 1)hn¢(hn)] N (arn, brn)-
Then 7 w(h Lo —Mn € [0, 1], for all n € N. Thus, there exists o € [0, 1] and

a subsequence { — mnk} such that
keN

1
(i, )

1
li T /1 \tng — Min = .
b (e o) =

By
0 < i L . —an)

= D0 gy (B, ) e e
1 1

< i T 7. N . Ur r

< kLH;Ohnk¢(hnk) - ar,, (ar,, )
1 1

< i = hyb(hy

S O o)y et ()

= lim — =0,

k—oo Tn,

we infer that
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and
b (— 1 . _
o0 \ P () e~ ) T
Thus 1
limsup<7-G—mn>ﬂO,1C al. O

Theorem 7. Let i1 € C. There exist a function o € C and an open set G
such that 0 is a point of right-hand 1 z-dispersion of the set G, but 0 is not
a point of right-hand 13 7-dispersion of the set G.

Proof. We define a sequence of open intevals {(ay,bn)}, oy such that
1) 0<apt1 <bpy1 <ap,

2) bus1 < Lanti(an),

3) bp—a, < %anwl(an),

bn— brn—1—an—1
4) nbnan < bnfl ?

5) —2_ e N,

bn—an
for each n € N, and
6) lim b, =0.

n—~o0

Let by € (0,1) and £ € N\ {1}. Assume that we have defined numbers
ai,...,ap—1 and by, ...,bp_1. Let by be an arbitrary positive number such that
be < T ap—191(ak—1).

We consider two functions: g(z) = x + xt1(z) and h(z) =1 — 3 Since
g(br) = by, + %bklﬂl(bk) > by, therefore, by continuity of a function g, we have
a € (0,bg) such that g(a) = by, and, for each x € (,by), g(x) > by. Let p be
a positive integer such that

1 . bp—1 —ap—1 }
— <minqy —— = h(a) ¢ .
p { br—1 (@)
Then
1
0=h(b) < ’ < h(a)

and, by continuity of h, we can choose ay € («, by) such that h(ag) = %.
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Set G = U (an,bn). Let 19 € C be a function such that, for each n € N,
n=1

Pa(by) = b"b;n“”. In a similar way as in Theorem 6, one can prove that 0 is

a point of right-hand 1 z-dispersion of the set G.
We shall show that 0 is not a point of right-hand ) z-dispersion of the

set G. Let h, = b, for each n € N and m,, = [m] — 1. The sequence

{(hn, mp)}nen satisfies the conditions of Definition 2. Let {(hy, , mn, ) tnen be
an arbitrary subsequence of {(hy,my,)}nen. Then, for each k € N,

1 1

- . G- n . nvbn - nzoal‘
hnka(hnk) m k ) (a k k) m k ( )

3 - @
hnk ¢2 (hnk
Thus

1
0,1) C limsup| ———— - G —m,, | N[0,1].
(0.1) cltnoup (hnm(hnk) o

Definition 3. Let ¢ € C. For a set A € S, we define ®(A) to be the set of
all points of 1z-density of the set A.

Theorem 8. Let ¢ € C. Then, for any A,B € S,
1) u(0) = 0,04(R) = R,
2) If A C B, then ®y(A) C ®y(B),
3) If A~ B, then ®,(A) = &y(B),
1) ©4(ANB) = B,(4) N9y (B),
5) A~ ®y(A).

Proof. The conditions 1) and 2) are obvious. Assume that A ~ B and
z € ®y(A). Without loss of generality, one can assume that = 0. We only
show that if 0 is a point of right-hand tz-dispersion of the set A’, then 0 is
a point of right-hand 1z-dispersion of the set B’.

Let {(hn,my)}nen be an arbitrary sequence which satisfies conditions of
Definition 2. We observe that

B'=(B'nA)uU (B \A),

where B\ A’ = A\ B € Z,and B'nA" ¢ A’. 0is a point of right-hand
1z-dispersion of the set A’, thus it is a point of right-hand z-dispersion of
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the set A’ N B’. Therefore, there exists a subsequence {(hy, , My, )}ren such
that

lim sup

( 1
k—o00 hnk w(hnk )

We define the sets P, Pj, P5 in the following way:

(A'NB)- mnk> n[o,1] € I.

1
P = hmsup( . B'—mnk>ﬂ[0,1],
T

. 1 /
P = llzris;p <T(hnk) (A'nB') - mnk> N[0, 1],
Py = limsup ( 1( (B A) - mnk) n o, 1].
k—o0

Then P C Py U P,. The set P is of the first category, and

ﬂU< P () (B'\A’)—mnk>m[o,1]ez.

r=1k=r

Thus P € 1.

We have proved that ®,(A) C ®,(B). In a similar way, we can prove that
(I)w(B) C (I)w(A)

Now we shall show condition 4). Since ANB C A and ANB C B, therefore,
by condition 2), we have (AN B) C ®y(A) NPy (B).

Let z € &, (A) N Py (B). We can assume that = 0. Let {(hn, my) tnen
be an arbitrary sequence which satisfies the conditions of Definition 2. Since
0 is a point of right-hand 1z-dispersion of the set A’, therefore there exists a
subsequence {(hn, , Mn, ) }tken such that

1
lim sup <7-A'—mn ) nlo,1 e 7.
k—o0 h”kw(hnk) * [ ]

Additionaly, 0 is a point of right-hand v7-dispersion of the set B’, thus there
exists a subsequence {(hn, ,mn, )}ren, such that

1
limsup | ———— B ' —m,, | N[0,1] € Z.
k—oo (hnkp ¢(hnkp ) kp)

Then

lim sup

1
—— (ANB) —m,, |N[0,1]CH,
koo (hnkp¢(hnkp) (AnB) mk> [0,1]
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where
H lim s ! Al n[o,1] U
= lmsup | —F7F—<" — My )
k—oo hnkp ¢(hnkp ) kP
U lims L B n0,1] €T
imsup [ ——— - — My , .
k—o0 hnkp w(hnkp ) *

Hence, 0 is a point of right-hand z-dispersion of the set (A N B)’.
In a similar way, we can show that O is a point of left-hand v7-dispersion
of the set (AN B)'.

Now we shall show condition 5). Let A € S. Then A = (G \ P1) U P,
where G is an open set, P; i P, are sets of the first category and P C G,
P, NG = 0. By 3), we have ®,, (4) = &y (G) and G C Py (G). Thus

A\ Dy (A) = A\ D, (G) C A\G €T

By Theorem 4, &, (A) C ®(A) and by Theorem 2, A ~ ®(A), therefore
Py (A)\NACPA)\AcT. O

Definition 4. Let, for ¢ € C,

Ty={AcS:ACP;,(A)}.
By theorems 3, 4, 5 and 8 we have the following

Theorem 9. Let ) € C. Ty is a topology on the real line, stronger than the
Euclidean topology and weaker than the T—topology.

Lemma 2. Assume that we have a sequences of real numbers {a,},y and
{bn},en Such that hm an = hm b, = 0 and, for each n € N, 0 < b1 <

an < by. Then there ea:zsts a functzon 1 € C such that 0 is not a point of
Yr-dispersion of the set G = U A,y by)

n=1

Proof. First we define values of the finction 1 at points of the sequence

{bn}pen.  Set (b)) = ﬁ, ay = max{ag,by(l —1(b1))} and

P(bg) = ﬁ Assume that for n € N we have defined the points

by—ay
b

U
b27a2
!/

ay,...,al, and the real numbers 9 (b1),...,1(b,) in the following way:

e a},; =max {ajr1,biy1(1 — w( ) ified{l,...,n—1},
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) - 1 iy —
o (biy1) o }+1 ifie{l,... , n—1}.
bit1 741
Put a;H_I = max {an+1,bn+1( — %¢(bn))} and ¥ (by41) = ﬁ
bnt1=ay, 1y

We observe that (bp+1) < L4(by,). Indeed

1 a, 1 1

~t(bn) 15 = > = Y(bpt1)-

n n-41 Ll/ |: b1 ] + 1

bnt1—aj, 14 bnt1—aj,

Let v € C be a function such that, for any n € N and =z € l[ap,by],
Y(z) = ¥(by). In a similar way as in Theorem 4, we can show that 0 is
not a point of right-hand ¢z-dispersion of the set G. O

Definition 5. We denote by ‘H the Hashimoto topology, where
H={U\P:U— an open set ,P €T}.

Theorem 10. m T, ="H.
pel

Proof. It is obvious that H C (e Zy. Let A € S and A ¢ H. Then
A= (G\ P)UP,, where G is an open set, P, P, € Z, P, C G and P,NG = (.

Set H = Int(Cl(G)) and R = H\ (GU P,). By A ¢ H, we know that P,
is not a subset of H. It is easy to see that Int (R\ H) # 0 and the set R\ H
has no isolated points.

Let mg € P, N (R\ H) and {(cpn,dn)},cn be a sequence of all components
of the set Int (R '\ H). We consider the following cases:

a) zg € Int (R\ H). Then, for an arbitrary function ¢ € C, xg is a point
of right-hand tz-dispersion of the set H. Thus, xq is a point of right-hand
yz-dispersion of the set G C H. Since @, (A) = @y (G), we have g ¢ Py, (A).
Therefore, A ¢ &, (A), and A ¢ Ty,

b) There exists ng € N such that xo = ¢,, or g = dp,. Then z¢ is a point
of right-hand or left-hand t7—density of the set R\ H for arbitrary function
1 € C, respectively, and, as above, g € A\ @y (4).

c) There exists a sequence {cp, }; . Which converges to xo from the right or
there exists a sequence {dy, },cy Which converges to ¢ from the left. Then,
by Lemma 2, there exists a function 1 € C such that z( is not a point of

yz-dispersion of the set U (€ny+dny ). Thus, zg ¢ @y (A) and A ¢ Ty There-
k=1

fore, A ¢ m Ty. O
pel
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