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Abstract. The purpose of this paper is to study the notion of a ΨI-density point and
ΨI-density topology, generated by it analogously to the classical I-density topology

on the real line. The idea arises from the note by Taylor [3] and Terepeta and

Wagner-Bojakowska [2].

We introduce the following notation:

N the set of positive integers,

R the set of real numbers,

R+ the set of positive real numbers,

S σ-algebra of subsets of R having the Baire property,

I σ-ideal of subsets of R of the �rst category,

C the family of all nondecreasing continuous functions ψ : R+ → (0, 1] such
that lim

x→0+
ψ(x) = 0.

We say that two sets A and B are equivalent (A ∼ B) if A1B ∈ I, where
A1B is the symmetric di�erence of A and B. Additionally, if A ⊂ R, α ∈ R

and x0 ∈ R, then −A = {x ∈ R : −x ∈ A}, α · A = {α · x ∈ R : x ∈ A},
A′ = R \ A and A − x0 = {x ∈ R : x + x0 ∈ A}. For each x ∈ R+, let

[x] = max{n ∈ N ∪ {0} : n ≤ x }.
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De�nition 1. [1] We say that 0 is a point of I-density of a set A ∈ S if for

each increasing sequence of positive integers {nm}m∈N there exists a subse-

quence {nmp}p∈N such that

{x : χnmp ·A∩[−1,1](x) �−→ 1} ∈ I.

A point x0 is a point of I-density of a set A ∈ S if 0 is a point of I-density
of the set A− x0. A point x0 is a point of I-dispersion of a set A ∈ I if x0 is

a point of I-density of the set R \A.

Let

Φ(A) = {x ∈ 2 : x is I-density point of A}
for A ∈ S, and TI = {A ∈ S : A ⊂ Φ(A)}. We recall the following theorems.

Theorem 1. [1] 0 is a point of I-density of a set A ∈ S if and only if for each

sequence {tn}n∈N
⊂ R+ such that limn→∞ tn = +∞ there exists a subsequence

{tnk
}k∈N

such that

{x ∈ [−1, 1] : χtnk
·A∩[−1,1](x) �−→ 1} ∈ I.

Theorem 2. [1] For any A ∈ S and B ∈ S,

i) if A ⊂ B, then Φ(A) ⊂ Φ(B),

ii) Φ(∅) = ∅, Φ(R) = R,

iii) if A ∼ B, then Φ(A) = Φ(B),

iv) Φ(A ∩B) = Φ(A) ∩ Φ(B),

v) A ∼ Φ(A).

Theorem 3. [1] TI is a topology on the real line stronger than the Euclidean

topology.

De�nition 2. Let ψ ∈ C.

I. We say that 0 is a point of right-hand ψI-dispersion of a set A from S
if for each sequence {(hn,mn)}n∈N with the following properties

• {(hn,mn)}n∈N ⊂ R+ × (N ∪ {0}),
• the sequence {hn}n∈N

is decreasing,

• lim
n→∞hn = 0,

• for each n ∈ N, mn ∈ {0, . . . ,
[

1
ψ(hn)

]
− 1}
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there exists a subsequence {(hnk
,mnk

)}k∈N
such that

{x ∈ [0, 1]; χAk
(x) �−→ 0} ∈ I,

where

Ak =
(

1
hnk

ψ(hnk
)
· A−mnk

)
∩ [0, 1].

II. We say that 0 is a point of left-hand ψI-dispersion of a set A ∈ S if 0

is a right-hand point of ψI-dispersion of the set −A.

III. We say that 0 is a point of ψI-dispersion of a set A ∈ S if 0 is a point

of right-hand and left-hand ψI-dispersion of the set A.

IV. We say that x0 ∈ R is a point of ψI-dispersion of a set A ∈ S if 0 is

a point of ψI-dispersion of the set A− x0.

V. We say that x0 ∈ R is a point of ψI-density of a set A ∈ S if x0 is

a point of ψI-dispersion of the set R \ A.

Lemma 1. Let ψ ∈ C and {(an, bn)}n∈N be a sequence of open intervals such

that lim
n→∞ bn = 0 and, for each n ∈ N,

i) 0 < an+1 < bn+1 < an,

ii) bn+1 ≤ bnψ(bn),

iii) bn − an ≤ bnψ(bn).

Let G =
∞⋃
n=1

(an, bn). Then, for each sequence of positive real numbers {hn}n∈N

such that lim
n→∞hn = 0 there exists a subsequence {hnk

}k∈N
satisfying the con-

dition {
x ∈ [0, 1] : χ 1

hnk
·G∩[0,1](x) �−→ 0

}
∈ I.

Proof. Let {hn}n∈N
be an arbitrary sequence of positive real numbers such

that lim
n→∞hn = 0. We can assume that, for each n ∈ N, there exists pn ∈ N

such that

bpn+1 < hn ≤ bpn .
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We shall consider two cases.

a) There exists positive integer n0 such that, for each n ≥ n0,

bpn+1 ≤ hn ≤ apn .

Assume that n0 = 1. We consider a sequence
{

1
hn
· bpn+1

}
n∈N

. Then there

exist α ∈ [0, 1] and an increasing sequence of positive integers {nk}k∈N such

that

lim
k→∞

1
hnk

· bpnk
+1 = α.

Hence

0 ≤ lim
k→∞

1
hnk

·
(
bpnk

+1 − apnk
+1

)
≤ lim

k→∞
1
hnk

· bpnk
+1 · ψ(bpnk

+1) = 0

and

lim
k→∞

1
hnk

· apnk
+1 = α.

By the above and

0 ≤ lim
k→∞

1
hnk

· bpnk
+2 ≤ lim

k→∞
1
hnk

· bpnk
+1 · ψ(bpnk

+1) = 0,

we infer that {
x ∈ [0, 1] : χ 1

hnk
·G∩[0,1](x) �−→ 0

}
⊂ {0, α, 1}.

b) Now we assume that, for each n ∈ N, there exists kn ∈ N, kn ≥ n such

that

apnk
< hkn < bpnk

.

Then

1 ≤ lim
k→∞

1
hkn

· bpnk
≤ lim

k→∞
1

apnk

· bpnk
≤ lim

k→∞
1

bpnk
(1− ψ(bpnk

))
· bpnk

= 1

and

lim
k→∞

1
hkn

·
(
bpnk

− apnk

)
≤ lim

k→∞
1
hkn

bpnk
ψ(bpnk

) = 0.

Hence

lim
k→∞

1
hkn

· apnk
= 1.
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Additionaly

lim
k→∞

1
hkn

· bpnk
+1 ≤ lim

k→∞
1
hkn

· bpnk
ψ(bpnk

) = 0,

therefore {
x ∈ [0, 1] : χ 1

hnk
·G∩[0,1](x) �−→ 0

}
⊂ {0, 1}. ✷

Theorem 4. Let ψ ∈ C. If 0 is a point of right-hand ψI�dispersion of a set

A ∈ S, then it is a point of a right-hand I-dispersion of the set A.

Proof. Let {tn}n∈N be a decreasing sequence of positive real numbers such

that lim
n→∞ tn = 0. We may assume that, for each n ∈ N, there exists a positive

hn such that

tn = hnψ(hn).

Then lim
n→∞hn = 0. Let, for each n ∈ N, mn = 0.

The sequence {(hn,mn)}n∈N satis�es the conditions of De�nition 2, there-

fore there exists a sequence {(hnk
,mnk

)}k∈N such that

lim sup
k→∞

(
1

hnk
ψ(hnk

)
·A−mnk

)
∩ [0, 1] ∈ I.

By

lim sup
k→∞

(
1

hnk
ψ(hnk

)
·A−mnk

)
∩ [0, 1] = lim sup

k→∞

(
1
tnk

·A
)
∩ [0, 1],

the proof is complete. ✷

Theorem 5. Let ψ ∈ C. There exists an open set G such that 0 is a point

of right-hand I-dispersion of the set G and 0 is not a point of right-hand

ψI-dispersion of the set G.

Proof. We shall de�ne a sequence of open intervals {(an, bn)}n∈N
such that

i) 0 < an+1 < bn+1 < an,

ii) bn+1 < min{ 1
n , bnψ(bn)},

iii) bn − an = bnψ(bn),

iv) 1
ψ(bn) ∈ N

for each n ∈ N.
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Let b1 be a positive real number such that ψ(b1) ∈
{

1
2 ,

1
3 , ...

}
. Let n ∈ N.

Assume that we have de�ned positive real numbers b1, ..., bn. Now we shall

de�ne a positive bn+1 ful�lling the following properties:

ψ(bn+1) ∈
{
1
2
,
1
3
, ...

}
and bn+1 < min

{
1
n
, bnψ(bn)

}
.

For each n ∈ N, we put an = bn − bnψ(bn). Then, for each n ∈ N,

an−1 = bn−1(1− ψ(bn−1)) ≥ bn−1 ·
1
2
≥ bn−1 · ψ(bn−1) > bn.

Set G =
∞⋃
n=1

(an, bn).

By Lemma 1, 0 is a point of right-hand I-dispersion of the set G. Now we

prove that 0 is not a point of right-hand ψI-dispersion of the set G.

Let {(hn,mn)}n∈N be a sequence such that hn = bn, mn =
[

1
ψ(hn)

]
− 1

for each n ∈ N, and let {(hnk
,mnk

)}k∈N be an arbitrary subsequence of

{(hn,mn)}n∈N. We shall show that

(0, 1) ⊂ lim sup
k→∞

(
1

hnk
ψ(hnk

)
·G−mnk

)
.

Let k ∈ N. Then

1
hnk

ψ(hnk
)
·G−mnk

⊃ 1
hnk

ψ(hnk
)
· (ank

, bnk
)−mnk

=

(
1

bnk
ψ(bnk

)
(bnk

− bnk
ψ(bnk

))−
[

1
ψ(bnk

)

]
+ 1,

1
bnk

ψ(bnk
)
· bnk

−
[

1
ψ(bnk

)

]
+ 1

)
=

=
(

1
ψ(bnk

)
(1− ψ(bnk

))− 1
ψ(bnk

)
+ 1,

1
ψ(bnk

)
− 1
ψ(bnk

)
+ 1

)
= (0, 1).

By the above, 0 is not a point of right-hand ψI -dispersion of the set G. ✷

Theorem 6. Let ψ ∈ C. There exists an open set G such that 0 is an accu-

mulation point of the set G and 0 is a point of right-hand ψI-dispersion of the

set G.

Proof. We de�ne sequences of real positive numbers {an}n∈N
and {bn}n∈N

such that
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1) bn+1 ≤ 1
nanψ(an),

2) 0 < bn − an ≤ 1
nanψ(an),

for each n ∈ N, and

3) lim
n→∞an = lim

n→∞ bn = 0.

Let b1 be an arbitrary real positive number. Let n ∈ N. Assume that we

have de�ned numbers b1, ..., bn−1 and a1, ..., an−1. Let bn be a real positive

number such that bn ≤ 1
n−1an−1ψ(an−1). By the continuity of a function

g(x) = x + 1
nxψ(x) and by bn < bn + 1

nbnψ(bn), there exists an such that

an < bn and an + 1
nanψ(an) = bn.

Set G =
∞⋃
n=1

(an, bn). We shall show that 0 is a point of right-hand

ψI -dispersion of G. Let {(hn,mn)}n∈N be an arbitrary sequence satisfying

the conditions of De�nition 2. We consider the following possibilities:

a) Assume that there exists a subsequence {(hnk
,mnk

)}k∈N such that for each

k ∈ N, mnk
= 0. Then, in view of Lemma 1, 0 is a point of a right-hand

I�dispersion of G. Since lim
k→∞

hnk
ψ (hnk

) = 0, we may choose a subsequence{
hnkp

}
p∈N

such that

lim sup
p→∞

(
1

hnkp
ψ(hnkp

)
G−mnkp

)
∩ [0, 1]=lim sup

p→∞
1

hnkp
ψ(hnkp

)
·G ∩ [0, 1] ∈ I.

b) Assume that there exists a subsequence {(hnk
,mnk

)}k∈N such that

[mnk
hnk

ψ(hnk
), (mnk

+ 1)hnk
ψ(hnk

)] ∩G = ∅

for each k ∈ N.

Then, for each k ∈ N,
(

1
hnk

ψ(hnk
) ·G−mnk

)
∩ [0, 1] = ∅. Hence

lim sup
k→∞

(
1

hnk
ψ(hnk

)
·G−mnk

)
∩ [0, 1] = ∅.

c) If none of the cases a) and b) is true, then there exists n0 ∈ N such that

for each n ≥ n0, mn ≥ 1 and

[mnhnψ(hn), (mn + 1)hnψ(hn)] ∩G �= ∅.

We can assume that for each n ∈ N there exists rn ∈ N, rn > 1 such that

[mnhnψ(hn), (mn + 1)hnψ(hn)] ∩ (arn , brn) �= ∅.
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Therefore

arn ≤ (mn + 1)hnψ(hn) ≤
[

1
ψ(hn)

]
hnψ(hn) ≤ hn

and, by

brn+1 ≤
1
rn
arnψ(arn) ≤ 1 · hnψ(hn) ≤ mnhnψ(hn),

we have

[mnhnψ(hn), (mn + 1)hnψ(hn)] ∩
∞⋃

j=rn+1

(aj , bj) = ∅.

Additionaly, by arn−1 > hn,

[mnhnψ(hn), (mn + 1)hnψ(hn)] ∩
rn−1⋃
j=1

(aj , bj) = ∅.

Let n ∈ N and

xn ∈ [mnhnψ(hn), (mn + 1)hnψ(hn)] ∩ (arn , brn).

Then 1
hnψ(hn) ·xn−mn ∈ [0, 1], for all n ∈ N. Thus, there exists α ∈ [0, 1] and

a subsequence

{
1

hnk
ψ(hnk)

xnk
−mnk

}
k∈N

such that

lim
k→∞

(
1

hnk
ψ (hnk

)
xnk

−mnk

)
= α.

By

0 ≤ lim
k→∞

1
hnk

ψ(hnk
)
· (brnk

− arnk
)

≤ lim
k→∞

1
hnk

ψ(hnk
)
· 1
rnk

· arnk
ψ(arnk

)

≤ lim
k→∞

1
hnk

ψ(hnk
)
· 1
rnk

· hnk
ψ(hnk

)

= lim
k→∞

1
rnk

= 0,

we infer that

lim
k→∞

(
1

hnk
ψ(hnk

)
brnk

−mnk

)
= α
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and

lim
k→∞

(
1

hnk
ψ(hnk

)
arnk

−mnk

)
= α.

Thus

lim sup
k→∞

(
1

hnk
ψ(hnk

)
·G−mnk

)
∩ [0, 1] ⊂ {α}. ✷

Theorem 7. Let ψ1 ∈ C. There exist a function ψ2 ∈ C and an open set G
such that 0 is a point of right-hand ψ1,I-dispersion of the set G, but 0 is not

a point of right-hand ψ2,I-dispersion of the set G.

Proof. We de�ne a sequence of open intevals {(an, bn)}n∈N
such that

1) 0 < an+1 < bn+1 < an,

2) bn+1 ≤ 1
nanψ1(an),

3) bn − an ≤ 1
nanψ1(an),

4) bn−an
bn

< bn−1−an−1

bn−1
,

5) bn
bn−an

∈ N,

for each n ∈ N, and

6) lim
n→∞ bn = 0.

Let b1 ∈ (0, 1) and k ∈ N \ {1}. Assume that we have de�ned numbers

a1, ..., ak−1 and b1, ..., bk−1. Let bk be an arbitrary positive number such that

bk ≤ 1
k−1ak−1ψ1(ak−1).

We consider two functions: g(x) = x+ 1
kxψ1(x) and h(x) = 1− x

bk
. Since

g(bk) = bk + 1
k bkψ1(bk) > bk, therefore, by continuity of a function g, we have

α ∈ (0, bk) such that g(α) = bk and, for each x ∈ (α, bk), g(x) > bk. Let p be

a positive integer such that

1
p
< min

{
bk−1 − ak−1

bk−1
, h(α)

}
.

Then

0 = h(bk) <
1
p
< h(α)

and, by continuity of h, we can choose ak ∈ (α, bk) such that h(ak) = 1
p .
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Set G =
∞⋃
n=1

(an, bn). Let ψ2 ∈ C be a function such that, for each n ∈ N,

ψ2(bn) = bn−an
bn

. In a similar way as in Theorem 6, one can prove that 0 is

a point of right-hand ψ1,I -dispersion of the set G.

We shall show that 0 is not a point of right-hand ψ2,I-dispersion of the

set G. Let hn = bn for each n ∈ N and mn = [ 1
ψ2(bn) ] − 1. The sequence

{(hn,mn)}n∈N satis�es the conditions of De�nition 2. Let {(hnk
,mnk

)}n∈N be

an arbitrary subsequence of {(hn,mn)}n∈N. Then, for each k ∈ N,

1
hnk

ψ2(hnk
)
·G−mnk

⊃ 1
hnk

ψ2(hnk
)
· (ank

, bnk
)−mnk

= (0, 1).

Thus

(0, 1) ⊂ lim sup
k→∞

(
1

hnk
ψ2(hnk

)
·G−mnk

)
∩ [0, 1].

De�nition 3. Let ψ ∈ C. For a set A ∈ S, we de�ne Φψ(A) to be the set of

all points of ψI-density of the set A.

Theorem 8. Let ψ ∈ C. Then, for any A,B ∈ S,

1) Φψ(∅) = ∅,Φψ(R) = R,

2) If A ⊂ B, then Φψ(A) ⊂ Φψ(B),

3) If A ∼ B, then Φψ(A) = Φψ(B),

4) Φψ(A ∩B) = Φψ(A) ∩ Φψ(B),

5) A ∼ Φψ(A).

Proof. The conditions 1) and 2) are obvious. Assume that A ∼ B and

x ∈ Φψ(A). Without loss of generality, one can assume that x = 0. We only

show that if 0 is a point of right-hand ψI -dispersion of the set A′, then 0 is

a point of right-hand ψI -dispersion of the set B′.
Let {(hn,mn)}n∈N be an arbitrary sequence which satis�es conditions of

De�nition 2. We observe that

B′ = (B′ ∩A′) ∪ (B′ \A′),

where B′ \ A′ = A \ B ∈ I, and B′ ∩ A′ ⊂ A′. 0 is a point of right-hand

ψI -dispersion of the set A′, thus it is a point of right-hand ψI -dispersion of
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the set A′ ∩ B′. Therefore, there exists a subsequence {(hnk
,mnk

)}k∈N such

that

lim sup
k→∞

(
1

hnk
ψ(hnk

)
· (A′ ∩B′)−mnk

)
∩ [0, 1] ∈ I.

We de�ne the sets P,P1, P2 in the following way:

P = lim sup
k→∞

(
1

hnk
ψ(hnk

)
·B′ −mnk

)
∩ [0, 1],

P1 = lim sup
k→∞

(
1

hnk
ψ(hnk

)
· (A′ ∩B′)−mnk

)
∩ [0, 1],

P2 = lim sup
k→∞

(
1

hnk
ψ(hnk

)
· (B′ \A′)−mnk

)
∩ [0, 1].

Then P ⊂ P1 ∪ P2. The set P1 is of the �rst category, and

P2 =
∞⋂
r=1

∞⋃
k=r

(
1

hnk
ψ(hnk

)
· (B′ \A′)−mnk

)
∩ [0, 1] ∈ I.

Thus P ∈ I.
We have proved that Φψ(A) ⊂ Φψ(B). In a similar way, we can prove that

Φψ(B) ⊂ Φψ(A).
Now we shall show condition 4). Since A∩B ⊂ A and A∩B ⊂ B, therefore,

by condition 2), we have Φψ(A ∩B) ⊂ Φψ(A) ∩Φψ(B).
Let x ∈ Φψ (A) ∩ Φψ (B). We can assume that x = 0. Let {(hn,mn)}n∈N

be an arbitrary sequence which satis�es the conditions of De�nition 2. Since

0 is a point of right-hand ψI -dispersion of the set A′, therefore there exists a
subsequence {(hnk

,mnk
)}k∈N such that

lim sup
k→∞

(
1

hnk
ψ(hnk

)
·A′ −mnk

)
∩ [0, 1] ∈ I.

Additionaly, 0 is a point of right-hand ψI -dispersion of the set B′, thus there
exists a subsequence {(hnkp

,mnkp
)}k∈N, such that

lim sup
k→∞

(
1

hnkp
ψ(hnkp

)
·B′ −mnkp

)
∩ [0, 1] ∈ I.

Then

lim sup
k→∞

(
1

hnkp
ψ(hnkp

)
· (A ∩B)′ −mnkp

)
∩ [0, 1] ⊂ H,
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where

H = lim sup
k→∞

(
1

hnkp
ψ(hnkp

)
· A′ −mnkp

)
∩ [0, 1] ∪

∪ lim sup
k→∞

(
1

hnkp
ψ(hnkp

)
· B′ −mnkp

)
∩ [0, 1] ∈ I.

Hence, 0 is a point of right-hand ψI -dispersion of the set (A ∩ B)′.
In a similar way, we can show that 0 is a point of left-hand ψI -dispersion
of the set (A ∩B)′.

Now we shall show condition 5). Let A ∈ S. Then A = (G \ P1) ∪ P2,
where G is an open set, P1 i P2 are sets of the �rst category and P1 ⊂ G,
P2 ∩G = ∅. By 3), we have Φψ (A) = Φψ (G) and G ⊂ Φψ (G). Thus

A \ Φψ (A) = A \ Φψ (G) ⊂ A \G ∈ I.

By Theorem 4, Φψ (A) ⊂ Φ(A) and by Theorem 2, A ∼ Φ(A), therefore
Φψ (A) \A ⊂ Φ(A) \A ∈ I. ✷

De�nition 4. Let, for ψ ∈ C,

Tψ = {A ∈ S : A ⊂ Φψ (A)} .

By theorems 3, 4, 5 and 8 we have the following

Theorem 9. Let ψ ∈ C. Tψ is a topology on the real line, stronger than the

Euclidean topology and weaker than the I�topology.

Lemma 2. Assume that we have a sequences of real numbers {an}n∈N
and

{bn}n∈N
such that lim

n→∞an = lim
n→∞ bn = 0 and, for each n ∈ N, 0 < bn+1 <

an < bn. Then there exists a function ψ ∈ C such that 0 is not a point of

ψI-dispersion of the set G =
∞⋃
n=1

(an, bn).

Proof. First we de�ne values of the �nction ψ at points of the sequence

{bn}n∈N
. Set ψ(b1) = 1[

b1
b1−a1

]
+1

, a′2 = max {a2, b2(1− ψ(b1))} and

ψ(b2) = 1[
b2

b2−a′2

]
+1
. Assume that for n ∈ N we have de�ned the points

a′1, . . . , a′n and the real numbers ψ(b1), . . . , ψ(bn) in the following way:

• a′i+1 = max
{
ai+1, bi+1(1− 1

iψ(bi))
}
if i ∈ {1, . . . , n− 1},
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• ψ(bi+1) = 1[
bi+1

bi+1−a′
i+1

]
+1

if i ∈ {1, . . . , n− 1}.

Put a′n+1 = max
{
an+1, bn+1(1− 1

nψ(bn))
}
and ψ(bn+1) = 1[

bn+1
bn+1−a′

n+1

]
+1

.

We observe that ψ(bn+1) < 1
nψ(bn). Indeed

1
n
ψ(bn) ≥ 1−

a′n+1

bn+1
=

1
bn+1

bn+1−a′n+1

>
1[

bn+1

bn+1−a′n+1

]
+ 1

= ψ(bn+1).

Let ψ ∈ C be a function such that, for any n ∈ N and x ∈ [an, bn],
ψ(x) = ψ(bn). In a similar way as in Theorem 4, we can show that 0 is

not a point of right-hand ψI -dispersion of the set G. ✷

De�nition 5. We denote by H the Hashimoto topology, where

H = {U \ P : U − an open set , P ∈ I} .

Theorem 10.
⋂
ψ∈C

Tψ = H.

Proof. It is obvious that H ⊂
⋂

ψ∈C Tψ. Let A ∈ S and A /∈ H. Then

A = (G \ P1)∪P2, where G is an open set, P1, P2 ∈ I, P1 ⊂ G and P2∩G = ∅.
Set H = Int(Cl(G)) and R = H \ (G ∪ P2). By A /∈ H, we know that P2

is not a subset of H. It is easy to see that Int (R \H) �= ∅ and the set R \H
has no isolated points.

Let x0 ∈ P2 ∩ (R \H) and {(cn, dn)}n∈N
be a sequence of all components

of the set Int (R \H). We consider the following cases:

a) x0 ∈ Int (R \H). Then, for an arbitrary function ψ ∈ C, x0 is a point

of right-hand ψI-dispersion of the set H. Thus, x0 is a point of right-hand

ψI -dispersion of the set G ⊂ H. Since Φψ (A) = Φψ (G), we have x0 /∈ Φψ (A).
Therefore, A �⊂ Φψ (A), and A /∈ Tψ.

b) There exists n0 ∈ N such that x0 = cn0 or x0 = dn0 . Then x0 is a point

of right-hand or left-hand ψI�density of the set R \H for arbitrary function

ψ ∈ C, respectively, and, as above, x0 ∈ A \ Φψ (A).
c) There exists a sequence {cnk

}k∈N
which converges to x0 from the right or

there exists a sequence {dnk
}k∈N

which converges to x0 from the left. Then,

by Lemma 2, there exists a function ψ ∈ C such that x0 is not a point of

ψI -dispersion of the set

∞⋃
k=1

(cnk
, dnk

). Thus, x0 /∈ Φψ (A) and A /∈ Tψ. There-

fore, A /∈
⋂
ψ∈C

Tψ. ✷
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