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Abstract. Let F be a �eld of characteristic p > 0, S = F [[X ]] the ring of formal

power series in the indeterminateX with coe�cients in the �eld F , F ∗ the multiplica-

tive group of F , G = Gp×B a �nite group, where Gp is a p-group and B is a p′-group.
We give necessary and su�cient conditions for G and F under which there exists a co-

cycle λ ∈ Z2(G,F ∗) such that every indecomposable projective S-representation of

G with the cocycle λ is the outer tensor product of an indecomposable projective

S-representation of Gp and an irreducible projective S-representation of B.

1. Introduction

Let F be a �eld of characteristic p > 0 and G = Gp ×B, where Gp is a Sylow

p-subgroup. Blau [6] and Gudyvok [10, 11] proved that every �nitely gen-

erated FG-module is the outer tensor product V#W of an indecomposable

FGp-module V and an irreducible FB-module W if and only if either Gp is

cyclic or F is a splitting �eld for B. Gudyvok [12, 13] also investigated a sim-

ilar problem for group rings KG, where K is a complete discrete valuation

ring. In particular, he proved that if K is of characteristic p > 0 and T is

the quotient �eld of K, then every indecomposable KG-module is of the form

V#W if and only if either |Gp| = 2 or T is a splitting �eld for B. In the paper

[2], the results of Blau and Gudyvok were generalized to the twisted group

rings SλG, where G = Gp × B, S = F or S is a complete discrete valuation

ring of characteristic p > 0.
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In this paper we continue the study of indecomposable projective represen-

tations of G = Gp ×B over the ring S = F [[X]] as begun in [2].

Let us present the main results of the paper. We assume that F is a �eld

of characteristic p > 0, S∗ the unit group of S, |Gp| �= 1, |B| �= 1, and if

Gp is non-Abelian, then F contains a primitive qth root of 1 for every prime

q | |B| such that p | (q− 1). Given a cocycle λ : G×G→ S∗ in Z2(G,S∗), we
denote by SλG the twisted group ring of the group G over the ring S with the

2-cocycle λ. By an SλG-module we mean a �nitely generated left SλG-module

which is S-free. Given µ ∈ Z2(Gp, S
∗), the kernel Ker(µ) of µ is the union of

all cyclic subgroups 〈 g 〉 of Gp such that the restriction of µ to 〈 g 〉× 〈 g 〉 is
a coboundary. We recall from [4, p. 268] that G′

p ⊂ Ker(µ), Ker(µ) is a normal

subgroup of Gp and the restriction of µ to Ker(µ) × Ker(µ) is a coboundary

(see also [3, p. 197] for a simple proof). Up to cohomology in Z2(Gp, S
∗),

we have µg,a = µa,g = 1 for all g ∈ Gp and a ∈ Ker(µ). In what follows, we

assume that every cocycle µ ∈ Z2(Gp, S
∗) under consideration satis�es this

condition. If H is a subgroup of G, then the restriction of λ ∈ Z2(G,S∗) to
H × H will also be denoted by λ. In this case, SλH is a subring of SλG.
A group G is of symmetric type if it decomposes into a direct product of two

isomorphic groups. Denote

i(F ) =
{
t if [F : F p] = pt,
∞ if [F : F p] =∞.

Let G = Gp × B, µ ∈ Z2(Gp, S
∗) and ν ∈ Z2(B,S∗). Then the map

µ× ν : G×G→ S∗ de�ned by

(µ× ν)x1b1,x2b2 = µx1,x2 · νb1,b2

for all x1, x2 ∈ Gp, b1, b2 ∈ B belongs to Z2(G,S∗). Every cocycle λ ∈
Z2(G,S∗) is cohomologous to µ×ν, where µ is the restriction of λ to Gp×Gp

and ν is the restriction of λ to B × B. From now on, we suppose that each

cocycle λ ∈ Z2(G,S∗) under consideration satis�es the condition λ = µ× ν.
For any λ = µ × ν ∈ Z2(G,S∗), we have SλG ∼= SµGp ⊗S S

νB. If every

indecomposable SλG-module is isomorphic to the outer tensor product V#W ,

where V is an indecomposable SµGp-module and W is an irreducible SνB-
module, then we will say that the ring SλG is of OTP representation type.

Let Ω be a subgroup of S∗. We say that a group G = Gp × B is of OTP

projective (S,Ω)-representation type if there exists a cocycle λ ∈ Z2(G,Ω)
such that the ring SλG is of OTP representation type. A group G = Gp ×B
is de�ned to be of purely OTP projective (S,Ω)-representation type if SλG is

of OTP representation type for any λ ∈ Z2(G,Ω). If Ω = S∗, then instead of

�(S,Ω)-representation type� we write �S-representation type�.
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In Section 3, we characterize twisted group rings of OTP representation

type. Let G = Gp × B, µ ∈ Z2(Gp, S
∗), ν ∈ Z2(B,S∗), λ = µ × ν and

H = Ker(µ). In Theorem 1, we prove that if |H| > 2, then the ring SλG is of

OTP representation type if and only if F is a splitting �eld for the F -algebra
SνB/XSνB. Assume that |G′

p| �= 2, µ ∈ Z2(Gp, F
∗), ν ∈ Z2(B,S∗) and

λ = µ×ν. In Proposition 3, we show that SλG is of OTP representation type

if and only if one of the following conditions is satis�ed:

(i) FµGp is a �eld;

(ii) p = 2, |G′
2| = 1 and 2 dimF (FµG2/ radFµG2) = |G2|;

(iii) F is a splitting �eld for the F -algebra SνB/XSνB.

In Section 4, we study the groups of OTP projective representation type.

Let G = Gp × B, |G′
p| �= 2 and s be the number of invariants of Gp/G

′
p. In

Theorem 2, we prove that G is of OTP projective (S,F ∗)-representation type

if and only if one of the following conditions is satis�ed:

(i) |G′
p| = 1 and s ≤ i(F );

(ii) p = 2, |G′
2| = 1, s = i(F ) + 1 and G2 has at least one invariant

equal to 2;
(iii) F is a splitting �eld for F σB for some σ ∈ Z2(B,F ∗).

Let G = Gp×B be an Abelian group and s the number of invariants of Gp. In

Proposition 5, we establish that G is of OTP projective (S,F ∗)-representation
type if and only if one of the following conditions is satis�ed:

(i) s ≤ i(F );
(ii) p = 2, s = i(F ) + 1 and G2 has at least one invariant equal to 2;
(iii) B has a subgroup H such that B/H is of symmetric type and F

contains a primitive mth root of 1, where m = max{exp(B/H), expH}.
In Section 5, we show in Theorem 3 that G = Gp × B is of purely OTP

projective S-representation type if and only if |Gp| = 2 or F is a splitting �eld

for any F νB. Corollary to Theorem 3 asserts that if G is a nilpotent group,

then G is of purely OTP projective S-representation type if and only if one of

the following conditions is satis�ed:

(i) |Gp| = 2;
(ii) F = F q and F contains a primitive qth root of 1 for every prime q | |B|.

2. Preliminaries

Throughout this paper, we use the following notations: p ≥ 2 is a prime;

F is a �eld of characteristic p > 0; S = F [[X]] is the ring of formal power

series in the indeterminate X with coe�cients in the �eld F ; P = XS is unique

maximal ideal of S; F ∗ is the multiplicative group of F ; F q = {αq : α ∈ F};
S∗ is the unit group of S; G = Gp×B is a �nite group, where Gp is a p-group
and B is a p′-group; H ′ is the commutant of a group H, e is the identity



12 Leonid F. Barannyk, Dariusz Klein

element of H, |h| is the order of h ∈ H; socA is the socle of an Abelian

group A and expA is the exponent of A. We suppose that |Gp| > 1 and

|B| > 1. Given a subgroup Ω of S∗, we denote by Z2(H,Ω) the group of all

Ω-valued normalized 2-cocycles of the group H, where we assume that H acts

trivially on Ω. An S-basis {uh : h ∈ H} of SλH satisfying uaub = λa,buab
for all a, b ∈ H is called natural (corresponding to λ ∈ Z2(H,S∗)). Given an

SλH-module V , we write EndSλH(V ) for the ring of all SλH-endomorphisms

of V , radEndSλH(V ) for the Jacobson radical of EndSλH(V ) and EndSλH(V )
for the quotient ring

EndSλH(V )/ rad EndSλH(V ).

Moreover, we denote by S̃λH the F -algebra SλH/XSλH and by Ṽ the factor

module V/XV . Given λ ∈ Z2(H,F ∗), F λH denotes the twisted group algebra

of H over F and F λH the quotient algebra of F λH by the radical radF λH.

We identify an element a+P , a ∈ F , of the �eld S̄ = S/P with the element a.

Lemma 1. [8, p.125] Let H be a �nite group, λ ∈ Z2(H,S∗) and V an SλH-

module. Then V is indecomposable if and only if EndSλH(V ) is a skew�eld.

Lemma 2. Let H be a �nite p-group, D a subgroup of H, λ ∈ Z2(H,S∗) and
M an indecomposable SλD-module. Assume that EndSλD(M) is isomorphic

to a �eld K, K ⊃ F and one of the following conditions is satis�ed:

(i) H is Abelian;

(ii) [s(K) : F ] is not divisible by p, where s(K) is the separable closure of

F in K.

Then MH := SλH ⊗SλD M is an indecomposable SλH-module and

EndSλH(MH)

is isomorphic to a �eld that is a �nite purely inseparable extension of the

�eld K.

The proof is similar to that of Lemma 2.2 [2, p.540]. It uses the same idea as

in Theorem 8 of [9].

Lemma 3. Let K be a �nite separable extension of the �eld F and H a �nite

p-group. If |H| > 2, then there exists an indecomposable SH-module V such

that EndSH(V ) is isomorphic to K.

P r o o f. Let K = F (θ), f(t) be the monic minimal polynomial of θ over F
and Γ the companion matrix of f(t). Assume that either H is cyclic of order
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|H| > 2 or H is a group of type (2, 2). Let H = 〈 a 〉 and V be the underlying

SH-module of the representation

a �→

 E XE Γ
0 E XE
0 0 E


of H, where E is the identity matrix of order n = deg f(t). Then,

by [13, pp. 70�71], EndSH(V ) ∼= K. If H = 〈 a 〉× 〈 b 〉 is a group of type

(2, 2), then as V we take the underlying SH-module of the representation

a �→
(
E E
0 E

)
, b �→

(
E Γ
0 E

)
.

By [13, p. 71], we have EndSH(V ) ∼= K. �
Lemma 4. Let p = 2, [F : F 2] = 2, H be a 2-group such that |H| �= 8 and

|H ′| = 2. Assume also that K is a �nite separable extension of the �eld F and

[K : F ] is not divisible by 2. Then, for any λ ∈ Z2(H,F ∗), there exists an

indecomposable SλH-module V such that EndSλH(V ) is isomorphic to a �eld

that is a �nite purely inseparable extension of the �eld K.

P r o o f. Let H ′ = 〈 c 〉, s be the number of invariants of the Abelian group

H/H ′, D the subgroup of H such that H ′ ⊂ D and D/H ′ = soc(H/H ′). We

have

SλD/SλD(uc − ue) ∼= Sλ̄D̄,

where D̄ = D/H ′ and λ̄xH′,yH′ = λx,y for all x, y ∈ D. Assume s > 2. Since
i(F ) = 1,

F λ̄D̄ ∼= F λ̄D̄1 ⊗F FD̄2,

where D̄ = D̄1 × D̄2 and |D̄2| ≥ 4. It follows that Sλ̄D̄ ∼= Sλ̄D̄1 ⊗S SD̄2. By

Lemmas 2 and 3, there exists an indecomposable Sλ̄D̄-module V such that

EndSλ̄D̄(V )

is a �nite purely inseparable extension of the �eld K. The module V is also

an SλD-module. In view of Lemma 2, V H is an indecomposable SλH-module

and

EndSλH(V H)

is a �nite purely inseparable extension of K.

Now we consider the case s = 2. Since |H| > 8, then D is Abelian. Let

D = 〈 a 〉× 〈 b 〉, where a2 = c and b2 = e. Then

SλD =
⊕
i,j,k

Suiau
j
bu

k
c ,
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where

u2
a = αuc, u2

b = βue, u2
c = ue

and α, β ∈ F ∗. If α ∈ F 2, then S[ua] is the group ring of the group 〈 a 〉 over the
ring S. If β ∈ F 2 then SλD contains the group ring SQ, where Q = 〈 c 〉× 〈 b 〉.
Assume that α �∈ F 2 and β �∈ F 2. Since i(F ) = 1, α−1 = δ20 + δ21β for some

δ0, δ1 ∈ F . Let v = ua(δ0ue + δ1ub). Then v2 = αuc · α−1ue = uc.

If D = 〈 a 〉× 〈 b 〉× 〈 c 〉 is of type (2, 2, 2), then SλD contains SQ, where
Q is a group of type (2, 2).

Applying Lemmas 2 and 3, we �nish the proof. �

Lemma 5. Let G = Gp × B and λ ∈ Z2(G,S∗). The ring SλG is of OTP

representation type if and only if the outer tensor product of any indecom-

posable SλGp-module and any irreducible SλB-module is an indecomposable

SλG-module.

The proof is similar to that of the corresponding fact for a group ring

(see [6, p. 41], [13, p. 68]).

Let B be a �nite p′-group and λ ∈ Z2(B,S∗). We denote by S̃λB the

F -algebra SλB/XSλB. For y ∈ SλB, let ỹ denote y+XSλB. The F -algebra

S̃λB is separable. By Theorem 6.8 [8, p. 124], if

S̃λB = S̃λBε1 ⊕ . . .⊕ S̃λBεn

is a decomposition into minimal left ideals, then there exists a decomposition

SλB = SλBe1 ⊕ . . .⊕ SλBen,

where εi is an idempotent of S̃λB, ei is an idempotent of SλB and ẽi = εi
for every i ∈ {1, . . . , n}. Each ideal SλBei is an irreducible SλB-module.

By Theorem 76.8 [7, p. 532] and Corollary 76.15 [7, p. 536], any irreducible

SλB-module is isomorphic to SλBej for some j ∈ {1, . . . , n}. Moreover, by

Proposition 5.22 [8, p. 112] and Theorem 76.8 [7, p. 532],

EndSλB S
λBej ∼= EndSλB S

λBej/X EndSλB S
λBej ∼= End

S̃λB
S̃λBεj .

Lemma 6. Let G = Gp × B and λ ∈ Z2(G,S∗). If V is an indecomposable

SλGp-module and W is an irreducible SλB-module, then

EndSλG(V#W ) ∼= EndSλGp
(V )⊗F EndSλB(W ).
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P r o o f. By Proposition 7.6 [14, p. 652],

EndSλG(V#W ) ∼= EndSλGp
(V )⊗S EndSλB(W ).

Applying Proposition 2 [6, p. 39], we obtain

EndSλG(V#W ) ∼=
(
EndSλGp

(V )⊗F EndSλB(W )
)
/R,

where R := rad
(
EndSλG(V )⊗F EndSλB(W )

)
. Since EndSλB(W ) is a sepa-

rable F -algebra, then

EndSλGp
(V )⊗F EndSλB(W )

is a semisimple algebra. Hence R = 0 and the result follows. �

Lemma 7. Let G = Gp × B and λ ∈ Z2(G,S∗). If F is a splitting �eld for

the algebra S̃λB, then SλG is of OTP representation type.

P r o o f. Let W be an irreducible SλB-module. Then

EndSλB W
∼= End

S̃λB
W̃ ∼= F,

where W̃ =W/XW . By Lemmas 1 and 6, V#W is an indecomposable SλG-
module for every indecomposable SλGp-module V . By Lemma 5, SλG is of

OTP representation type. �

Lemma 8. Let B be a �nite p′-group. Assume that F contains a primitive qth

root of 1 for every prime q | |B| such that p | (q− 1). Then, for any F -algebra
S̃λB, there exists a splitting �eld K such that [K : F ] is not divisible by p.

P r o o f. See [2, p. 548]. �

Proposition 1. Let S = F [[X]], T be the quotient �eld of S, B a �nite p′-
group and λ ∈ Z2(B,S∗). The �eld T is a splitting �eld for the algebra T λB

if and only if F is a splitting �eld for the F -algebra S̃λB.

P r o o f. Assume that T is a splitting �eld for T λB. Denote by W an

irreducible SλB-module. Since T ⊗S W is an absolutely irreducible T λB-
module, by Schur's Lemma, EndSλB(W ) ∼= S. It follows that

End
S̃λB

(W̃ ) ∼= F. (1)

Hence F is a splitting �eld for S̃λB.
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Now suppose that F is a splitting �eld for S̃λB = SλB/XSλB. Then

there exists an isomorphism (1) for any irreducible SλB-module W . It fol-

lows, by Theorem 76.8 [7, p. 532] and Corollary 76.16 [7, p. 536], that

EndSλB(W ) ∼= S, therefore EndTλB(T ⊗S W ) ∼= T . Hence T is a splitting

�eld for T λB. �

3. Twisted group rings of OTP representation type

In this Section, S = F [[X]] and G = Gp×B, where Gp is a Sylow p-subgroup
of G, |Gp| �= 1 and |B| �= 1. We assume that if Gp is non-Abelian, then F
contains a primitive qth root of 1 for every prime q | |B| such that p | (q − 1).

Theorem 1. Let G = Gp×B, µ ∈ Z2(Gp, S
∗), ν ∈ Z2(B,S∗), λ = µ×ν and

H = Ker(µ). Assume that |H| > 2. The ring SλG is of OTP representation

type if and only if F is a splitting �eld for S̃νB.

P r o o f. If F is a splitting �eld for S̃νB, then, by Lemma 7, the ring SλG is

of OTP representation type.

Assume now that F is not a splitting �eld for S̃νB. There exists an irre-

ducible SνB-module W such that D := EndSλB(W ) is a division F -algebra
of dimension greater than one. By [4, p. 268], the restriction of µ to H ×H
is a coboundary and G′

p ⊂ H. Suppose that Gp is non-Abelian. Then, by

Lemma 8, there exists a splitting �eld K for S̃νB, which is a �nite separable

extension of the �eld F and satis�es [K : F ] �≡ 0(mod p). In view of Lemma 3,

there is an indecomposable SH-moduleM such that EndSH(M) is isomorphic

to K. According to Lemma 2, we conclude that MGp is an indecomposable

SµGp-module and

EndSµGp(MGp)

is isomorphic to a �eld L that is a �nite purely inseparable extension of the

�eld K. Since L is a splitting �eld for D, L⊗F D is not a skew�eld. Hence, by

Lemmas 1 and 6, MGp#W is not an indecomposable SλG-module. In view

of Lemma 5, SλG is not of OTP representation type.

The case, when Gp is Abelian, is treated similarly. �

Corollary. [2, p. 553] Let G = Gp × B, |G′
p| > 2 and λ ∈ Z2(G,S∗).

The ring SλG is of OTP representation type if and only if F is a splitting

�eld for S̃λB.

P r o o f. Let µ be the restriction of λ to Gp × Gp. Since G′
p ⊂ Ker(µ), we

have |Ker(µ)| > 2. Next apply Theorem 1. �
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Proposition 2. Let B be a nilpotent p′-group.
(i) If the �eld F does not contain a primitive qth root of 1 for some prime

q | |B|, then F is not a splitting �eld for each algebra F λB.

(ii) The �eld F is a splitting �eld for all twisted group algebras F λB if

and only if F = F q and F contains a primitive qth root of 1 for every prime

q | |B|.

P r o o f. (i) Assume that F does not contain a primitive qth root of 1 for some

prime q | |B|. The center of a Sylow q-subgroup Bq of B contains an element b
of order q. If {ug : g ∈ B} is a natural F -basis of the algebra F λB, then ub lies
in the center of F λB. Let uqb = γue, γ ∈ F ∗, and let F be a splitting �eld for

the algebra F λB. Denote by f1, . . . , fm a complete system of minimal pairwise

orthogonal central idempotents of F λB. We have ub = β1f1 + . . . + βmfm,
where βj ∈ F for any j ∈ {1, . . . ,m}. Then γ = βq

j for every j. It follows

that β1 = . . . = βm, hence ub = β1ue. This contradiction proves that F is not

a splitting �eld for the algebra F λB.

(ii) Suppose that F is a splitting �eld for F λB for each λ ∈ Z2(B,F ∗).
Then every irreducible projective F -representation of the group B is abso-

lutely irreducible. Let q be a prime divisor of |B|. There exists a normal

subgroup D of B such that |B/D| = q. Denote by π : B → B/D the canoni-

cal group homomorphism and by V a �nite-dimensional vector space over F .
If Γ̄ : B/D → GL(V ) is an irreducible projective F -representation of B/D on

V , then Γ := Γ̄ ◦ π is an irreducible projective F -representation of B on the

space V and D ⊂ Ker(Γ). Assume that B/D = 〈 bD 〉 and Γ̄(bD)q = γ idV ,
γ ∈ F ∗. Since every Γ̄ is absolutely irreducible, γ ∈ F q and F contains

a primitive qth root of 1.
Assume now that the �eld F contains a primitive qth root of 1 and F = F q

for each prime q | |B|. Let λ ∈ Z2(B,F ∗). Then F λB = FµB, where µ
|B|
x,y = 1

for all x, y ∈ B. There exists an F -algebra homomorphism of FH onto FµB,
where H is a central extension of a cyclic group of order |B| by the group B.
Since F contains a primitive |H|th root of 1, by Corollary 70.24 [7, p. 475],

F is a splitting �eld for FH. Hence, F is a splitting �eld for F λB for each

λ ∈ Z2(B,F ∗). �

Proposition 3. Let G = Gp × B, |G′
p| �= 2, µ ∈ Z2(Gp, F

∗), ν ∈ Z2(B,S∗)
and λ = µ×ν. The ring SλG is of OTP representation type if and only if one

of the following conditions is satis�ed:

(i) FµGp is a �eld;

(ii) p = 2, |G′
2| = 1 and 2 dimF FµG2 = |G2|;

(iii) F is a splitting �eld for the F -algebra S̃νB.
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P r o o f. If |G′
p| > 2 then, by Corollary to Theorem 1, the ring SλG is of OTP

representation type if and only if F is a splitting �eld for S̃νB. Let |G′
p| = 1

and K = FµGp. If K is a �eld, then SµGp = K[[X]] is a principal ideal ring.

Every indecomposable SµGp-module is isomorphic to SµGp. We have

EndSµGp(SµGp) ∼= SµGp/XS
µGp

∼= K.

The �eld K is a �nite purely inseparable extension of F . Let W be an irre-

ducible SνB-module and D := EndSνB(W ). Then D ∼= End
S̃νB

(W̃ ). Since

S̃νB is a separable algebra, the center of the division F -algebra D is a sepa-

rable extension of F [7, p. 485]. The index of D is not divisible by p [16]. It

follows that K ⊗F D is a skew�eld. Applying Lemmas 1 and 6, we conclude

that SµGp#W is an indecomposable SλG-module. Hence, by Lemma 5, SλG
is of OTP representation type.

Assume that p > 2 and K is not a �eld. Let H be the socle of Gp. We have

FµH ∼= FµH1⊗F FH2, where |H2| ≥ p. It follows that SµH ∼= SµH1⊗S SH2.

By Lemmas 2 and 3, for any �nite separable extension L of the �eld F , there
exists an indecomposable SµGp-module V such that EndSµGp(V ) is a �nite

purely inseparable extension of L. Arguing as in the proof of Theorem 1, we

conclude that SλG is of OTP representation type if and only if F is a splitting

�eld for the algebra S̃νB.
Suppose that p = 2 and K is not a �eld. If 4 dimF FµG2 ≤ |G2| then, as in

the case p > 2, we prove that SλG is of OTP representation type if and only

if F is a splitting �eld for the algebra S̃νB. If 2 dimF FµG2 = |G2| then, by
Theorem 4.2 [2, p. 552], the ring SλG is of OTP representation type. �

Corollary. Let Gp be an Abelian p-group, B a nilpotent p′-group, G = Gp×B,
µ ∈ Z2(Gp, F

∗), ν ∈ Z2(B,S∗) and λ = µ× ν. Assume that the �eld F does

not contain a primitive qth root of 1 for some prime q | |B|. The ring SλG
is of OTP representation type if and only if one of the following conditions is

satis�ed:

(i) FµGp is a �eld;

(ii) p = 2 and 2 dimF FµG2 = |G2|.
P r o o f. Apply Propositions 2 and 3. �

Proposition 4. Let p = 2, G = G2 ×B, µ ∈ Z2(G2, F
∗), ν ∈ Z2(B,S∗) and

λ = µ× ν. Assume that |G2| �= 8, |G′
2| = 2 and [F : F 2] ≤ 2. Then SλG is of

OTP representation type if and only if F is a splitting �eld for S̃νB.

P r o o f. If F is a perfect �eld, then µ is a coboundary [15, p. 43]. In this

case SµG2 is the group ring SG2. Since |G2| > 8, by Theorem 1, SλG is of

OTP representation type if and only if F is a splitting �eld for S̃νB. Assume
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now that [F : F 2] = 2. Arguing as in the proof of Theorem 1, we deduce, by

Lemmas 1, 4, 5, 6 and 7, that SλG is of OTP representation type if and only

if F is a splitting �eld for S̃νB. �

4. Groups of OTP projective representation type

We recall from [3, p. 200] that i(F ) is the supremum of the set that consists

of 0 and all positive integers m such that an F -algebra of the form

F [t]/(tp − α1)⊗F . . .⊗F F [t]/(tp − αm)

is a �eld for some α1, . . . , αm ∈ K.

Theorem 2. Let G = Gp ×B, |G′
p| �= 2 and s be the number of invariants of

Gp/G
′
p. The group G is of OTP projective (S,F ∗)-representation type if and

only if one of the following conditions is satis�ed:

(i) |G′
p| = 1 and s ≤ i(F );

(ii) p = 2, |G′
2| = 1, s = i(F ) + 1 and G2 has at least one invariant

equal to 2;
(iii) F is a splitting �eld for F σB for some σ ∈ Z2(B,F ∗).

P r o o f. Let p = 2 and G2 be Abelian. If s ≥ i(F ) + 2, then 4 dimF F λG2 ≤
|G2| for any λ ∈ Z2(G2, F

∗). In this case, by Proposition 3, G is of OTP pro-

jective (S,F ∗)-representation type if and only if the condition (iii) is satis�ed.

Assume that s = i(F ) + 1. If G2 has at least one invariant equal to 2, then
there exists a cocycle λ ∈ Z2(G2, F

∗) such that 2 dimF F λG2 = |G2|. Hence,
by Proposition 3, G is of OTP projective (S,F ∗)-representation type. Sup-

pose that every invariant of G2 is greater than 2. Then 4 dimF F λG2 ≤ |G2|
for each λ ∈ Z2(G2, F

∗). By Proposition 3, G is of OTP projective (S,F ∗)-
representation type if and only if the condition (iii) is satis�ed.

Let p ≥ 2 and Gp be Abelian. There exists a cocycle µ ∈ Z2(Gp, F
∗) such

that FµGp is a �eld if and only if s ≤ i(F ). For any ν ∈ Z2(B,F ∗), we have
S̃νB ∼= F νB. Applying Proposition 3, we �nish the proof. �

Corollary. Let Gp be an Abelian p-group, s the number of invariants of Gp,

B a nilpotent p′-group and G = Gp × B. Assume that the �eld F does not

contain a primitive qth root of 1 for some prime q | |B|. The group G is of

OTP projective (S,F ∗)-representation type if and only if one of the following

conditions is satis�ed:

(i) s ≤ i(F );
(ii) p = 2, s = i(F ) + 1 and G2 has at least one invariant equal to 2.

P r o o f. Apply Proposition 2 and Theorem 2. �
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Lemma 9. Let B be an Abelian p′-group. The �eld F is a splitting �eld for

some algebra F λB if and only if B has a subgroup H such that B/H is of sym-

metric type and F contains a primitive mth root of 1, where

m = max{exp(B/H), expH}.

P r o o f. Let λ ∈ Z2(B,F ∗), {ub : b ∈ B} be a natural F -basis of the algebra
F λB, Z the center of F λB and H = {g ∈ B : ug ∈ Z}. Then H is a subgroup

of B and Z = F λH. The algebra F λB may be viewed as a twisted group ring

of the group B̄ := B/H over the ring Z. By Lemma 3 [1, p. 785],

F λB = Z λ̄B̄ ∼= Z λ̄N1 ⊗Z . . .⊗Z Z
λ̄Nr,

where Ni is a group of type (qni
i , q

ni
i ), qi is a prime divisor of |B̄| and Z λ̄Ni is

a central Z-algebra, moreover

γx,y := λ̄x,y · λ̄−1
y,x ∈ F

and

γ
q

ni
i

x,y = 1

for all x, y ∈ Ni. It follows that F contains a primitive (exp B̄)th root of 1.
If F is a splitting �eld for F λB, then F is a splitting �eld for the commu-

tative F -algebra Z = F λH. Therefore F contains a primitive (expH)th root

of 1. The group B̄ = N1 × . . . × Nr is of symmetric type. This proves the

necessity.

Let us prove the su�ciency. Denote by K a �nite sub�eld of the �eld F
which contains a primitive mth root of 1, where m = max{exp(B/H), expH}.
We may assume that B is an Abelian q-group, where q �= p. Let

B̄ := B/H = 〈x1H 〉× 〈 y1H 〉× . . .× 〈 xrH 〉× 〈 yrH 〉,

where |xiH| = |yiH| = qni for each i ∈ {1, . . . , r}. We have

xq
ni

i = hi, yq
ni

i = h∗i ,

where hi, h
∗
i ∈ H. Let Z = KH with K-basis {uh : h ∈ H} and let A = ZµB̄

be the twisted group ring of B̄ over Z with Z-basis {vbH : b ∈ B} satisfying

the following conditions:

1) if bH = (x1H)i1(y1H)j1 . . . (xrH)ir(yrH)jr , where 0 ≤ is, js < qns , then

vbH = vi1x1H
vj1y1H

. . . virxrH
vjr

yrH
;

2) vq
ns

xsH
= uhs , v

qns

ysH
= uh∗

s
for all s ∈ {1, . . . , r};

3) vbH · vb̄H = ξj1ī11 . . . ξjr īr
r vi1+ī1

x1H
vj1+j̄1
y1H

. . . vir+īr
xrH

vjr+j̄r

yrH
,
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where ξs is a primitive (qns)th root of 1 for every s ∈ {1, . . . , r}. Then

A ∼= ZµN1 ⊗Z . . .⊗Z Z
µNr,

where ZµNs is a central twisted group ring of the group Ns = 〈xsH 〉× 〈 ysH 〉
over the ring Z.

Let g be an element of the group B. Then

g = xd1
1 y

t1
1 . . . xdr

r y
tr
r h,

where 0 ≤ ds, ts < qns for every s ∈ {1, . . . , r} and h ∈ H. We set

wg = vd1
x1H

vt1y1H
. . . vdr

xrH
vtryrH

uh.

Then {wg : g ∈ B} is a K-basis of the algebra A and wg1wg2 = λg1,g2wg1g2 ,

where λg1,g2 ∈ K∗ for all g1, g2 ∈ B. Hence A = KλB and K is a splitting

�eld for the algebra KλB. It follows that F is a splitting �eld for the algebra

F λB = F ⊗K KλB. �

Lemma 10. Let B be an Abelian p′-group of symmetric type and expB =
qm1
1 . . . qmt

t , where q1, . . . , qt are pairwise distinct prime numbers. The �eld F
is a splitting �eld for certain algebra F λB if and only if F contains a primitive

nth root of 1, where n = qk1
1 . . . qkt

t and 2kj ≥ mj for every j ∈ {1, . . . , t}.
P r o o f. Without loss of generality, we may assume that B is an Abelian

q-group of exponent qm. Let F contain a primitive (ql)th root of 1 and F does

not contain a primitive (ql+1)th root of 1. If l ≥ m then F is a splitting �eld

for the group algebra FB. Let m
2 ≤ l < m. The group B has a subgroup H

of exponent qm−l such that B/H is of symmetric type and exp(B/H) = ql.
Since m − l ≤ l, by Lemma 9, F is a splitting �eld for certain algebra F νB.
Suppose now that l < m

2 . Let λ ∈ Z2(B,F ∗), Z be the center of F λB and H
a subgroup of B such that Z = F λH. Then expH ≥ qm−l. If F is a splitting

�eld for F λB, then expH ≤ ql. We have qm−l ≤ ql, whence m − l ≤ l.
Hence l ≥ m

2 . This contradiction shows that F is not a splitting �eld for every

algebra F λB. �

Proposition 5. Let G = Gp × B be an Abelian group and s the number of

invariants of Gp. The group G is of OTP projective (S,F ∗)-representation
type if and only if one of the following conditions is satis�ed:

(i) s ≤ i(F );
(ii) p = 2, s = i(F ) + 1 and G2 has at least one invariant equal to 2;
(iii) B has a subgroup H such that B/H is of symmetric type and F con-

tains a primitive mth root of 1, where m = max{exp(B/H), expH}.
P r o o f. Apply Theorem 2 and Lemma 9. �
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Proposition 6. Let G = Gp×B be an Abelian group and s the number of in-

variants of Gp. Assume that B is of symmetric type and expB = qm1
1 . . . qmt

t ,

where q1, . . . , qt are pairwise distinct prime numbers. The group G is of OTP

projective (S,F ∗)-representation type if and only if one of the following con-

ditions is satis�ed:

(i) s ≤ i(F );
(ii) p = 2, s = i(F ) + 1 and G2 has at least one invariant equal to 2;
(iii) F contains a primitive nth root of 1, where n = qk1

1 . . . qkt
t and

2kj ≥ mj for each j ∈ {1, . . . , t}.

P r o o f. Apply Theorem 2 and Lemma 10. �

5. Groups of purely OTP projective representation type

Lemma 11. [5, p. 322] Let R be a Noetherian integral domain whose integral

closure is a �nitely generated R-module. Then every �nitely generated torsion

free R-module is a direct sum of ideals in R if and only if each ideal in R is

generated by one or two elements.

Theorem 3. Let G = Gp × B. The group G is of purely OTP projective

S-representation type if and only if |Gp| = 2 or F is a splitting �eld for F νB
for any ν ∈ Z2(B,F ∗).

P r o o f. Assume that |Gp| > 2 and σ ∈ Z2(B,S∗). By Theorem 1, the

ring SλG = SGp ⊗S S
σB is of OTP representation type if and only if F is

a splitting �eld for S̃σB. Hence, by Lemma 7, if |Gp| > 2 then G is of purely

OTP projective S-representation type if and only if F is a splitting �eld for

every algebra F νB.
Let p = 2 and G2 = 〈 a 〉 be the group of order 2. If V is an indecomposable

SG2-module then, by [13, p. 70], EndSG2(V ) ∼= F . Hence, by Lemmas 1, 5 and

6, the ring SG2⊗S S
νB is of OTP representation type for any ν ∈ Z2(B,S∗).

Suppose now that λ ∈ Z2(G,S∗) and SλG2 is not a group ring. Then

SλG2 = Sue + Sua, where u
2
a = f(X)ue, f(X) ∈ S∗ and f(X) �∈ S2. Let

f(X) = a0 + a1X + a2X
2 + . . . , where aj ∈ F for every j ∈ {0, 1, 2, . . . },

θ be a root of the polynomial t2 − f(X) and K = T (θ), where T is the quo-

tient �eld of S. We have SλG2
∼= S[θ]. Denote by L the integral closure of

S[θ] in the �eld K. Then L = S[ω], where ω = θ or ω = X−n(b0 + b1X +
. . .+ bn−1X

n−1 + θ), moreover in the second case

f(X) = b20 + b21X
2 + . . .+ b2n−1X

2(n−1) +
∑
j≥2n

ajX
j ,

n ≥ 1, a2n �∈ F 2 or a2n+1 �= 0.
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Every ideal of the ring S[θ] is generated by one or two elements. Let V
be an indecomposable S[θ]-module. If z ∈ S[θ], v ∈ V and zv = 0, then
z2v = 0. Since z2 ∈ S and V is a free S-module, z2 = 0 or v = 0. Hence z = 0
or v = 0. This means that V is a torsion-free S[θ]-module. By Lemma 11,

V is isomorphic to an ideal J of the ring S[θ]. The ideal J is a free S-
module of rank 2. It follows that T ⊗S J is an indecomposable T λG2-module.

By Theorem 3.1 [2, p. 549], the algebra T λG is of OTP representation

type. Therefore, (T ⊗S J)#(T ⊗S W ) is an indecomposable T λG-module for

any irreducible SλB-module W . It follows that J#W is an indecomposable

SλG-module. By Lemma 5, the ring SλG is of OTP representation type.

Hence, G is of purely OTP projective S-representation type. �

Corollary. Let G = Gp × B be a nilpotent group. The group G is of purely

OTP projective S-representation type if and only if one of the following con-

ditions is satis�ed:

(i) |Gp| = 2;
(ii) F = F q and F contains a primitive qth root of 1 for each prime q | |B|.

P r o o f. Apply Proposition 2 and Theorem 3. �

Proposition 7. Let G = Gp × B. Assume that F = F q and F contains

a primitive qth root of 1 for each prime q | |B|. Then G is of purely OTP

projective S-representation type.

P r o o f. The �eld F is a splitting �eld for any algebra F νB. Hence, by

Lemma 7, SλG is of OTP representation type for every λ ∈ Z2(G,S∗). �

Corollary. If F is a separably closed �eld, then every group G = Gp × B is

of purely OTP projective S-representation type.
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