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ON SLOTA-WITULA PROBLEM
CONCERNING THE VALUE OF SOME
DETERMINANTS

Summary. The paper presents the partial solution of a problem, for-
mulated by Stota and Witula, concerning the form of some determinants.

O PROBLEMIE SLOTY-WITULY O POSTACI
PEWNYCH WYZNACZNIKOW

Streszczenie. W artykule podane jest czeSciowe rozstrzygniecie proble-
mu sformulowanego przez Stote i Witule o postaci pewnych wyznacznikdw.

In the paper entitled ”On the sum of some alternating series” [1] Witula and
Stota discuss the sums of series of the form
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where r =3,4,...and n =1,2,..., {%J By using the Fourier series theory for
prime number = p > 3 the Authors obtained in [1] the system of linear equations
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(P = 2)= 3 Spusin = (1)

n=1

for 1 <k <|p/2].

Remark 1. Restricting the discussion on the system of equations (1) only to the
prime numbers is associated with the fact that this system is determined only for
p being prime numbers.

To obtain the values S, ,, from the system of equations (1), according to the
Cramer’s rule one has to evaluate the expression

det A,

where
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Authors of the cited above paper presented there the formula

Ay = {sin

m%:(4 »>-1)/4
(—1ﬂvﬁw4(§) , p=3 (mod 4),

(p—1)/4
p) : , p=1 (mod 4),

(2)

which has been positively verified by them, with the aid of computer, for all prime
numbers p < 1051. However, the following question arises:
Is the above formula correct for every prime number?

Before answering this question let us notice yet that the formula (2) can be
presented in the following unified form

det A, = (_1)(17*1)(1773)/8 (g

It results from the fact that for p = 4k + 1, where k € N, we have

(p—1)/4
) (3)
(_1)(p—1)(p—3)/8 - (_1)k(2k—1) =(-1)k= (_1)(17—1)/4,

and for p = 4k + 3, where k € N, we have

(_1)(1771)(17*3)/8 - (_1)k(2k+1) =(-1)r = (_1)(1773)/47

which is compatible with relation (2).
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Moreover, we note that the multiplier
(_1)(p—1)(p—3)/8
is connected with the change of value of determinant of the matrix A, if we

reverse the order of columns of this matrix (or its rows, respectively).
Formulated above question led us to investigate the matrices of form
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A, = {sin ] ,
"o dr/2)xirs2)
where r > 3 is an odd number. If r would be an even number, then matrix A,
would be singular and this is the reason to restrict the discussion only for odd
numbers 7.
Our goal is to calculate the value |A,|. To this aim let us evaluate the expres-
sion
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We note that
ij sin 2ikm sin 2kj7T _ ! L%%J cos ——— (@ _j) - = ij cos —————— . hm
r
k=1
We use now the identity [2]:
- 1 sin(n+3)6
coskf) = —— + ———22 4
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which is true for 6 # 2iw, where [ € Z.
Let us suppose that i # j. From identity (4) we get
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Now let us assume ¢ = j. Then from identity (4) we obtain
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The above fact definitely shows that
1
Az = ZT]ILT/QJ,

where 1 denotes the identity matrix of the respective order.
Thus we may conclude that

A A2)'? L v
|det A, = (det AZ) "~ = | det ZT]ILT/QJ =
1/2

() )

which partly confirms the posed above question (accurate to the absolute value).
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