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DYNAMICALLY LOADED BRANCHED
AND INTERSECTING CRACKS

The boundary element method (BEM) is applied to ymmalof statically and
dynamically loaded plates with branched and int#iisg cracks. The numerical
solution is obtained by discretization of exterbalundaries and crack surfaces
using quadratic three-node boundary elements. Thblgm of coincident crack
boundaries is solved by the dual BEM in which fode® on crack surfaces
simultaneously the displacement and the tractiaimbary integral equations are
applied. The dynamic problem is solved by using lthplace transform method
and the solution in the time domain is computedhigyDurbin numerical inversion
method. The Laplace transform method gives verylstand accurate results and
requires small computer memory. Static stress sitefactors (SIF) are computed
by the path independent J-integral and dynamic ByFthe crack opening
displacement (COD) method. Numerical examples of randhed crack
in a rectangular plate and a star-shaped craclsquare plate are presented. Static
SIF are compared with available results presenteditérature showing good
agreement. The maximum dynamic SIF are approximated times larger than
the corresponding static SIF. The influences of lemgbetween branches
of the crack and dimensions of the plate for tlae-shaped crack on dynamic SIF
are analyzed.

Keywords: fracture, stress intensity factor (SIF), boundaigment method
(BEM), Laplace transform method

1. Introduction

Branched and intersecting cracks may appear irai fllecause of defects
in the material or damage during the service lifeh@ component. The stress
state in the vicinity of the crack tips are chagaeked by stress intensity factors
(SIF). The values of SIF decide about possible gnathe cracks.

Single branched or intersecting cracks in finiteirdinite plates statically
loaded were analyzed in several works. Cheung. dipformulated the stress
functions, which consists of two parts: a solutiohthe Fredholm integral
equation for the crack problem in an infinite plated the weighted residual
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method for a general plane problem. The methodapgatied to crucifix cracks,
two perpendicular cracks and star-shaped cracfinifa plates. Isida i Noguchi
[2] presented the analysis based on the body farethod combined with
theperturbation procedure which gives the stress gitetiactors by the power
series formulae. Numerical results for various swtrival and unsymmetrical
branched cracks under three fundamental loadinigdiaity are presented. Chen
and Hasebe [3] applied a point dislocation at tren¢h point and distributed
dislocations along the branches. Next they forneglat singular integral
equation to solve the branch crack problem. Thehatktvas applied to star-
shaped cracks, symmetric branched cracks and tteosetting cracks. Daux
etal. [4] presented the extended finite element nt6-FEM) to analysis
of cracks with multiple branches and cracks emandtiog holes. A standard
displacement approximation was enriched by incafog additional
discontinuous functions. The method allows the riode of discontinuities
independently of the mesh. Tan et al. [5] developieal method in which
theoriginal crack problem is decomposed into two peaid, and the hybrid
boundary node method is used to model the finiteado of the body without
acrack and the displacement discontinuity methodatalyze the crack.
Theresults are added and compared with the boundamgitéans of the original
problem. The method was applied to a branched caack star-shaped crack
in afinite plate. The analysis of branched and inteisgcstationary cracks
subjected to dynamic loads has not been presemtée literature.

In the present work the boundary element method MBEs applied
toanalysis of statically and dynamically loaded brettand intersecting cracks
in finite plates. The crack problem is solved by ttual BEM which was
developed for static loading by Portela et al. §Jd for dynamic loading
by Fedelihski et al. [7]. An overview of different BEM apprmzes in dynamic
fracture mechanics was presented by Fadkli[8], [9], [10]. In this work
theLaplace transform method is applied to analysisaobranched crack
in arectangular plate and a star-shaped crack in aresqlate. The influence
of geometry of cracked plates on dynamic stregnsity factors is analyzed.

2. Laplace transform boundary element method

Consider a homogeneous and isotropic linear elalstidy enclosed
byaboundary/. For a body which is not subjected to body formed which has
zero initial displacements and velocities, the hapl transform
of thedisplacements of pointx' and X' on smooth crack surfaces, can
berepresented by the following boundary integral ¢éigug7]
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where Uij (x', %9, 'T”(xx,s) are the Laplace transforms of fundamental

solutions of elastodynamics [9;(x 9, t;(x,s) are the Laplace transforms

of thedisplacements and tractions respectively, at thentary,s is the integral
transform parameter.

The Laplace transform of the traction equation goints which belong
to smooth crack surfaces is
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where Ukij(x',x,s) and 'ITkij(x‘,x,@ are the Laplace transforms of other

fundamental solutions of elastodynamics [9].

The numerical solution of a general mixed-mode kcr@oblem is obtained
after discretizing boundary quantities. The boupdarof the body is divided
into boundary elements. Quadratic elements are tmethe discretization of
theboundary. The displacements and tractions arepoleied using: continuous
elements for the external boundary and discontiauglements on the crack
faces. Displacements and tractions are approximaitih each element using
interpolation functions. A distinct set of boundanjegral equations is obtained
by applying the displacement equation for nodesi@glthe external boundary
and along the crack and the traction equation Hier nodes along the crack.
Theset of discretized boundary integral equationstmamvritten in matrix form
as

Hu =Gt (3)

where U and t contain nodal values of the transformed displaceésnen

andtractions respectively, andH and G depend on integrals of the
transformed fundamental solutions and the intetpmdunctions. The matrices

H and G are reordered according to the boundary conditiongive new
matrices A and B. The matrix A is multiplied by the vectoiX of unknown
transformed displacements and tractions &y the vectory of the known
transformed boundary conditions, as follows
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AX = By (4)
or
AX=f (5)

where f =By is a known vector. The matrix equation (5) is edigiving

theunknown transformed displacements and tractionsafgarticular integral

transform parameter. For a simple temporal vamatibthe prescribed boundary
conditions their integral transforms can be caledaanalytically. In order

toobtain the unknown displacements and tractions waxtibns of time,

theunknown transformed variables must be computed fegries of parameters.
The final time-dependent solution can be obtainedhfthe numerical Durbin
inversion.

3. Numerical examples

Two numerical examples are considered: a brancresk ¢n a rectangular
plate and a star-shaped crack in a square plat.nfdterial of the plate has
thefollowing material properties: the Young modules200 GPa, the Poisson
ratio v=0.3, mass density=8000 kg/m and the plate is in the plain strain
conditions. The plates are loaded by the Heaviide dependent uniformly
distributed tractiong applied at the initial timé=0. The numerical solution
isobtained using 50 Laplace parameters and the tiepe1$=0.2 us. Static SIF
are computed using the path independent J-integiéithe dynamic SIF using
crack opening displacements.

3.1. Branched crack in a rectangular plate

The horizontal branch has the lengthand the branches of lengthare
inclined at the anglex=n/4 rad, as shown in Fig. la. It is assumed that
thebranches are equakFb=1 cm. The crack is in the center of a rectangular
plate of width & and the height 2 and the ratio of dimensions Bw=4/5
anda/w=0.5. Two horizontal edges of the plate are loailedhe vertical
direction. The plate is divided into 140 boundalgrmeents (80 for the external
boundary and 10 for each crack edge). The stretmsity factors are

normalized with respect to the SIIKO=p\/r1_C, where 2 is the width
of thecrack in the horizontal direction.



Dynamically loaded branched and intersecting cracks 21

a) b)

SEREREREEEE

b B

A

Fig. 1. Branched crack in a rectangular plate: (g)edsions of the plate and loading,
(b) initial (dashed line) and deformed shape (cwrdus line) of the plate

Rys. 1. Rkniecie rozgadzione w tarczy prostajtnej: (a) wymiary tarczy i obgienie,
(b) pocatkowy (linia przerywana) i odksztatcony ksztattdzy (linia chgta)

Initially the plate is subjected to the static lmad The computed
normalized SIF for the crack tigsandB are presented in Table 1 and compared
with the results published by Daux et al. [4] wheed the extended finite
element method (X-FEM). The agreement of the regsilsatisfactory. In Fig.b
the initial and the deformed shape are shown.

Table 1. Static normalized stress intensity factors

Tabela 1. Statyczne znormalizowane wspotczynniki
intensywndci napgzen

SIF KilKo (A) | Ki/Ko (B) | Ki/Ko (B)
present 1.555 0.770 0.806
Daux et al. [4] 1.368 0.634 0.723

The normalized dynamic stress intensity factorstiier crack tipsA andB
are presented in Fig. 2. Initially when the londihal wave travels from
the loaded boundary to the crack tips the DSIFzare. The DSIF for the crack
tip A are larger than for the crack # The maximum values of dynamic DSIF
are approximately two times larger than the cowedmg static values of SIF.

The influence of the angle between crack branches on the normalized
DSIF at the crack tiB is shown in Fig. 3. The DSIF are calculated faeéh
anglesa=1v6, 14, 13 rad. The DSIK//K, decrease with increasing angie
andKu/K, increase.
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Fig. 2. Normalized dynamic stress intensity facforshe branched crack in a rectangular plate

Rys. 2. Znormalizowane dynamiczne wspotczynniki emstywndci napezen pekniecia
rozgakzionego w tarczy prostatnej
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Fig. 3. Influence of the angle between the crack branches on the normalized dynatréss
intensity factors at the crack tipfor the branched crack in a rectangular plate

Rys. 3. Wplyw kta a miedzy pknicciami na znormalizowane dynamiczne wspoétczynniki
intensywndci napgzen w wierzchotkuB peknigcia rozgatzionego w tarczy prostatnej
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3.2. Star-shaped crack in a square plate

The branches of the star-shaped crack have théhlenand the branches
are inclined at the angle=n/3 rad, as shown in Fig. 4a. It is assumed that
thebranches are equakl cm. The crack is in the center of a square plate
of width 2w and the ratio of dimensionsaén=0.5. The plate is subjected to bi-
axial tension. The plate is divided into 200 bougydaelements
(80for theexternal boundary and 10 for each crack edge). stiess intensity

factors are normalized with respect to the &= p\/ﬂ_a
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Fig. 4. Star-shaped crack in a square plate: (@ewsions of the plate and loading, (b) initial
(dashed line) and deformed shape (continuous difié)e plate

Rys. 4. Rkniecie gwiadziste w tarczy kwadratowej: (a) wymiary tarczy bcazenie,
(b) pocatkowy (linia przerywana) i odksztatlcony ksztaltaay (linia chgta)

Initially the plate is subjected to the static lmad The computed
normalized SIF for the crack tigsandB are presented in Table 2 and compared
with the results published by Daux et al. [4] wheed the extended finite
element method (X-FEM) and Cheung et al. [1], weedithe Fredholm integral
equation method and the weighted residual methlod.agreement of the results
is very good. In Fig. 4b the initial and the defedrshape are shown.
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Table 2. Static normalized stress intensity factors

Tabela 2. Statyczne znormalizowane wspofczynnile@riaywndci napezen

SIF Ki/Ko (A) | Ki/Ko (B) | Kil/Ko (B)
present 0.898 0.928 0.020
Daux et al. [4] 0.893 0.921 0.017
Cheung et al. [1 0.885 0.909 0.017
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Fig. 5. Normalized dynamic stress intensity facforshe star-shaped crack in a square plate
Rys. 5. Znormalizowane dynamiczne wspotczynniki emstywndci napezen pekniecia

gwiazdzistego w tarczy kwadratowej

The normalized dynamic stress intensity factorstiier crack tipsA andB
are presented in Fig. 5. Initially when the londihal wave travels from
the loaded boundary to the crack tips the DSIFzam®. The DSIRK/K, for
thecrack tipsA andB have similar time dependence. The DSIF for thekctigc
B Ki/Ko are much smaller thaki/Ko. The maximum values of dynamic DSIF
are approximately two times larger than the cowadmg static values of SIF.

The influence of the dimension of the plateon normalized DSIF at
thecrack tipA is shown in Fig. 6. The DSIF are calculated fae¢hdifferent
dimensions of the plateWa = 2, 3, 4 anda=1 cm. When the dimension
of theplate is large the longitudinal wave arrives lateha crack tip. The time
dependence and the maximum value of DSIF afteratiiwal of the wave
atthecrack tip is similar for different dimensions ottplate.
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Fig. 6. Influence of the dimension of the plat®n normalized dynamic stress
intensity factors at the crack tiofor the star-shaped crack in a square plate

Rys. 6. Wplyw wymiaru tarczyw na znormalizowane dynamiczne
wspotczynniki - intensywniei  napezen w  wierzchotku A pekniecia
gwiazdzistego w tarczy kwadratowej

4. Conclusions

The numerical examples demonstrate that the SIF static loading
obtained by the BEM agree well with the availaldsults presented in literature.
The solutions obtained by the Laplace transform Bi® stable. The maximum
values of dynamic SIF are about two times largantie static SIF.
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ROZGAL EZIONE | PRZECINAJ ACE SIE PEKNI ECIA OBCI AZONE
DYNAMICZNIE

Streszczenie

Metoct elementéw brzegowych (MEB) zastosowano do analiagigeonych statycznie
i dynamicznie tarcz zgknieciami rozga¢zionymi i przecinajcymi sk. Rozwigzanie numeryczne
otrzymano w wyniku dyskretyzacji brzegéw zestmnych tarczy i krawdzi peknigé
z zastosowaniem kwadratowych tréghowych elementéw brzegowych. Zastosowano
sformutowanie duale MEB do analizy pokryaw@jch sé krawedzi pekniecia, w ktérym stosuje si
jednoczénie dla weztow pekniecia brzegowe réwnanie catkowe przemieshcze sit
powierzchniowych. Zagadnienie dynamiczne analizawanetod transformacji Laplace’a,
arozwipzanie w dziedzinie czasu wyznaczono metadimerycznej transformacji odwrotnej
Durbina. Metoda transformacji Laplace’a pozwala wgznaczenie stabilnego i doktadnego
rozwigzania i wymaga malej pagti komputerowej. Statyczne wspétczynniki intensy¥eio
napezen (WIN) obliczono za pomagcJ-catki niezalenej od konturu catkowania, a dynamiczne
WIN na podstawie rozwarcia kragdzi pekniecia. Przedstawiono przykltady numeryczne
rozgakzionego pgkniecia w tarczy prostaknej i pekniecia gwiadzistego w tarczy kwadratowe;.
Statyczne WIN poréwnano z wynikami dgstymi w literaturze, wykaza¢ dobg zgodndé
rozwigzan. Maksymalne wartei dynamicznych WIN $ okoto dwukrotnie wjiksze ni
odpowiednie statyczne WIN. Badano wptygtk medzy peknigciami rozga¢zionymi i wielkasci
tarczy z gknigciem gwiadzistym na dynamiczne WIN.

Stowa kluczowe: pekanie, wspéiczynnik intensywida napezen (WIN), metoda elementéw
brzegowych (MEB), metoda transformacji Laplace’a
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