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1. INTRODUCTION

Fractional calculus is a generalization of ordinary differentiation and integration to
arbitrary non-integer order. The subject is as old as differential calculus and goes
back to times when G.W. Leibniz and I. Newton invented differential calculus. We
can find numerous applications in rheology, control, porous media, viscoelasticity,
electrochemistry, electromagnetism, etc. [18,25]. There has been significant develop-
ment in ordinary and partial fractional differential equations and inclusions in recent
years; see the monographs of Abbas et al. [6], Kilbas et al. [21], the papers of Abbas et
al. [1-5,7], Benchohra et al. [9-11], Ibrahim and H.A. Jalab [20], Kilbas and Marzan
[22], Pachpatte [26-29], Vityuk [30], Vityuk and Golushkov [31] and the references
therein.

Integral equations and inclusions occur in a natural way in the description of many
physical phenomena; see the books by Corduneanu [14,15].
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Motivated by the above literature, this paper is concerned with the existence of
solutions for the following system of fractional integral inclusions

u(z,y) — ; bi(x, y)u(x — &,y — i) € I F(x,y,u(z,y)) 1)

if (x,y) € J:=][0,a] x [0,b],

u(a:,y) = ‘I)(l‘,y) if ($7y) €J:= [_57 (l] X [_:uv b]\(()?a’} X (Ov b]’ (12)
where a,b > 0, 8§ = (0,0), &,p; > 0, ¢ = 1,...,m, { = max;=1_._m{&},
p=max;=1__m{pi}, F: JXR" — P(R") is a set-valued function with nonempty val-
ues in R™, P(R") is the family of all nonempty subsets of R”, I F(z,y, u(z,y)) is the
definite integral for the set-valued functions F' of order r = (11, r2) € (0,00) x (0, 00),
bi:J—=>R;i=1,...m,and ®: J = R™ are given continuous functions such that

O(x,0) = Zbi(x,O)fb(x —&,—wi), x€][0,a],

and
m

O(0,y) = Y _bi(0,9)®(~&,y — pa), y € [0,b].
i=1

We establish the existence results for the problem (1.1)-(1.2) when the right-hand
side is convex as well as when it is non-convex valued. Our approach is based on
appropriate fixed point theorems, namely the Bohnenblust-Karlin fixed point theorem
for the convex case and the Covitz-Nadler for the nonconvex case. This approach
is now standard, however its utilization is new in the framework of the considered
integral inclusions.

2. PRELIMINARIES

In this section, we introduce notations, definitions, and preliminary facts which are
used throughout this paper. By C(J) we denote the Banach space of all continuous
functions from J into R™ with the norm

[wlloo = sup w(z,y)l],
(zy)et
where ||.|| denotes a norm on R™. Also, C' := C([—€,a] x [—pu,b]) is a Banach space
endowed with the norm
lwlle = sup lw (@, y)ll.

(z,y)€[—¢€,a]x[—p,b]

Let L'(J) be the space of Lebesgue-integrable functions w : J — R™ with the norm

a b
ol = / / (e, y)lldyds,
0 O
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and L°°(J) be the Banach space of measurable functions u : J — R™ which are
essentially bounded, equipped with the norm

|ullL = inf{c > 0: ||u(z,y)| < ca.e. (z,y) € J}.

Definition 2.1 (|31]). Let r = (r1,72) € (0,00) x (0,00), & = (0,0) and u € L'(J).
The left-sided mixed Riemann-Liouville integral of order r of u is defined by

A - [ yx—s’“*l — )2 (s s
(Ti)) = T30 / / (= )7~ — 1) u(s, )deds,

where I'(+) is the (Euler’s) Gamma function defined by I'(§) = [#*~te~tdt, £ > 0.
0

In particular,

z Y

(Igu)(z,y) = u(z,y), (Igu)(z,y) = //u(s,t)dtds for almost all (z,y) € J,
00

where 0 = (1,1).
For instance, Iju exists for all rq,rs € (0,00), when u € L*(J). Note also that
when v € C(J), then (Iju) € C(J), and moreover

(Lyu)(x,0) = (Igu)(0,y) =0, x€[0,a], y €[0,b].
Example 2.2. Let \,w € (—1,00) and r = (r1,72) € (0,00) x (0,00), then

ITZL'A w o F(1+)‘)F(1+w)
Y T AN+ )+ w + 7o)

My 2 for almost all (z,y) € J.

Let (X,] - |)) be a Banach space. Denote Py (X) = {Y € P(X) : Y is closed},
Pra(X) ={Y € P(X) : Y is bounded}, P, (X) = {Y € P(X) : Y is compact} and
Pep,ev(X) ={Y € P(X) : Y is compact and convex}.

Definition 2.3. A multivalued map T : X — P(X) is convex (closed) valued if T'(x)
is convex (closed) for all z € X. T is bounded on bounded sets if T'(B) = U,epT (z) is
bounded in X for all B € Pya(X) (i.e. sup,ep supyer(y) [lyll < o0). T'is called upper
semi-continuous (u.s.c.) on X if for each xy € X, the set T'(xo) is a nonempty closed
subset of X, and if for each open set N of X containing T'(z), there exists an open
neighborhood Ny of xy such that T'(Ny) C N. T is said to be completely continuous
if T(B) is relatively compact for every B € Ppq(X). T has a fixed point if there is
x € X such that x € T'(x). The fixed point set of the multivalued operator T will be
denoted by FizT. A multivalued map G : X — P, (R") is said to be measurable if for
every v € R”, the function  — d(v, G(z)) = inf{|jv — 2| : z € G(x)} is measurable.

For more details on multivalued maps see the books of Aubin and Cellina [8],
Gorniewicz [17], Hu and Papageorgiou [19], and Kisielewicz [23].
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Lemma 2.4 ([19]). Let G be a completely continuous multivalued map with nonempty
compact values, then G is u.s.c. if and only if G has a closed graph (i.e. u, — u,
Wy, = w, wy, € G(uy) imply w € G(u)).

Definition 2.5. A multivalued map F : JxR"™ — P(R") is said to be Carathéodory if

(i) (z,y) — F(z,y,u) is measurable for each u € R™,
(ii) w — F(z,y,u) is upper semicontinuous for almost all (x,y) € J.

For each u € C(J), define the set of selections of F' by
Spu ={we LYJ) :w(z,y) € F(x,y,u(z,y)) ae. (z,y) € J}.

Lemma 2.6 ([24]). Let X be a Banach space. Let F : J X X — Pep co(X) be a
Carathéodory multivalued map and let A be a linear continuous mapping from L*(J, X)
to C(J,X), then the operator

Ao Sp: C(J,X) —>7Dcpcu( (J

. X)),
U — (Ao Sp)(u) :=

(SF,u)
is a closed graph operator in C(J, X) x C(J, X).

Proposition 2.7 ([13]). Let X be a separable Banach space. Let Fy, F5 : J — Pep(X)
be measurable multivalued maps, then the multivalued map t — Fi(t) N Fa(t) is
measurable.

Theorem 2.8 ([13]). Let X be a separable metric space, (T, L) a measurable space,
F a multivalued map from T to complete non empty subsets of X. If for each open

set U in X, F~(U) ={t: F(t)NU # 0} belongs to L, then F admits a measurable
selection.

Let F': J x R™ — P(R™) be a set-valued function with nonempty values in R™.
IjF(z,y,u(z,y)) are the definite integral for the set-valued functions F' of order
r = (r1,r2) € (0,00) x (0,00) which is defined as

o F'(,y,

z y
/x—s“ Uy — )72 f(s, D)dtds : f(z,1) € Sra
T(r
) 0
Let (X,d) be a metric space induced from the normed space (X, | - ||). Consider

H;: ’P( ) x P(X) — R4 U {oco} given by
H,(A, B) = max {Sup d(a, B),sup d(Ab)} ,
acA beB

where d(A,b) = ingd(mb), d(a,B) = binlfg d(a,b). Then (Ppa,c(X), Hg) is a metric
ac S
space and (P (X), Hy) is a generalized metric space (see [23]).
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Definition 2.9. A multivalued operator N : X — P (X) is called

(a) 7-Lipschitz if and only if there exists 4 > 0 such that
Hy(N(u),N(v)) <~d(u,v) foreach wu,ve X,

(b) a contraction if and only if it is v-Lipschitz with v < 1.

Lemma 2.10 ([12], Bohnenblust-Karlin). Let X be a Banach space and K €
Peieo(X) and suppose that the operator G : K — Py oo (K) is upper semicontinuous
and the set G(K) is relatively compact in X. Then G has a fixed point in K.

Lemma 2.11 ([16], Covitz-Nadler). Let (X,d) be a complete metric space. If
N : X — Py(X) is a contraction, then N has fized points.

3. EXISTENCE OF SOLUTIONS

Let us start by defining what we mean by a solution of the problem (1.1)—(1.2).

Definition 3.1. A function u € C is said to be a solution of (1.1)—(1.2) if there exists
an essentially bounded function f € Sg,, such that u satisfies the equation

m

u<x7y) = sz(x,y)u(x - €i7y - :ui) + (Igf)(.’ll‘,y)

on J and condition (1.2) on J.

Set

B= max { sup |bi(z,y)[}.
1=1,..., m (zy)eT

Theorem 3.2 (Convex Case). Assume that the following conditions hold:

(Hy) The multifunction F is Carathéodory,
(H3) There exists a non-negative function h € L (J) such that

|F(z,y,0)llp < h(z,y), ae. (a,y) € J for allu € R™.

If mB < 1, then the problem (1.1)—(1.2) has at least one solution u on [—&, a] X [—u, b].

Proof. Transform the problem (1.1)—(1.2) into a fixed point problem. Consider the
multivalued operator N : C'— P(C') defined by

@(x,y), (xvy) € j
N(u)(z,y) =S g€ C:glx,y) = Zbi(x,y)u(x — &,y — )+
I3 ) (2,9), f € Spu, (,y) € J

(3.1)
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Since the selection function f is essentially bounded, the operator N is well defined,
that is, maps C into P(C). Clearly, the fixed points of N are solutions to (1.1)—(1.2).
Let h* = ||h|| L,

a™ b h*
= d
R maX{H I, {a mB)F(1+T1)F(1+T2)}’

and

Br={ueC:|ullc <R}

Clearly, Bg is a closed, bounded and convex subset of C. We shall show that N
satisfies the assumptions of Lemma 2.10. The proof will be given by several steps.

Step 1. N(Bg) C Bg.
Let v € Br. We must show that N(u) C Bpr. For each g € N(u), there exists
f € SF. such that, for each (z,y) € J, we have

m

ool < 3 o llute =y = pol+

_ 7’1 1 _ pyra—1 -
L(r)T(r2) //x ) t) | f(s,t)||dtds <

z Yy

1
< - - o1y, p\r2—1 <
< mBlul|| + T T () //(x s) (y—1) h(s,t)dtds <
00
a™brh*
<mBR+ =R,
=m T(1+r)0(1+72)

and, for all (x,y) € J, we have
lg(a, )| < [|@]] < R.
Thus, for all (z,y) € [-€,a] X [—u,b] and g(x,y) € N(u), we get
lg(z, y)ll < R.

Step 2. N(BpR) is a relatively compact set.
We must show that IV is a compact operator. Since Br is a bounded closed and
convex set and N(Bpg) C Bg, it follows that N(Bg) is a bounded closed and convex
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set. Moreover, for 0 < 7 < zs < aand 0 < y; < ys <band u € Bg, then for each
g € N(u), there exists f € Sg,, such that, for each (z,y) € J, we have

lg(z1,91) — g(@2,92)|| <

< Z 103 (z1, y1)u(@r — &isyr — wi) = biza, yo)u(ws — & y2 — )| +

1 Y1

+f@ﬁﬂ5//mfﬂw*@r%w*—
0 0

= (z1 = )" "y = )| f (s, 1) || deds+
T2 Y2

' m / / (22 = )" " g2 = )77 f (s, 1) [dtds+
z1 Y1
1 Y2

! m /(5”2 = )" g2 =0T (s ) [deds
0y
T2 Y1

' W/ / (22 = )" 7 (g2 =) (5, 1) dids <
z1 O

< BZ Ju(@r — &yyr — i) — u(@2 — &y 92 — i) || +
i=1

*

GG

1,72

+ 27y — 25t yy” — 2(z2 — 1) (Y2 — v1) ")

71 + 21.21 (y2 _ yl)r2+

As 1 — x5 and y; — yo, the right-hand side of the above inequality tends to zero.
The equicontinuity for the cases 1 < 20 < 0, y1 < y2 < 0 and z1 < 0 < z9,
y1 < 0 < yo is obvious. An application of the Arzela-Ascoli Theorem yields that N
maps Bg into C' a compact set in C, that is N : B — P(C) is a compact operator.
Thus N(Bg) is relatively compact.

Step 3. N is upper semi-continuous on Bp.
Let w, — s, hy € N(u,) and h,, — h,. We need to show that h, € N(u,).
hy, € N(u,) means that there exists f, € Sg,,, such that

hn(2,y) = ®(x,y), (z,y) € J,
= bz, Y)un(z — &,y — pi)+
i=1

T Y
+r<mr<r2>0f [(@= sy Ny =0 fuls s, (2,9) €.
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We must show that there exists f, € Sp,, such that

h*(:r,y) = (I)(xay)v (xvy) € Ja

Now, we consider the linear continuous operator

A L=([=€ 0] x [=p, b)) — €,
fr—= Az, y)

such that
A(f)(2,y) = (2, y), (z,y) € J,
A(f)(.]f, y) = Zbl z, y)u*(x - gia Y- M1)+
i=1
Ty
+m Ofof(x — )Ty — )27 f(s, t)dtds,  (x,y) € J.

From Lemma 2.6, it follows that A o Sp is a closed graph operator. Clearly, for each
(z,y) € J, we have

’ lhn(f&y) - ibi(% Y)un(z — &,y — /Ji)] -
i=1
— lh*(x,y) — zm:bz(x,y)u*(m — &y — ,ul)] H —0 as n— oo
i=1
Moreover, from the definition of A, we have
b (2, y) — ibz(x,y)un(x =&,y — i) € AMSFu,)-
i=1

Since u,, — uy, it follows from Lemma 2.6 that, for some f, € A(SF,. ), we have

m

he(@,y) =Y bi, y)u (e — &,y — ) =
=1

1 “ PR .
—F(rl)wo/o/(w—S) (y —t)"2 7" f.(s, t)dtds.

From Lemma 2.4, we can conclude that N is u.s.c.
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Step 4. N has convex values.
Let w € C and g1, g2 € N(u), then there exists f1, fa € S, such that

=1

Let 0 < ¢ < 1, then for each (z,y) € J, we have

o1+ (1= Qgal(w,y) = Y bilw, y)[Culz — &,y — i) + (1 — Qule — &,y — )|+
=1
+L[CHh+ A= Qfl(zy) =
= Zbi(x, yu(x — &,y — ) + 15[Cfr + (1= O f2](z,y),

and for each (z,y) € J, we have [Cg1 + (1 — O)ga](z,y) = ®(z, 7).

The convexity of Sg,, and F(x,y,u) implies that [(g1 + (1 — {)g2] € N(u). Hence
N (u) is convex for each u € C. As a consequence of Lemma 2.10, we deduce that N
has a fixed point which is a solution for the problem (1.1)—(1.2). O

Theorem 3.3 (Non-convex Case). Assume that the following conditions hold:
(Hs) The multifunction F : J x R™ — P.,(R™) has the property that

F(-,-,u) : J = Pep(R™) is measurable for each u € R™,
(H4) There exists a non-negative function m € L (J) such that

Ha(F(x,y,u), F(z,y,v)) <m(z,y)|u— vl for every u,v € R",

and
d(0, F(z,y,0)) < m(z,y) a.e. (z,y) € J.

If

By e (3.2)

m :
F(1+T1)F(1+T2) ’

where m* = ||m| L, then the problem (1.1)~(1.2) has at least one solution on
(=€, a] x [—p, b].

Proof. For each u € C the set Sp, is nonempty since by (Hs), F' has a nonempty
measurable selection (Theorem 2.8). We shall show that N defined in Theorem 3.2
satisfies the assumptions of Lemma 2.11. The proof will be given in two steps.
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Step 1. N(u) € Py(C) for each u € C.
Indeed, let (gn)n>0 € N(u) such that g, — g. Then, ¢ € C and there exists
fn € SF such that, for each (z,y) € J,

gn(z,y) = (2, y), (z,y) € J,
gn(,y) =D bi(x, — &y — )+
=1

Ty
AR VN ) Of{ z— )y — )2 (s, t)dtds,  (w,y) € J.

Using the fact that " has compact values and from (Hy), we may pass to a subsequence
if necessary to get that f,,(-,-) converges to f almost everywhere on J. Using (Hy) we
have for a.e. (z,y) € J

[fu(z,9)| < m(z,y)llufloc +m(z,y), neN.
The Lebesgue dominated convergence theorem implies that
lfr—fllzr =0 as n— oo.

Hence f € Sg,. Then, for each (z,y) € [—&, a] X [, b], gn(z,y) — g(x,y), where

g(m,y) = (I)(x’y)7 (xvy) €J,
gly) = D_biw yule - &y — p)+

zy
+m Of{(w — )y —t)"2 (s, t)dtds,  (z,y) € J.

So, g € N(u).

Step 2. There exists v < 1 such that Hy(N(u), N(v)) < v|ju — v||¢ for each u,v € C.
Let u,v € C and g € N(u). Then, there exists f € Sg,, such that

9(z,y) = @(z,y), (z,y) € J,
g(z,y) =D bi(z, y)ule — &,y — m)+
=1
Y
+F(r1)1“(r2) g‘bf T — 5 Tl 1 y - t)T271f<87t)dtd5a (l'vy) €J

From (H,) it follows that

Hy(F(x,y,u(z,y)), F(z,y,v(x,y))) < m(z,y)|lu(z,y) —v(z,y)].

Hence, there exists w € Sf, such that

1f (2, y) = w(z, y)l| <m(z,y)lu(z,y) =@ y)l, (z,y) €]
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Consider U : J — P(R™) given by

U(z,y) = {w(z,y)|w: J — R" is Lebesgue integrable and
1f (@, y) —w(z, y)ll < m(z,y)llu(z,y) —v(z,y)ll}

Since the multivalued operator U(z,y) N F(z,y,v(r,y)) is measurable (Proposi-
tion 2.7), there exists a function f(z,y) which is a measurable selection for U. So,
f(z,y) € Sp., and for each (z,y) € J,

Let us define

ﬁ(x,y) = @(l‘,y), (:c,y) € Ja
glo,y) = D_bi(ey)o(@ = &y — pi)+

Ty .
+ TG Jof(f” —8)"y =) (s, t)dtds, (x,y) € J.

Then, for each (z,y) € [—€,a] x [—u, b], we get

i=1

1 i r—g ri—1 _ p\r2—1
*rwnmm>J!k ity — e x

x ||f(s,t) — f(s,1)||dtds <
< mB|u—vllc+

+Fm$Wﬁ!Z@_QMA@_WT&

x m(s,t)||lu —v||cdtds <
a™ b
LA+ )l +72)

B m*a"b"?
- (m AT r2)) lu = vlle-

<mBlu—v|c +m*

[u—vlc=

Thus, for each (z,y) € [—¢,a] X [—u, b], we get

* lerz
gmcs<mB+ m’a )uwo
1"(1 + rl)l"(l + TQ)

By an analogous relation, obtained by interchanging the roles of v and v, it follows
that

HAN (). N () < (B -+ S = ol
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So by (3.2), N is a contraction and thus, by Lemma 2.11, N has a fixed point u which
is a solution to (1.1)—(1.2) on [=¢,a] x [—wu, b]. O
4. AN EXAMPLE

As an application of our results we consider the following system of fractional integral
inclusions of the form

3 4,2 1
uleg) ~ “lute 1y -3+ " (a2 )+
8 12 4 (4.1)
1 3
+ ﬂu(x A 2) € IjF(z,y,u) if (x,y)eJ:=][0,1] x0,1],
u(z,y) = ®(z,y) if (z,y) € J:=[-2,1] x [-3,1]\(0,1] x (0,1], (4.2)
where m =3, r = (%,é) ,
erty ea:+y(]_ + |'LL|):|
F(x,y,u) = , a.a. (z,y) € J and for all u € R,
(@ 9,u) [2+|u 21 [u| @)
and @ : J — R is a continuous function satisfying
1 3 1 3
o(@,0) = —o(v-2,-2), o0y =0(-5y-2) zyel (13
Notice that condition (4.3) is satisfied by ® = 0.
Set 5 o
_ _7 _ L
bl(x7y) - ) ’ bg(l',y) - 12 ° bg(SC,y) - 14°

Then, B = % and

|F(z,y,u)|| < e” Y for a.e. (z,y) € J and all u € R.

It is clear that F' is Carathéodory, hence condition (Hy) is satisfied. Also, condition
(Hz) holds with A* = €%, and we have mB = 3 < 1. In view of Theorem 3.2, the

)

problem (4.1)—(4.2) has a solution defined on [—2, 1] x [-3, 1].
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