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Abstract. This article presents some results about sevas#liai valuation rings with
a common skew field of fractions. They are obtaifien the approximation theorem
for discrete valuation rings. These results give plossibility to solve basic mixed matrix
problems for such rings. We present the solutiosashie mixed flat matrix problems over
several district valuation rings with common skes¥df of fractions.
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1. Introduction

In this paper we present the solution of some basked flat matrix problems
over several discrete valuation rings with a commskew field of fractions.

Let O be a discrete valuation ring with a skew field figfctions D. Recall
that a right elementary row operation orin an arbitrary matrix is one of the
following:

(i) interchanging of two rows;
(i) multiplying a row by a nonzero scalar (i.e. @ement oD);
(iii) replacing a row by itself plus a scalar mplé of another row.

Analogously there can be introduced the Rfélementary column operations.
In a similar fashion we can introduce rigbtelementary row transformations and
left O-elementary column transformations.

Let {O} be a family of discrete valuation rings (not ngsary commutative)
with Jacobson radical (i = 1, 2,...,k) and a common skew field of fractiobs

Assume thatA is an indecomposable semiperfect ring with a demomition
of the identity into a sum of pairwise orthogorddrinpotents

1=f+fH+.. . +f, D

such that the two-sided Pierce decompositioA bés the following form:
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A=[] fAf (2)
ij=1

where f Af, =H, (O) fori=1,2,...,k fiAf; =D for j =k+1, ..., n; and A; = fiAf
is an @, Aj)-bimodule, for, j =1,2,...,n.

Consider the main flat matrix problem associatethwai ring A given by (2)
of the following form.

Main mixed flat matrix problem

Given a block matrix :

Tll le Tln
Til Tij Tin
Tor | oo | Toj | oo | Ton

partitioned inton horizontal and vertical strips so that a bloEk has elements
in f;Af, andT; has elements ifiRf fori,j = 1,...,n.

Reduce the matriX to a block-diagonal form with indecomposable bbkck
by means of admissible transformatidns- UTV, whereU = (U;), V = (V) are
block unsingular matrices, and};, V; are square invertible matrices with entries
in fAf (i = 1,2,...,n).

Definition 1.1. The vector of the form:
d=d(T) = (dy, da, ...,dn; d*, d?, ..,d"), 3)

whered; is the number of rows of theh horizontal strip of, andd' is the number
of columns of thea-th vertical strip ofT fori=1,2, ...,n is called thedimension
vector of a stripped matriX

dim(T) = znjdj +idi (4)
j=1 i=1

Definition 1.2. We say that a mixed flat matrix problem with a mxafl is of
bounded representation type if there is a constar@ such that dim[) < C for all
the indecomposable matricés Otherwise it is of thenbounded representation

type.
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The solution of a mixed flat matrix problem in tbese of one discrete valuation
ring and its skew field of fractions was considel®dA.G. Zavadskij and U.S.
Revitskaya in [1]. Earlier similar problems weradied in [2-5].

We now describe briefly the contents of this papeiSection 2 we present the
main notions and results concerning valuationssandattures of (noncommutative)
discrete valuations rings (DVRs). Section 3 considbe approximation theorem
for DVRs and presents some important corollariesclwvimakes it possibile to
solve basic mixed flat matrix problems. Using thessults in Section 4 we give
the solutions of some basic mixed flat matrix peol over several distinct
discrete valuation rings and their common skewdfiel fractions. These matrix
problems arise in connection with problems in #ygresentation theory of rings.

We use the main notions and results from [6, 7].

All rings considered in this paper are assumedetagsociative with £ 0 and
all modules are assumed to be unital.

2. Valuations and noncommutative DVRs

In this section we recall some main notions andlte$rom the theory of valua-
tions for noncommutative rings. First noncommuatixaluation rings were con-
sidered and studied by O.F.G. Schilling in [8]. ®@elwe give the main notions
of a valuation and a valuation ring of a divisiamgr They are the generalizations
of the concepts for commutative case which werst fintroduced and studied
in 1932 by W. Krull [9].

Definition 2.1. [8] Let G be a totally ordered group (written additively)Xtwvorder
relation= . Add toG a special symbab such thak + oo = o0 + x =0 for all x I G.

Let D be a division ring. Avaluation on D is a surjective map: D - G [0 o

which satisfies the following:

1) v(X) <

2) v(X) = ifand only ifx =0

3) V(xy) =V(x) +V(y)

4) v(x +y) =2 min(v(x), V(y))

for all x,y O D.

Definition 2.2. [8] A subringR of a division ringD is called thevaluation ring
(=non-commutative valuation ring) of D if there is a totally ordered gropand
a valuationv: D - G [0 o of D such that

R={x0OD:vx) =0} (5)

In his paper [8] O.F.G. Schilling introduced thepmntant notions of invariant
valuation rings and total valuations rings and eysttically studied them.
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Definition 2.3. [8] A subringR of a division ringD is calledinvariant of D*
if dRd*=R for anyd O D*. A subringR of a division ringD is called atotal
valuation ring if d* O R for anyd O R.

The next theorem shows that the notions of valnatings of division rings
and total valuation rings are equivalent.

Theorem 2.4. [8] Let R be a subring of a division rir@. Then the FCAE:
1) Ris a valuation ring oD with respect to some valuatieronR;
2) Ris invariant total valuation ring @.

Similar to the commutative case we can introdueenttition of discrete valuation
rings for noncommutative case. In the literaturevats defined by many different
ways. Below we give the definition of DVR followirig O.F.G. Schilling.

Definition 2.5. [8] A subringO of a division ringD is called the (honcommutative)
discrete valuation ring (DVR for short) if there is a (discrete) valuatiarD - Z
of D such that

O={x0OD:v(x)=0}. (6)
The basic properties of DVR’s are presented irfalewing proposition.

Proposition 2.6. [10] Let O be a DVR of a division rin® with respect to a valua-
tionv. Lett be a fixed element @ with v(t) = 1. Then
1) Ois a local domain with the nonzero unique maximeal

M={xOO:v(x) >0}
2) Any nonzero elementd O has the unique representation in the form
x =t"u=wt"

for someu,w [0 O*, andn 0 Z, n > 0.
If D is a division ring of fractions o& then any element] D* has the form
y =t"u=wt" for someu,w 0 O*, andn 0 Z.
3) Any one-sided idedl of O is a two-sided ideal and has the farmt"O = Ot"
forsomendZ,n= 0, i.e.Ois a principal ideal ring. In particuldy] =tO = O,
andl =M"=t"O =0t".

4) (\M' =0, whereM is the unique maximal ideal @f.
i=0

5) Ois a Noetherian uniserial ring.

6) O is a hereditary ring.

As we mentioned above there were a few differerfindiens of DVRs.
The following statement shows that all these dadéing of DVRs are equivalent.
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Proposition 2.7. [10] The following statements for a rit@are equivalent.
1) Ois a DVR.
2) Ois a local ring with nonzero maximal idedlof the formM =tO = Ot, where

t 0 Ois a non-nilpotent element, afidM "' =0.
i=0

3) Ois alocal principal ideal domain which is notigislon ring.

4) O is a Noetherian local ring with nonzero maximatatiwhich is two-sided
and principal.

5) O is a right (left) Noetherian local ring with nomaemaximal ideaM of the
form M =tO = Ot with a non-nilpotent elememnt] O.

6) O is a Noetherian non-Artinian uniserial ring.

7) Ois a Noetherian valuation ring.

3. Approximation theorem for DVR

The approximation theorem is a basic tool for wogkvith several valuation
rings over a given skew field. In this section wasider the approximation theorem
for noncommutative DVRs and obtain some corollafiem this theorem. In [11]
H.H. Brungs and J. Gréter introduced the followgeneral notion of a valuation
on a skew field:

Definition 3.1. [11] Let D be a skew field an@\, a totally ordered set with largest
elementB. A mappingv: D —» W, is called avaluation of D if for all x,y,zO D
the following conditions hold:

() v(x) =6 if and only ifx = O;

(i) v(x+y) 2 min{ v(x), v(y)};

(iii) v(x) = v(y) impliesv(zX) = v(zy).

This valuation defines the subring
B,={xOD:v(x)=v(1)} (7)
which is a total ring in the sense thdfl B, impliesx™ 0 B, for eachx [ D.

Note that if in the definition above the conditidhis changed by
(iv) v(xy) = Vv(x) +Vv(y)
providedW)\68 = G is a totally ordered Abelian group (written addbtiy) we obtain
the definition of a valuation which was first pregeal by Schilling in [8].

J. Grater in [12] introduced the important notidradocally invariant ring.

Definition 3.2. [12] Aring Ris calledright locally invariant if for each right ideal
| of R
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JI ={xOR|h,ON, x™ O} (8)
is a completely prime ideal.

The following theorem gives the characterizatioriozfally invariant valuation
rings.

Theorem 3.3. [13, Theorem 3.1] A chain domaRis locally invariant if and only

if any one of the following equivalent conditiorsssatisfied:

1) Na"R is a two-sided ideal for argyJ R.

2) R& O aRforanyaOR.

3) VI ={xOR|Ch, ON, x™ 01} is a completely prime ideal for every right ideal
linR.

4) Between any two prime ideals®there is another two-sided idealRf

5) xP(X) = P(X)x for anyx O R andP(x) the minimal completely prime ideal &
containingx.

From this theorem it immediately follows the follmg result:

Corollary 3.4. Any discrete valuation ring@ of a division ringD (in sense
of Definition 2.5) is locally invariant.

In [12] J. Gréater proved the approximation theorfam total valuation rings
of a skew field when these rings are locally inaati Here we give this theorem
following to [13]. We need some definitions whiclens introduced in this paper.

Let By, B, be valuation rings of a skew field. Then there exists a minimal
valuation ringB, , of D containing bothB; andB,. The right ideall; of B; and
the right ideal, of B, are compatible if;B, , = 1,B; ». If in addition,ay, a; [ D then
ay, ap, 11, 1, are calleccompatibleif a;- a, 0 1,B; 5 =1,B; 5.

Theorem 3.5. [13] (Approximation Theorem).
Let By, ..., B, be valuation rings of a skew field and assume th&; is locally
invariant fori = 1,...,n— 1. Letg; O D fori = 1,...,n and letl; be a right ideal oB;

such thata;, g, |;, |; are compatible for every j O {1,..., n}. Then there exists
anx O D with

Xx—ag Ol 9)
fori=1, ...n.

This theorem holds for valuation rings in finiterginsional division algebras.
Let By, B, be discrete valuation rings Bf. Since any discrete valuation riy
of D is a maximal valuation ring iD, thenB, ,= D. Thereforel,B,, = 1,B; , for
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each ideal; of B; and each ided} of B,, and s, a,, |1, |, are compatible for any
elementsy,, a, 1 D and any idedl; of B;, any ideal, of B..

Taking into account that any discrete valuatiorgria locally invariant we
immediately obtain the following corollary from Tévem 3.5, which is an approxi-
mation theorem for discrete valuation rings.

Corollary 3.6. (Approximation Theorem for DVRS) L&, ... ,O, be distinct dis-
crete valuation rings of a skew field of fractidds Then for any elements 00 D
and ideald; of O;fori =1, ...,n there is an elememtd D such that

Xx—g Ol (20)

fori=1, ..,n.

Proposition 3.7. Let O;, O, be distinct discrete valuation rings in a skewdfie

of fractionsD. Then

1. D= Ol + 02.

2. There exist elements; (1 M;\M,? and 1, (] O,*. Analogously there exist ele-
mentsT, [ MA\M,? andTp, [ O;*.

3. D* = Oy [Oy*.

Proof.

1. Putl;=0, 1,=0, a4 =d 0D, a, =0 in Corollary 3.6. Then there exist ele-
mentsx O D thatx—d 0 O, andx 0 O,, i.e.x—d=4a, x=b. Sod =b —a, where
bO 0O,,all0.

2. Putl, =M% 1, =M,, a, O M;\M;? &, = 1 in Corollary 3.6.

3. This follows immediately from Theorem 2.6 (3).

Proposition 3.8. Let O;, O, be distinct discrete valuation rings in a skewdfie
of fractionsD and A =0O; n O,. Then there exists an elementixD such that
x"0 Aandx" 0 Afor anyn O N.

Proof. Suppose thad is a total valuation ring ob. Then by [14, Corollary 1.3]
subrings oD containingA must be totally ordered by inclusion. Sir@eld O, and
O, O O, we have a contradiction.

ThereforeA is not a total valuation ring and so by definitihrere exists and
elementx 0 D such thak 0 Aandx™ O A.

Suppose there existsl N such thak" 0 Aor x" 0 A. Sincex"d A, x"0 O, and
X" 0 O,. Thereforev;(X") = nvy(x) = 0, which implies thaty(x) = 0, that isx O O.
Analogouslyx O O,, that is,x [0 A. A contradiction! In the same way we can show
thatx™ 00 A for anyn OO N.
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4. Some mixed matrix problems

In this Section we give the solution of two mixe@tnx problems. Consider
the first one.

Matrix problem |

Let O;, O, be a district valuation rings of the division riBg Given a matrixT
with entries inD it is possible the following admissible transfotioas:
1) left O, - elementary transformations of rows of the matrix
2) rightO, - elementary transformations of columns of the maift
Find all indecomposable matrices.

Lemma4.1. The matrix problem | can be reduced by admisgifalesformations to

the following form:
I O
T= 11
ool ay)

Proof.
1-st step.

Let M; be a maximal ideal of a rinQ;. By Proposition 3.7 there exists an ele-
mentry, O M{\M,? andty O O,*. Analogously there exists an elemeatd] M,\M,?
andT[2 0 Oq*.

So that any element D can be written in the different forms= " = nm"
andx =" "u =&, wheree, n 0 O* and, € 00 Oy. Thenvy(x) =n andvy(x) =m.

Pick out in the matrixl an elemenk = "4 0 D such thatv,(x) is minimal
among all elements &f and put it in the place (1,1). Multiplying thedfircolumn
of this matrix onp‘l 0 O,* we obtain thaty; = ™. By this element we can make
all elements in the first row to be zero using ttesformations on the columns.
So we obtain the equivalent form of the matrix:

|y O
) .

Since " 0 O,*, multiplying the first row by " [0 O.*, we can reduce
the matrixT to the following equivalent form:

T {1 ?j (13)

Applying this procedure to the matrik; we obtain the following equivalent
form of the matrixT:
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10 0

T, O 1 0
T=| 2 , where T,=| . " . : (14)

* 0O S

* * * l

Since O, + O, =D, then for any nonzero elemextt; 0 T, with i >j there
exist elementa [0 O; andb [0 O, such that x = a + b. So by transformations
on thei-th row and thg-th column of T, we can make this element to be 0.
So we reduce the matrix to the following equivalent form:

J1 o
T{TB o} (15)

wherel is the identical matrix.

2-nd step.

Let elements oT ; have formt; with i = k. We pick out in the matriX; an ele-
menty [0 D with minimal v;(y) for all elements ifT; and put it in the placel).
Let y=T". If n>0 then by the element; =1 we can make all elements zero
below the elemeny in the 1-st column. So we obtain the indecompesaliiect
summand ofl of the form (1). So we can assumg) =n< 0.

Thereforey™ [ O,. By the row transformations dfs we can make all elements
zero below the elementin the 1-st column. SinqélD O; we can add thk-th row
of T to the first row of it. Then we obtain in the rethg matrix the elemers;; = 0
andvy(ay) >0 for allj> 1 sincevl(y‘]tk,-) > 0 owingvy(y) is minimal. Then using
the elements; = 1 fori = 2, ...,.k—1 we reduce our matrix to the following form:

| X O | X O ly *
T—{Y O} WhereT—{Y O} andY{O *}. (16)

Since elemeny 0 D can be represented in the fognx ab, wherea 0 Oy*,
b 0 O,*, then multiplying the 1-st column by™* and thek-th row bya™ we can
make the elemeny; to be 1, i.e. we obtain:

X O 1 =
= S= . 17
T {S O}’ where {O Mj a7

Now all elements in thé&-th row we can make 1, sin€; + O, =D. So we
obtain the decomposition of matfix

|10 |1 O
T{ } whereA—L\/|3 O}' (18)
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Since the dimension of the matrM; is smaller than the previous matrix,
by mathematical induction we obtain that the mafrigan be reduced to the form
(11), as required.

Matrix problem I1

Let O,, O, be a distinct discrete valuation rings of the camndlivision ring
of fractionsD. Given a matriXT with entries inD with the following admissible
transformations:

1) leftO;n O, - elementary transformations of rows of the matrix
2) rightD - elementary transformations of columns of the it
Find all indecomposable matrices.

Lemma 4.2. The matrix problem Il is of unbounded represeatatype.

Proof.

By proposition 3.8 there exists an elemeri D such thatx" JA and x" O A
for anyn O N, whereA=0;n O..

Then the matrix of the following form:

1 0 --- 0]

01 ---0
T=|: @ . (29)

0 1

2 Xn

is indecomposable under admissible transformatigrend 2) of the matrix prob-
lem Il for anyn O N.

Matrix problem 111

Let O, O, be distinct discrete valuation rings of the diersiring D. Given
a matrixT with entries inD partitioned into two vertical strips:

T =[AlA,] (20)

with the following admissible transformations:

1) O, - elementary transformations of rows of the matrix
2) O,- elementary transformations of columns of the xahs.
3) D - elementary transformations of columns of the mafs.
Find all indecomposable matrices.
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Lemma 4.3. The matrix problem Il is of the unbounded repréatan type.

Proof. By admissible transformations we can reduce ourimatroblem to the
form:

1| olo|B
T=/0l0 |0 (21)
o| o|o|o

where there are possible the following admissitdagformations:
1) left O;n O, - elementary transformations of rows of the ma;ix
2) right D - elementary transformations of columns of the mdit

Therefore we get the matrix problem Il which is anbded representation type
by Lemma 4.2.

Conclusions

In this article we consider the approximation tleeorfor discrete valuation
rings and obtain some important corollaries frons thheorem, which gives the
possibility to solve mixed flat matrix problems oweveral district valuation rings
with common skew field of fractions. We give théusion of some such mixed flat
matrix problems.
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