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Abstract. This paper is concerned with the existence results of mild solutions to the non-
local problem of fractional semilinear integro-differential evolution equations. New existence
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1. INTRODUCTION

Fractional calculus has been a mathematical topic more than 300 years. Indeed, the
concept of the non-integer derivative and integral, as a generalization of the tradi-
tional integer order differential and integer calculus, was mentioned in 1695 by Leibniz
and L’Hospital, but the first definition of the fractional derivative and integral was
introduced at the end of nineteenth century by Liouville and Riemann. The most
important advantage of fractional derivatives compared with integer derivatives is
that it describes the property of memory and heredity of various materials and pro-
cesses. In recent years, fractional differential calculus has attracted many physicists,
mathematicians and engineers. Notable contributions have been made to both the
theory and applications of fractional equations. It has been found that the differential
equations involving fractional derivatives in time are more realistic when it comes to
describing many phenomena in practical cases than those of integer order in time. For
instance, the fractional calculus concepts have been used in the modeling of neurons
[23] and viscoelastic materials [27]. Other examples from fractional order dynamics
can be found in [1,9,12,20,25,26] and the references therein.
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In this paper, we use the fixed point theorem for condensing maps to discuss
the existence of mild solutions for nonlocal problems of fractional integro-differential
evolution equations in a Banach space F
Du(t) + Au(t) = f(t,u(t), Gu(t)), teJ, (1)

u(0) + g(u) = uo, '

where D7 is the Caputo fractional derivative of order ¢;0 < ¢ <1, A: D(A)C E - FE
is a closed linear operator, —A generates an equicontinuous and uniformly bounded
Co-semigroup T'(t) (t > 0) in E, J = [0,a], a > 0 is a constant, the term Gu(t) which
may be interpreted as a control on the system is defined by

Gu(t) :== /K(t,s)u(s)ds,
0

where K € C(D,R™) (the set of all positive continuous functions on D := {(¢, s) €
R2:0<s<t}),f:JXxExE— Eandg:C(J,E) - E are given functions
satisfying some assumptions, and ug is an element of the Banach space F.

The study of abstract nonlocal Cauchy problems was initiated by Byszewski and
Lakshmikantham [8]. Since it is demonstrated that the nonlocal problems have are
better in applications than the traditional Cauchy problems, differential equations
with nonlocal conditions were studied by many authors and some basic results on
nonlocal problems have been obtained, see [2,3,6-8,10,13,17,21,22,29,31,32] and the
references therein.

To the best of the author’s knowledge, no results exist for the fractional
integro-differential evolution equation nonlocal problem (1.1) under noncompactness
conditions. For some recent and deeper results on fractional differential equations un-
der noncompactness conditions, see Bechohra et al. [5] and Fang and N’Guérékata [18].

We conclude this section by summarizing the contents of this paper. In Section 2,
we recall briefly some basic definitions, lemmas and preliminary facts which are used
throughout this article. The existence theorems of mild solutions for the fractional
integro-differential evolution equation nonlocal problem (1.1) and their proofs are
arranged in Section 3.

2. PRELIMINARIES

In this section, we review some notation, definitions and preliminary facts which are
used throughout this paper.

Let E be a Banach space with the norm ||-||. we denote by C'(J, E) the Banach space
of all continuous E-value functions on interval J with the norm |Ju||. = maxe s ||u(?)]]-
Let LP(J,E) (1 < p < +0o0) be the Banach space of all E-value Bochner inte-

grable functions defined on J with the norm ||ul|z»(7,p) = (fol ||u(t)\|pdt)%. We set
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B, ={ucC(J,E) | ||ulle <7} (r >0is a constant), B, = {u € C(J,E) | ||ull. <r}
(r > 0 is a constant), and let

G* = sup/K(t,s)ds < 00.
tes J

Definition 2.1 ([20]). The fractional integral of order ¢ > 0 with the lower limit 0
for a function f € L'(R™) is defined as

t

g Kb (O (2.1)
0

where T'(+) is the gamma function.

Definition 2.2 ([20]). The Caputo fractional derivative of order ¢ > 0 with the lower
limit O for a function f is defined as

t
DAf(t) n?q/ et (s)ds, t>0, n—1<g<n, (2.2)
0

where the function f(t) has absolutely continuous derivatives up to order n — 1.

If f is an abstract function with values in E, then the integrals and derivatives
appeared in Definitions 2.1 and 2.2 are taken in Bochner’s sense.
For u € E, define two operators .7 (t) (¢t > 0) and .#(t) (t > 0) by

T (tyu = /(q(ﬂ)T(tqé)udG, tu = q/&Cq T (t%0)udb, (2.3)
0

where 1
Go(0) = 59**”%(@*1“), (24)

1 & r 1
pu(®) = 231y om e TEED Gomg), 0 (0, 400),
n=0 '

(4(0) is a probability density function on (0, +00) satisfying

¢ (0) >0, /gq(e)de =1, /egq 11+ 5 0e (0400
0 0

Let M = sup,c(o 400y |T(t) | 2 (), where £ (E) stands for the Banach space of all
linear and bounded operators in E. A Cyp-semigroup T'(¢) (¢ > 0) is called equicontinu-
ous if the operator T'(¢) is continuous on (0, +00) by the operator norm. The following
lemma follows from the results in [15,16,30].
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Lemma 2.3. The operators J(t) (t > 0) and L (t) (¢t > 0) have the following
properties:

(1) for any fixedt > 0, T (t)(t > 0) and Z(t)(t > 0) are linear and bounded operators,
i.e., forallue FE,

17 @ull < Mllull, [ ull < mllull;

M

T(q)

(2) for every u € E, t = J(t)u and t — S (t)u are continuous functions from
[0, 4+00) into E;

(3) if T(t)(t > 0) is an equicontinuous semigroup, then 7 (t)(t > 0) and Z(t)(t > 0)
are continuous in (0,+00) by the operator norm, which means that for 0 < t' <
t" < a, we have

|7 - TE)N =0 and | L) —-LE) =0 as t"—=t.

Lemma 2.4 (Bochner’s theorem). A measurable function H : J — E is Bochner’s
integrable if || H|| is Lebesgue.

Lemma 2.4 is classical and it can be found in many books.

Definition 2.5. A function v € C(J, E) is said to be a mild solution of the fractional
evolution equation nonlocal problem (1.1) if it satisfies

u(t) = Qru(t) + Qau(t), (2.5)

where Qu(t) = 7 (t)(uo — g(u)), Qau(t) = [(t —s)T 1.7 (t — 5) f(s,u(s), Gu(s))ds

0
Next, we recall some properties of the measure of noncompactness that will be
used in the proof of our main results. Let «(-) denote the Kuratowski measure of
noncompactness of the bounded set. For the details of the definition and properties
of the measure of noncompactness, we refer to the monographs [4] and [14]. For any
Bc C(J,E)and t € J, set B(t) = {u(t) : w € B} C E. If B is bounded in C(J, E),
then B(t) is bounded in E and «(B(t)) < a(B).
Lemma 2.6 ([11]). Let E be a Banach space, D C E be bounded. Then there exists
a countable set Dy C D such that

a(D) < 2a(Dy).

Lemma 2.7 ([4]). Let E be a Banach space, D C C(J, E) be bounded and equicon-
tinuous. Then a(D(t)) is continuous on J, and

a(D) = max a(D(t)) = a(D(J)).

Lemma 2.8 ([19]). Let E be a Banach space, D = {u,} C C(J, E) be a bounded and
countable set. Then a(D(t)) is a Lebesgue integral on J, and

/un t)dt :n e N}) /a(D(t))dt.

J J
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Lemma 2.9 ([14]). Let E be a Banach space, D C E be a bounded closed and convex
setin E, Q: D — D be condensing which means that a(Q(D)) < a(D). Then Q has
a fized point in D.

Lemma 2.10 ([14]). Let E be a Banach space, Q) be a bounded open subset of E and
0 € Q. Suppose that Q : Q) — E is condensing and assume that
u#AQ(u) for wed and A€ (0,1),

hold. Then Q has a fized point in Q.

3. MAIN RESULTS

Theorem 3.1. Let E be a Banach space, A : D(A) C E — E be a closed lin-

ear operator, —A generates an equicontinuous and uniformly bounded Cy-semigroup

Tt)(t>0)nE, f:IJXxEXE—E, g:C(J,E)— E. Suppose that the following

conditions hold:

(H1) for each t € J, the function f(t,-,-) : E x E — E is continuous and for each
(z,y) € E x E, the function f(-,x,y) : J — E is Lebesque measurable;

(H2) there exist a constant q¢1 € (0,q) and a positive function m € Li(J, R) such
that
Il f(t,u,0)|| <m(t) foru,v e Eandt € J,

(H3) g : C(J,E) = E is continuous and there exist constants K > 0 such that for
any R >0 L
lg(w) = g()I| < Kllu—vllc  for allu,v € Bg;

(H4) there exist constants Ly, Ly > 0 such that
a(f(t,D1,D2)) < Lya(D1) + Laa(D32)  for allt € J and D1,Ds € E.

Then the fractional integro-differential evolution equation nonlocal problem (1.1) has
at least one mild solution in C(J, E) provided that

2(L1 + G*Lg)aq)
_ 1
I'(g+1)

Proof. For any positive constant R and u € Bg, since u(t) and Gu(t) are continuous
int, f(t,u(t), Gu(t)) is a measurable function on J according to condition (H1). Let

2M<K + (3.1)

_ g1
1—q

-1 = .
“ € (10) M= ml

By using Hoélder’s inequality and condition (H2), we obtain
t t
1 q-1 1-q1
It = )"~ f (s, u(s), Gu(s)ds < ([ (6= )%rds) " liml| &
0 0
M,

< (I+g2)(1—a1)
T (T4 gt n ¢
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By Lemma 2.3 (1), we have

t
(s — My M (1442)(1-a1)

b/ |t —s)T 22 (t —s)f(s,u(s), Gu(s))|lds < T+ ) a . (3.3)
Thus, ||(t—s)" 2.7 (t—s) f(s,u(s), Gu(s))| is Lebesgue integrable with respect to s €
[0,¢] for all t € J. From Lemma 2.4 it follows that (t — s)971.7(t — s) f (s, u(s), Gu(s))
is Bochner’s integrable with respect to t € J.

We now consider the operator @ : C(J, E) — C(J, E) defined by (2.5). It is easy to
see that the fixed point of @ is the mild solution of the fractional integro-differential
evolution equation nonlocal problem (1.1). Therefore, the existence of a mild solution
of (1.1) is equivalent to determining a positive constant Ry such that @ has at least
one fixed point on Bg,.

Indeed, by choosing

R — M(uoll + 9(0)]) My Ma(+a)(1=a)
’ 1- MK (1 - ME)T(q)(1 + go) 1=

we can prove that @ has at least one fixed point on Bg,. Our proof will be divided
into three steps.
Step 1. The operator Q : Bg, — Bp, is continuous.

For any u € Br, and t € J, by using (3.3) we have

1Qut)[| < |7 () (uo — g(w))I| + / [t = $)*=LF(t = 5)f(s,u(s), Gu(s))||ds
0

MM -
< M(Jluoll + Kllu = Olle + l9(O)) + : atraiza)

(@)1 +g)' o

MM _
<M + KRy + ||lg0)|) + =—————allt)(-a)
— (HUUH 0 ||g( )”) F(q)(1+q2)1—q1a

= Ry.

Hence, [|Qu|. < Ry for every u € Bp,.
For all u,,, u C Br,, n=1,2,... with lirf llun, — ullc = 0, we get that
n—-+0o0

lim w,(t) =wu(t), forallteJ

n—-+o0o

Thus, by condition (H1) we have that

lim f(t,un(t), Gun(t)) = f(t,u(t), Gu(t)) forallte J

n—-+oo

So, we can conclude that

31611]) IIf (¢t un(t), Gun(t)) — f(t,u(t), Gu(t))|| — 0 as n — +oc.
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On the other hand, for t € J

|Qun(t) — Qu(t)||
< M||g(un) — g(u)]|

+ / It = )17 (t = 8)[f(5,un(s), Gun(s)) — f(s, uls), Gu(s))]|lds
0

< MK”un - UHC + m 31619 ”f(tvun(t)v Gun(t)) - f<t7 u(t>7 Gu(t))”v

which implies
|Qup — Qullc < MK|luy — ullc

+

Mal
F(l + q) ilelg ||f(t7un(t>7 Gun(t)) - f(t’ u(t>7 Gu(t))”

Hence,
IQun — Qullc = 0 as n — +oo.
This means that the operator ) : Br, — Bpg, is continuous.

Step 2. The operator Q : Br, — DBpg, is equicontinuous, which means that
|Qu(t2) — Qu(ty)|| tends to 0 as ta — t; for any u € Bp,.
For 0 <t; <ty < a, we can get that

[(Qu)(t2) = (Qu)(t1)]l
< |7 (t2) (uo — g(u)) = T (t1)(uo — g(w))]|

+ H /2(152 — 8)I7 S (ty — 5) f(s,u(s), Gu(s))ds
0

ty

- /(t1 )L (0 — )7 (5, uls), Gu(s)ds
0
< |7 (t2)(uo — g(u)) — T (t1)(uo — g(u))||
+ /(t2 — )T Sty — 8) (s, uls), Gu(s))ds”
]| [l =9t = 1= 717 12 = )15, u(o), Gt
0
n /(tl — TSty — ) — S (t) — s)]f(s,u(s),Gu(s))dsH
0
=L +1+ I3+ 14
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where

I = (|7 (t2)(uo — g(u)) = T (t2)(uo — g(w))l,

)

I = H / (ts — 8)9" L. (ts — ) f(5,u(s), Gu(s))ds

I3 = H /1[(152 —5)T7 = (t1 — 8)T S (t2 — ) f(s,u(s), Gu(s))ds||,
0

I = H /(tl — TSty — 8) — (1 — s)]f(s,u(s),Gu(s))dsH.
0

We now only need to check that I; tends to 0 independently of uw € Bgr, when ty — 1,
i=1,2,3,4. For I, by Lemma 2.3 (3), we have that

L < [[(F(t2) = T(t)uoll + (7 (t2) = T (t1))g(u)| = 0 as by — 1.

For I,

MM _
< — 1" () (te2)(-a) to — t1.
ST wohoh
For I3, by Lemma 2.3 (1), we have that

t1

fs = r]gz) (/ [(tr = 5)77" = (2 —5)"] ﬁds)hh Il 2 oy
0 .
< Fi ([ =sm == ymyas) ™
0
- #(t}ﬂz — 13T 4 (ty — ty) 1)@
- T (to — t1)HT9)=0) 5 0 as ¢y — 1.

L(g)(1+ g2)t-n
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For t; = 0, 0 < t3 < a, it is easy to see that I, = 0. For t; > 0 and € > 0 small
enough, by Lemma 2.3 (3), we know that

I < H ;/(tl ~ TSty — 5) — St — s)]f(s,u(s),au(s))dsH

ty

n H / (t1 — 8)T [ (ts — 5) — S (t1 — s)]f(&u(s%Gu(s))dsH

< / It = )77 f(s,u(s), Gu(s))llds  sup  [|#(t2 = 5) =7 (t1 = 5)| 2(m)

s€[0,t1—€]

0
oM | o
+ 2o / It — $)7 £ (s, u(s), Gu(s)) | ds

t1—e

My (t0F92) — ((+a2))l-a

su S (tg —s) — L(t1 — s
(14 g2)to se[o,tll)—e] 762 =) (=)l

2Mi M

F( )(1+ )1_q e(1+a2)(1—a1)
q q2 !

—0 as to — t1.

As a result, ||Qu(t2) — Qu(t1)]| tends to 0 independently of u € Bgr, as t2 — ti.
Therefore, ) : Br, — Bp, is equicontinuous.

Step 3. Q) : Bp, — Bp, is a condensing operator.
For all B C Bpg,, Q(B) is bounded and equicontinuous. Hence, by Lemma 2.6,
there exists a countable set By = {u, }>2; C B such that

a(Q(B)) < 2a(Q(B1)). (3-4)

Since Q(B1) C Q(Bg,) is equicontinuous, Lemma 2.7 implies
a(Q(B1)) = max a(Q(B1)(t))- (3.5)

Moreover, @; is Lipschitz continuous with constant M K by condition (H3). Indeed,
for all x,y € By, we know

@iz — Quy| = sup |7 (t)(uo — g(x)) — T (t)(uo — g())|l
< Mllg(z) — gl < MK ||z — yllc,

from this inequality and the definition of the measure of noncompactness, it follows
that
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For t € J, according to Lemma 2.3 (1), Lemma 2.8, and the conditions (H3) and
(H4), we have

a(Q(B1)(t)) = a(Q1(B1)(t)) + a(Q2(B1)(t))

< a(Q(B) +af /(t—s)q—ly(t—s)f(s,un(s),c:un(s))ds}m )

n=1

0
< MKa(By) + Z/a({t —8) 1L (t — ) f(5,un(8), Gun(s))ds}S ;)
0

< MEa(B) + s [0 =9 a({ (5,09, Gua(s)) 1) ds
0
< MKa(B) + % / (t — 5) L (Lya(By(s) + Laa(GBi (5)))ds
0
< MKa(B) + % /(t )9 (Lya(By) + Loa(GBy (s)))ds.
’ (3.7)
Meanwhile, we have
a(GB1(s)) < a(GBy) < ||G||la(By) < G*a(By) < G*a(B). (3.8)

Therefore, we know

a(Q(B1)(t)) < MKa(B) + % /(t —5)1 Y (Lia(B) + LoG*a(B))ds
QM(IZ + G*Lg)aq
T(g+1)

2(Ly + G*Ly)al

< MKa(B)+

a(B)

Form this inequality, (3.4) and (3.5), it follows that

2(Ly 4+ G*Ly)al
a(Q(B)) < 2M (K + =5 7 Ja(B)

Thus, from (3.1), we find that Q : Bg, — Bg, is a condensing operator.

Finally, Lemma 2.9 guarantees that Q) has at least one fixed point in Bg,. There-
fore, the fractional integro-differential evolution equation nonlocal problem (1.1) has
at least one mild solution. This completes the proof. O
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In the following, we give an existence result in the case that condition (H3) is not
satisfied. We need the following condition:

(H5) g : C(J,E) — E is completely continuous, and there exist positive constants
b < 1/M and d such that for any r > 0

llg(w)|| < bljulle +d for allu € B,.

The following existence result for the fractional integro-differential evolution equa-
tion nonlocal problem (1.1) based on Lemma 2.10.

Theorem 3.2. Let E be a Banach space, A : D(A) C E — E be a closed linear
operator, —A generates an equicontinuous and uniformly bounded Cy-semigroup T'(t)
(t>0)inE, f:JXxExE—=E, and g:C(J,E) — E. If the conditions (H1), (H2),
(H4), (H5) and the following inequality hold

AM(Ly + G*Ly)ad
I'(g+1)

<1 (3.9)

Then the fractional integro-differential evolution equation nonlocal problem (1.1) has
at least one mild solution in B, with v satisfying

1—bM
( M U > 1, (3.10)
M(”UOH +d+ Waqu)(kql))

where go and My are defined by (3.2).

Proof. From the proof of Theorem 3.1, we know that (t — s)9 " L.7(t —
s)f(s,u(s), Gu(s)) is Bochner’s integrable with respect to ¢ € J, and the fixed point
of operator @ defined by (2.5) is the mild solution of the fractional integro-differential
evolution equation nonlocal problem (1.1). Therefore, the existence of a mild solution
of (1.1) is equivalent to determining a positive constant r such that @ has at least
one fixed point on B,. Indeed, by choosing

q2)1—q1

1-bM ’

M (lluol| + d + it atHeni-a)
>

we can prove that Q has at least one fixed point on B,.

By using the similar method with the proof of Theorem 3.1, we can prove that the
operator @ : B, — C(J, E) is equicontinuous. Next, we prove that Q : B, — C(J, E)
is a condensing operator. For any D C B, Q(D) is bounded and equicontinuous, by

Lemma 2.7 there exists a countable set D1 = {u,,}22; C D such that

a(Q(D)) < 2a(Q(Dr)). (3.11)

Since Q(D1) C Q(B,) is equicontinuous, Lemma 2.7 implies

a(Q(D1)) = maxa(Q(Dy)(1), (3.12)
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By the conditions (H4), (H5) and a similar method with the proof of Theorem 3.1,
we get that
AM(Ly + G*Ly)al

T(g+1)
From this inequality and (3.9), we can conclude that Q : B, — C(J, E) is a condensing

operator.
Finally, let X\ € (0,1) and u = AQ(w). Then, for t € J

a(Q(D)) < a(D).

u(t) = AT (t)(ug — g(u)) + A /(t — )7L (t — ) f(s,u(s), Gu(s))ds,
0
and one has
My M

oo (I4g2)(1—qa)
Mot gra®

[u@I < M(Jluoll + br + d) +

Consequently,
(1-bM)r
<1

M (Jluo |+ d + prpritigrgr ali e mo) )

Thus, by (3.10), there exists some constant r such that ||u|| # r. By the choice of
B,, there dose not exist u € 9B, such that v = AQ(u) for some A € (0,1). Thus,
we get a fixed point in B, by Lemma 2.10, which is the mild solution of the frac-
tional integro-differential evolution equation nonlocal problem (1.1). This completes
the proof. O

Remark 3.3. From [24] we know that analytic semigroup and differentiable semi-
group are an equicontinuous semigroup. In the application of partial differential equa-
tions, such as parabolic equations and strongly damped wave equations, the cor-
responding solution semigroup is analytic semigroup. Therefore, Theorem 3.1 and
Theorem 3.2 in this paper have broad applicability.
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