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The paper presents the results of research undertaken to determine maximum contact pressures, wear, and the
life of involute conical spur gear, taking into account gear height correction, tooth engagement, and wear-
generated changes in the curvature of their involute profile. Moreover, we have established the following:
(a) the initial contact pressures are higher in the internal section with double-single-double tooth engagement;
(b) the highest values can be observed at the entry of single tooth engagement; (c) the maximal tooth wear of
the wheels in the frontal section will be less than half of that in the internal section; (d) profile shift coefficients
have an optimum at which the highest gear life is possible; and (e) gear life in the internal section will be less
than half of that the frontal section. The calculations were made for a reduced cylindrical gear using a method
developed by the authors. The effect of applied conditions of tooth engagement in the frontal and internal
sections of a cylindrical gear ring is shown graphically. In addition, optimal correction coefficients ensuring
the longest possible gear life are determined.

stozkowa ewolwentowa przekladnia o zgbach prostych, korekcja technologiczna zazgbienia, naciski
kontaktowe oraz tribokontaktowe, zuzycie zgbow, trwato$¢ przektadni.

W artykule predstawiono rezultaty oszacowania maksymalnych naciskow stykowych, zuzycia oraz trwato-
$ci stozkowej przektadni o zgbach prostych z uwzglednieniem korekcji technologicznej uzebienia, parzysto-
$ci zazebienia z¢gbow oraz zmiany krzywizny ich zarysow ewolwentowych wskutek zuzycia. Ustalono, ze:
a) najwicksze poczatkowe naciski kontaktowe sa w przekroju wewnegtrznym przy realizacji zazgbienia
dwu-jedno-dwuparowego; b) najwigksze ich warto$ci powstaja na wejsciu w zazgbienie jednoparowe;
¢) maksymalne zuzycie z¢bow kot w przekroju czotowym bedzie ponad dwukrotnie mniejsze niz w przekroju
wewnetrznym; d) wspotezynniki korekeji profilu majg optimum, przy ktérym trwatos¢ przektadni bedzie
najwyzsza; e) trwalos¢ przektadni w przekroju wewnetrznym bedzie ponad dwukrotnie nizsza niz w prze-
kroju czotowym. Obliczenia przektadni stozkowej przeprowadzono jako zredukowanej przektadni walcowej
przy uzyciu metody opracowanej przez autora. Ustalone prawidlowosci wplywu wymienionych warunkow
interakcji zebéw w przekroju czotowym oraz wewnetrznym wienca kot stozkowych przedstawiono w postaci
graficznej. Ponadto okres$lono optymalne wspdtczynniki korekcji zapewniajace maksymalnie mozliwg trwa-
os¢ przektadni.

INTRODUCTION

Conical involute gears are widely used in machine
design. For a gear with no tooth profile correction,
the maximum contact pressures generated during
tooth engagement are determined in compliance with

a relative ISO standard. However, no such methods
have been developed for conical gears with corrected
tooth profiles though they are quite widespread. Also,
the methods for assessing wear and life of spur and
helical gears reported in the literature [L. 1-12] can
only be applied to gears with uncorrected profiles. But
the engagement correction provides the increase of teeth
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bearing capacity, the lessening of their wear rate, and
the increasing of transmission’s durability as a result
of teeth’s form changes while cutting. The preliminary
results of investigations conducted using methods which
take into account gear tooth correction, changes in tooth
profile curvature due to wear, and the number of engaged
tooth pairs are reported only in the works [L. 14-16].
This study was undertaken for conical gears having
teeth with involute profiles with respect to the effect
of the above factors and tooth interaction conditions
on variations in the maximum contact pressures and
tribotechnical parameters that are completely new
results for conic gears. The calculations for a conical
gear were made in the same way as for a reduced
cylindrical gear with frontal and internal modules of
conical engagement made variable over a tooth length
m. <m<m_[L. 13, 14]. To solve the problem,
we applied methods for assessing contact strength,
wear, and the life of cylindrical spur and helical gears
[L. 15-20]. This approach to the calculation of conical
gears, which are the equivalent of cylindrical gears,
completely conforms to ISO standards.

METHOD FOR SOLVING THE PROBLEM

To investigate kinetics of teeth wear in engagement,
a mathematical model of sliding tribo-process was used,
which is described with the system of linear differential
equations [L. 17].

1 dh

CTtkchklm’ k=12 (1)
where
h linear wear of material of element in the tribosystem;
t is the time of wear;
v is the sliding velocity;
®(7) function of wear resistance of the materials;
7 is the specific friction force;
k is the number of element in the tribosystem.

Experimental values of wear-resistance function
are approximated by relation

®,(1)=C, [%) | @

where

C, m, are the indicators of resistance to wear of
tribological pair materials;

T, shear strength of the material;

t=fp; 1= R2/ 23R, =07R;

f is the sliding friction factor;

p is the maximum tribo-contact pressure;

R,, conventional yield strength of the material in tension;
R, the immediate tensile strength of material.

The wear-resistance functions ®@,(t,) of teeth
materials are determined in the following way:

o(t)=L/h,

where

h. linear wear of material samples;
L friction length;

i=1,2,3, ... loading ratios.

Taking into account relation (2) after separation of
variables and system integration (1) on condition that
T = fp = const, the following will arise [L. 17]:

t, = ﬂ(r_sj k h, 3)

v T

Then the function of the linear wear of teeth in
arbitrary point j of working surface over a period of t, of
their interaction is as follows:

0 _ﬂ[ijm" @)
-
Ck TS

The linear wear of the gear teeth /4, at any point
j of the profile in the tooth engagement time ?}, is
determined using the following formula [L. 20]:

r vjt],'h (fpjhmax )mk

= 5
Y€ (0.35R, )™ ©)
where
j=0,1,2, 3..., s are the contact points of the teeth
profiles;

j=0,]=s, are, respectively, the first and last point of
tooth engagement;

Uy = 2bjh/v0 is the time of tooth wear at displacement
along the profile of a j-th contact point over the contact
area width 2bjh;

v, = v is the sliding velocity at a j-th point of the gear
profile;

Pirmax is the maximum tribocontact pressure (at tooth
wear) at a j-th contact point;

v, = o, I, sino, is the velocity of contact point travel along
the tooth profile;

o, is the angular velocity of the pinion;

r, is the pitch radius of the pinion;

a, is the pressure angle of engaged teeth.

Tooth wear causes an increase in the curvature
radii of tooth profiles, which leads to a decrease in initial
maximum contact pressures p, - and contact area width
2b; at every j-th point of contact. The values of p,
and 2bjh are calculated in accordance with the modified
Hertz equations, where the changeable in the result of
wear composite radius of curvature p, is introduced:

pjhmax = 0.5641 'N,e/pjh

(6)
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where

N’ =N/I_ w; N =9550P/#rn, cos, is the

engagement force;

P — is the power on the drive shaft (pinion);

l.,, is the minimum length of the contact line;

w is the number of engaged tooth pairs;

0=(1-v)/E + (1 -v)/E,;

E, v are the Young modulus and Poisson’s ratios of

toothed gear materials, respectively;

n, is the number of revolutions of the drive shaft;

_ PiwPa
Pijn P2

gear protfile subjected to changes due to wear in a

normal section;

Py P, are the changeable radii of curvature of the

pinion and gear teeth profiles, respectively.

is the reduced radius of curvature of the

it

In operation, due to the gear’s wear, the initial
curvature radii p;, p, [L. 17, 18] of the gear profiles
and the reduced curvature radius p. increase.

The reduced radius of curvature of the cylindrical
gear involute profile is:

o = P1;P2;
T 7
’ Pi; TP )

The formulas for calculating the radii of curvature
of the modified pinion and gear profiles of the cylindrical
gear at j-th point of contact are [L. 18]:

D = Puy _ Py
Y cosB, 7 cosB,
where
tan o
B, = arctan (tanBcosa, ), o, = arctan ,
cos

2
_ _ 2
Puj =Ty tancy,;, Py, —rz\/(rz_/ /rz) —cos"a,,

o,,; = arctan (tan o, + jAQ) »

>

2 2
o,,, = arctan \/(rls /rl) —cos” o,
a.,,; = arccos [(rz /rzj)cos 0(,} ,
1, =rcoso, 7 =mz /2cosf,

Ty, =, COSQ, T, =mz,/2cosP;

u 2 2
\/(rzo/rz) —cos” o, ,
cosQ,

tana,,, = (1+u)tano, —

Tp=nhtm by =0,=r

r=0.2m,

_ 2 2
r, = \/aW +1; — 2ayn; cos((x, —OL,U)

J >

K, =100s0, /cost,; ay, =(z,+z,)m/2cosp,
B is helix angle of the teeth,
o = 20°C is the pressure angle of engaged teeth,
r,, r,are the radii of pitch circles of the pinion and gear,
respectively,
r is the radius of the gear tooth fillet,

Ao is the applied angle of rotation of the teeth of the

pinion from the point of initial contact (point 0) to point

1, and so on,

u is the gear ratio,

m is the engagement modulus,

z,, Z, are the numbers of teeth in the wheel pinion;

r,,, I, are the radii of base circles of the pinion and gear,

respectively;

r.,.r, are the radii of addendum circles of the pinion

and gear, respectively;

r is the radius of the gear tooth fillet;

a,, centre distance of gear pair;

a,,, is the angle of the first point on the contact line.
The minimum length of the line of contact is

[L. 18]:

_ bWSOL (l—n‘x)(l—nﬁ)
™ cosPB, €,&p
at
Ny +n) 1, = by&y || Nl ®)

cosf, €,8p

at
n, +ng <1
where

b,, is the width of the pinion;

€, € are the coefficients describing the top and step-by-
step overlaps of the gear,

n, N, are the fractional parts of coefficients €, €
t+t b, sin
o = 1 Z,SB: w Ba €y=£(x+£ﬁ’
¢ m
e e, 2n
tl = N t2 = > tz = s
W7, W, 7, Z,0,
o =\r—ry —hsing,, e, =\ry~n, —nsino,
”is:ral_r’ ralzrl-i_m’ 7”01:7’i+(1+x1)m.
In case of technological teeth correction, r, =1, +
(I +x)m, X, X, — teeth correction coefficients.

The work [L. 17, 18] presents a method that takes
into account wear-generated changes in the initial radii
of gear curvature in every revolution of the gear as
follows:

pkjh = ij +Djszl;'it (9)

where

n=n = 1,2, 3, .. is the number of revolution of the
gear;

k is the numeration of gears (1 — pinion, 2 — gear);

D, =K ,fj are the nondimensional constants at every j-th
contact point depending on wear.
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The wear-generated changes in gear profiles during
every tooth interaction is

K, =K, /12 (10)

where

Hy; in the linear wear of gear teeth at any j-th point of
the profile;

ij is the length of a gear chord which substitutes the
involute between points j — 1, j + 1.

To make the computation time shorter, we developed
a block-based method for solving this problem. With
this method, changes in profile curvature radii, reduced
curvature radii, and maximum contact pressures are
determined following a selected number of revolutions
(blocks of interactions), and not for every gear revolution
(tooth engagement) as was done previously. In a block,
computations are made under constant conditions of
tooth engagement based on linear cumulative changes in
given parameters. In a successive block of computations,
the cumulative changes are taken into account after
(11) and (12), and then the computations are continued
using new data. The changeable curvature radii p,; are
determined as follows:

Bmax
Pun =Py +Ec D Diys Ky (11)
By

where
a the size of a block can be selected as: B = 1 revolution
pinion (accurate solution), B = n, revolutions per one
minute, B = n, revolutions per one hour, B = n, pinion
revolutions per 10 hours, and so on; B, and B__ are the
first and last computational block, respectively;
B, and B_  are the first and last computational block,
respectively;
D, =K, is a constant which remains unchanged in
one block but changes in every other block;
E, is a nondimensional constant dependent on the
maximum acceptable tooth wear hk*;

E, =3(h. +h.), E, =(97..98)(h, +h.),
E, +E, =100(h, + h,.).

The wear-induced change in the curvature of a gear
tooth profile for every single block of interaction is:

B
Ky =8 1 1 (12)
The chord length |,; is calculated from:

Ly =2p,,sin p;, = const (13)

where
€4n =Sy / Py, 18 the angle between the points j and j+1;

mz 1 1 .
Sy =|—=| ——-— cos#| is the length
4 | cos oy COSTOY iy

of the involute between the points j, j + 1;
oy, o, are the angles of tooth engage of selected involute
points j, j + 1[L. 16].

Hence, following every interaction or a block of
interaction, the parameters hlj, hz,—’ Pij Pajre Pire Pimaes
2bjh, t, will change.

The angles of transition from a double tooth
engagement (A@,.) to a single tooth engagement
and, again, to a double tooth engagement (A@ ) in
a cylindrical gear with profile correction are determined
in the following way [L. 19]:

A(ple =0,y =0, A(pu:l =0, T O (14)

where
¢, =tano, —tano,, ¢, =tano, —tana,
¢,, = tano,  — tana,

. _rlsinott—(pb—e])+0.5nﬁpb
s = 7, COS O ’

(15)

nsino, —(p, —e,)=0.5n,p,

tano, =
k 7; COS O
In spur geare, n,=0,and | =b, .
The angle A, describing the moment of teeth exit
of engagement is:

AQe =9+ (16)

where
¢,z =tano, —tano,, o, = arccos(r, / r;,)

p, =mmcosa, /cosf is the pitch of teeth;
2, =z, /€088, z, =2z,; /CO8J,.

For triple-double-triple tooth engagement:

ana _iqsinoc,—(pb—el)+0.5ﬁﬁpb

F, - >

. VICOSOL 5 (17)
ana _rlsmoc,—(pb—ez)—O.Snﬁpb'

o )

! 7, COSOL

~ [ngatn +ng,
n, = | .
-n,atn +n <1

The sliding velocity of engaged teeth is calculated
as [L. 17]:

ions (tan(xm. — tanoctzj) (18)

where

o, O

aj> Ohopp in compliance with [L. 18].
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For the applied number of pinion revolutions n
and gear revolutions n_, and the corresponding number
of interaction blocks, the total tooth wear hIjn and h2jn at
the j-th points of contact are calculated as [L. 17]:

s s

h1jn=zhlj‘8 h2jn:zh2j3 (19)
1 1

where
n,, ~: n,/ q; hij = z h,;. is the tooth wear in every block
of interaction.

The service life t; .~ of gear operation for the
number of gear revolutions n  or n, at which the
permissible teeth wear is reached, is determined by the
following [L. 17]:

tymin =My, / 60m, = n, /60n, (20)

Bmin

NUMERICAL SOLUTION FOR THE CONICAL
SPUR GEAR PROBLEM

Fig. 1. Involute conical spur gear
Rys. 1. Przektadnia stozkowa ewolwentowa o z¢bach prostych

The input data included the following: z,, = 20;
u, =3;n =750 rpm; P =20 kW; b, = 50 mm; p = 0;
m,_. =5 mm-—anormal module of tooth engagementinthe
frontal section of'a gearat=0;m_. =3.391 mm—anormal
module of tooth engagement in the internal section of a gear
at B =0; Ag = 4°% h,, = 0,5 mm — maximum acceptable
wear of gear teeth; B = 900000 = 1200 n, revolutions. We
applied boundary lubrication with a sliding friction factor
set to f = 0.05. The applied profile shift coefficients were:
X, =-x,=0;0,1;0,2;0,3; 0,4.

The gears were ascribed the following material
properties: the pinion was made of 38HMJA steel after
nitriding at a depth ranging from 0.4 mm to 0.5 mm
described by 58 HRC, R = 1040 MPa, C, = 3.5x10°,
m, = 2; the gear was made of bulk hardened 40H steel
with 53 HRC, R =981 MPa, C, = 0.17x10°, m,= 2.5;
E =2.1x10° MPa, u=0.3.

The frontal and internal section of the gear ring
is characterized by a double-single-double tooth
engagement. The results are illustrated in the figures
below.

L. Frontal section, m =m_ =5 mm

ax

T T T T T T J
0 4 8 12 16 20 24 28
1 (-12)=0 -1 (-x2)=0, Hex{-x2)=0.2 &

“x1(-x2)=0.3+ x1{-x2)=0.4

Fig. 2. Changesinp, _during tooth interaction
Rys.2. Zmianap, —w trakeie interakeji zgbow

0 4 5 12 16 20 24

B

“x1(A2)E0 ax](-a2)=0.1 x1(-62)=02
-1 (A2)0 3 = x1(x2)#0.4

Fig. 3. Tribocontact pressures p,

jhmax

Rys. 3. Naciski tribokontaktowe p.

Jjhmax

The left- and right-hand sides of the figures show
double tooth engagement, while single tooth engagement
can be observed in the centre of the figures. An increase
in the profile shift coefficients leads to decreasing
Pima and this decrease is particularly significant on the
left (Fig. 2). Fig. 3 illustrates variations in the tribo-
contact pressures p, due to tooth wear to the highest
acceptable values h, at one point of the gear profile. This
value is remarkably high in the entire left-hand zone of
the double tooth engagement and quite visible at the
beginning of the double tooth engagement zone.

Fig. 4 shows the diagrams of linear wear of gear
profiles in the engagement zone.
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132020 —a—x1(-x2)=0 1—g—x1(-x2)=0.2
ot 31 (=22 20 B 0 122 )=0. 4

5

Fig. 4. Linear wear of corrected teeth: a) pinion, b) gear
Rys. 4. Zuzycie liniowe zgbow z korekcja technologiczng:
a) z¢bnik, b) koto zgbate

Depending on a value of X, = -X,, the maximum
acceptable wear of cylindrical gear teeth occurs at the
entry of the left-hand zone of double tooth engagement
(X, = -X,= 0; 0.1) and at the exit of single tooth
engagement (X, = -X, > 0.1). Wheel teeth wear less than
pinion teeth.

Fig. 5 illustrates the effect of the minimal life of
gears (gear tooth profile points where h,. is attained) on
the profile shift coefficients X, = -x,.

80000 -
70000 4

» - -
60000 H4 - 4 J

t min, t Bwin, O
1
.
) ‘
'

30000 T T T 1

X4(-%2)
= = = =1Bmin

—tmin

Fig. 5. Gear life: t ,  when Py = CODSE, T
= var

Rys. 5. Trwalo$¢ przektadni: t = edyp,  const, t, . edyp,

when p.

jhmax

Accordingly, the gear life t, . takes into account
changes in Pimax due to tooth wear, whilet . is described
by the assumption that Pimax remains constant. For
a selected range of change in the profile shift coefficients
0 < x, = -x,< 0,4, the optimal gear life is at X, = -x,=
0.13. In this case, the tooth wear is similar at three
characteristic points of the profile, i.e. at the entry of the
left-hand zone of double tooth engagement, the entry of
single tooth engagement, and the exit thereof. The gear
lifet, . will be higher than t by 1.22 times.

IL. Internal section, m . = 3.391 mm

P|m_§,,MPg
g 8 8

&

g

400

Fig. 6. Changes in Pimmax during tooth interaction
Rys. 6. Zmiana Pl W trakcie interakcji zgbow

Fig. 7. Tribo-contact pressures Pjma
Rys.7. Naciski tribokontaktowe p.

jhmax

As for this section (Fig. 6), p, . is approx. 1.48
times higher than that in the frontal section. The
change inp,  (Fig. 7) is similar to the one given above
(Fig. 3), i.e. the reasonable decrease of Pimax in the left
zone of double-teeth engagement is observed.

In this case, the wear of gear teeth (Fig. 8) is almost
the same as that shown in Fig. 4a. Here, the wear of gear
teeth (Fig. 8b) is much more rapid than it is the case
with the frontal section (Fig. 4b), and also the maximum
acceptable wear h, = 0.5 mm is attained at X, = -X,=

=0;0.1.
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a)
: -
E
£ /
o 4 8 12 16 20 24 28
a5
b)
0.5
0.4
0.3
£
E_
F ooz /
L]

0 4 s v o ow w o

e
Fig. 8. Linear wear of corrected teeth: a) pinion, b) gear
Rys. 8. Zuzycie liniowe z¢gbow z korekcja technologiczna:
a) z¢bnik, b) koto z¢bate

The minimal gear life for the change X, = -Xx, is

shown in Fig. 9.

tmin ot goin, b

0 0.1 0.2 0.3 0.4

X y(-%2)
Fig. 9. Gear life
Rys. 9. Trwato$¢ przektadni

Moreover, we can observe optimal values X, = -X,
~ 0.13. The results demonstrate that the gear life in the
internal section of a gear (Fig. 9) is up to 2.27 times
lower than that in the frontal section of a gear (Fig. 5).
As a result, for this gear life, we calculated p, .p. |

Jjhmax jhmax
hu., hzj (Figs. 10, 11).

II1. Frontal section, t , set identical as in internal
section (Fig. 10)

In this case, the change in p. is less significant than
on Fig. 3, both at the entry of the left-hand zone of
double tooth engagement and at the entry of single tooth
engagement.

700,

600;
£
5004
£
a
4007
0 4 8 12 16 20 24 28
p
Fig. 10. Real transformation pressures p. in frontal
. jmax
section
Rys. 10. Rzeczywista zmiana naciskow Pioax W przekroju czo-
towym

The real teeth wear in shown in Fig. 11.

a)
0.3
0.2 ]
E
E.
E
01 4 /
0 T L) - T T T L) L)
[1] 4 a8 12 16 20 24 28
b) Ag
0.3 5
02
E
E‘
£o4
U L) L) o T T T T 1
o 4 &8 12 16 20 24 28
A9’
Fig. 11. Linear wear of gear teeth in frontal section:
a) pinion, b) gear
Rys. 11.  Zuzycie liniowe zgbow kot w przekroju czotowym:

a) z¢bnik, b) koto zgbate

The maximum acceptable wear of the pinion does
not exceed 0.234 mm, while that of the gear is not higher
than 0.22 mm.
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CONCLUSIONS

The results have demonstrated the following:

1.

With double-single-double tooth engagement, the
initial contact pressures p; ~will be higher in the
internal section of the gear by 1.475 times than in the
frontal section due to a decrease in the module.

The highest values of p; can be observed at the
entry of single tooth engagement in both sections.
We determined optimal profile shift coefficients
X, = -X, = 0.13 that will produce the highest possible
gear life.

The gears have the lowest acceptable life in their
internal section.

The real values of maximum wear would be 46.8%
in frontal section of pinion teeth and 44% for wheel
teeth from the permissible h,. = 0.5 mm.

DISCUSSION

The investigation results of conical involute gear
presented in this paper according to the author’s
method most fully represent the real conditions of teeth
interaction, which consider such geometrical factors as
correction and parity of teeth engagement, as well as
obvious exploitation factor — change of teeth involute
profile in the result of their wear. The solutions of tribo-
contact problems for conical gears, performed by other
researchers, are absent in the literature. The existing
investigation results of cylindrical gears do not consider
the influence factors, which are mentioned above. In
the previous authors’ publications which concern spur
conical gears, the total consideration of the influence of
these factors on contact pressures, wear, and service life
also has not been considered.
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