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ON CONDITIONS IMPLYING THAT
CONTINUOUS LINEAR FUNCTIONALS
DOES NOT EXIST - PART I

Summary. In this paper we discuss some problems concerning the exi-
stence of continuous linear functionals in the real L%([0,1]) space.

O WARUNKACH IMPLIKUJACYCH NIEISTNIENIE
FUNKCJONALOW LINIOWYCH CTAGEYCH -
CZESC T

Streszczenie. Niniejszy artykul poswiecony jest oméwieniu pewnych
zagadnien dotyczacych istnienia funkcjonaléw liniowych cigglych w rzeczy-
wistej przestrzeni L2([0, 1]).

1. Basic idea and solution

An impulse encouraging for preparing this paper gave us the following simple
approximation problem. For which o € R there exists a linear continuous func-
tional F : L%([0,1]) — R such that for almost all n € N we have F(a2") = n=¢
(see [2]).
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It turns out that the negative answer to this question, about not existing of
such functional if a < 2 5, is easy to receive on the basis of the result given below.

Theorem 1. The following relations hold true:

oo n 1
o)y fl—a €L (0.1)) > a>s;

n=1

b) Zx e L2([0,1]) <= a>2.

Proof. a) We have the relation (s,t € N, s < t):

[(Ea)e- (S 5 F)e

n=s s<k<IKE

1 1
:;SWH 2 (k+1+1)(k-0)~

s<h<I<t
Surely, the series > m is convergent iff a € (0, +00).
neN
Let a € (%, +oo). Then we get

+oo +oo

kz 2 k:+l+1 (k- 1) \Zka Z l1+a\

sl= k+1 =s I=k+1
=1 7y 13X 1
gzk_a/:clfa T a i il
k=s % k=s

because of the convergence of the series > k=22,
keN
On the other hand, we obtain

+oo +oo +oo +oo
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k=sl=k+1 k=sl=k+1
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too
Accordingly, the series ”—\/ﬁ is divergent in L([0, 1]).
n=1

Certainly, for a € [0, 1], we have

+oo +oo too +oo
= +o0,
kzslzk;l ki) k+l+1 lek;l\/_kuﬂ >

which finally completes the proof of the first part of the theorem.

b) We have the following relations

00 2 I 00 2
Sar| o [(Te) -
n=1 Loy ¥ Nk=1
1 o0
:/<Z (xQ"a +2 Z z* +”a)>dx—
0 n=1 1<k<n
(by Monotone Convergence Theorem [3])
B i ( 1 1 )
a1 2t r 1<k<n ke +nt+1
from which, it is possible to instantly derive, if > n~%* = 400 then ( > :c"a) ¢
n=1 n=1
L2([0,1]), that is, if & < 1, then ( Y- 2™") ¢ L2([0,1]). Let o > 1. We shall

n=1
estimate from below the sum of the following series

o0 (o)
Z 2 WZZ Z +na+1

n=11<k<n k=1n=k+
0o oo (s+1)(k+1)—1

1 e k+1
=22 > m>zzkza+(s+1)a(k+l)a+1>

k=1s=1 n=s(k+1) k=1s=1

o0
which means that if a € (1,2], then the series > 3
n=11<k<n

1 . .
T et is divergent. If

a > 2, then we obtain
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o oo (s+1)(k+1)—

= 1
2 2 BT =20 X Eﬂ?ﬁ??<

=1s=1 n=s(k+1)

Directly from the subitem a) of the above Theorem it results that if F(2") =
n~?, for some 3 € R and for all n € N, n > N, then also

n

F(%) =n"*" n>N,
n

which implies
F (Z ) Z n=e b,
n=N

However, for o > % and a4+ < 1 this equahty is impossible. We note that we have
then g < % Moreover, we deduce that for every § < % (and for « € (%, 1— 6]) the
continuous linear functional F: L?([0,1]) — R, such that the condition F(z") =
n~P holds for almost all n € N, does not exist.

By reasoning similarly like in the proof of subitem b) of Theorem 1 we can
easily receive the following result.

Theorem 2. Let {p,}52, be a sequence of positive real numbers. Then we have

oo

> arm e L¥([0,1) ZZ

n=1 n=1 k=1

< Q.
Px +pn

Corollary 3. If we additionally assume that the sequence {p,}S2, is nondecre-
asing then we get

oo n [e.e] n
z::z::pk+pn<oo = > — <o,

n:lpn

since the following estimation holds

~ 1 n
g_a

<
h Pk + Pn DPn

k=1

2pn
for every n € N. Furthermore, if Z o = 00, for every v < 1, and

o

SOOI e 120, 1),

n=1 "
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for every a > ag and for some oy € (0, %}, then a continuous linear functional

F: L%([0,1]) — R such that F(zP~) = p%, where B € R, 8 < 1—ayp, does not exist
whenever o+ [ < 1. "

2. Some connections with filters

We begin with the definition of a filter of subsets of N [1].

Definition 4. A family § of subsets of N is a filter on N if the following conditions
hold true:

(1) If Ac§ and AC B C N then B € §.

(2)If A,B€gF then ANBE .

We need a notion of the summable filter on N.

Definition 5. We say that a filter § on N is a summable filter on N if there exists
[ee]

a sequence b = {b,}5° 1 of the nonnegative real numbers such that > b, = oo and
n=1

S:{BCN: an:oo and an<oo}.

neB neN\B

We note that this definition is correct. Indeed, if B,C' C N and

> bn= by =00,

neB neC
an<oo and an<oo,
neN\B neN\C
then > b, =o00,since B=BNCU(B\C)and B\C C N\ C. Moreover,
neBNC
> bu<oo since N\(BNC)=(N\B)U(N\C).
neN\(BNC)

For a given a € (0, 1] let us define
Sa::{BCN: Zn*a:oo and Zn*a<oo}.
neB neN\B

Filter §, will be called the harmonic filter of order «. Let us notice that from
the proof of Theorem 1 together with some simple arguments after this proof, the
following result implies.
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Theorem 6. (a) If BCN then . fz_a € L?([0,1]) for every a > 1.
neB

(b) If a € (0,1] and B € Fo then S L3 € L2([0,1)) iff B > 3.
neB

(c) Furthermore, if o € (0,1], B€ R, BC N and Y n=* % = oo then there is
neB

no continuous linear functional F : L*([0,1]) — R such that F(z") = n=",
for all n € B.

Let us present the final remarks.

Remark 7. If §2 is an ultrafilter containing §, then, for every B € §% \ Fa, we

Zn*a:oo and Z n~% = co.

neB neN\B

If either B = 2N or B = 2N — 1 then

have

z" 1
Yo —el01]) = a>-s. (1)
ne 2
neB
Simultaneously, neither 2N nor 2N — 1 do not belong to §, for any « € (0, 1].
However, the equality (1) is not a typical property for any pair (B,N\ B) of
subsets of N, such that neither B nor N\ B do not belong to §, for any « € (0, 1].
Nevertheless, this fact and some other problems will be discussed in the second
part of this paper.
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Omoéwienie

W artykule omawiany jest problem istnienia cigglego funkcjonatu liniowego
F : L*([0,1]) — R, spetniajacego warunek F(z") = n~% dla prawie wszystkich
n € N, gdzie « jest ustalona liczba dodatnia. Udowodniono, ze jesli o < %, to ta-
ki funkcjonal nie istnieje. Przyjeta metoda dowodzenia pozwala znaczaco uogélnié
ten wynik. Przedstawia tez sposéb rozszerzenia otrzymanych twierdzen z wykorzy-
staniem pojecia filtru podzbioréw N, zwlaszcza tak zwanych filtrow harmonicznych
rzedu a. Okazuje sie, ze ultrafiltry zawierajace filtry harmoniczne rzedu o generu-
ja ciekawe problemy natury analitycznej, zwiazane z podzialem danych szeregéw,
ktérych sumy naleza do L?([0,1]). Te oraz inne zagadnienia aproksymacyjne beda
tematem naszych badan w kolejnych czedciach niniejszego artykutu.






