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Interaction between an edge dislocation and
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We study the plane elasticity problem associated with a rigid hypotrochoidal
inhomogeneity embedded in an infinite isotropic elastic matrix subjected to an edge
dislocation located at an arbitrary position. A closed-form solution to the problem is
derived primarily with the aid of conformal mapping and analytic continuation. All
of the unknown complex constants appearing in the pair of analytic functions char-
acterizing the elastic field in the matrix are determined in an analytical manner. In
addition, a simple method distinct from that by Santare and Keer (1986) is proposed
to determine the rigid body rotation of the rigid inhomogeneity.
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1. Introduction

The problem of an edge dislocation interacting with a circular or ellipti-
cal elastic inhomogeneity has been discussed in detail by several authors [1–5].
Closed-form solutions exist for the case of a circular elastic inhomogeneity, how-
ever only series-form solutions are available for the case of an elliptical elastic
inhomogeneity. The problem of an edge dislocation near a rigid elliptical inho-
mogeneity was solved in closed-form by Santare and Keer [6] using Muskhel-
ishvili’s complex variable approach [7]. A closed-form solution is preferable when
studying the interaction between a crack and an inhomogeneity via the use of
a continuous distribution of dislocations to simulate the crack. The problem be-
comes almost analytically intractable when an edge dislocation is located near
an elastic inhomogeneity of any shape, in which case only approximate solu-
tions [8–10] or computational schemes [11] are available. In fact, even the case
when an edge dislocation interacts with a rigid inhomogeneity of arbitrary shape
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presents considerable challenges. One apparent difficulty lies in the analytical de-
termination of the rigid body rotation of the arbitrarily shaped inhomogeneity
induced by the edge dislocation. Another difficulty lies in the complexity of the
expressions for the pair of analytic functions characterizing the elastic field in
the matrix following the introduction of the conformal mapping function which
maps the exterior of the non-elliptical inhomogeneity onto the exterior of the
unit circle in the image plane.

In this paper, a closed-form solution is derived for the interaction problem of
an edge dislocation near a perfectly bonded rigid hypotrochoidal inhomogeneity
using conformal mapping [7] and analytic continuation [12–14]. Moreover, the
rigid body rotation of the rigid inhomogeneity and all of the unknown complex
constants appearing in the pair of analytic functions characterizing the elastic
field in the matrix are obtained in an analytical manner. Furthermore, there is no
need to solve numerically the resulting set of linear algebraic equations. Here,
a simple and effective method distinct from that by Santare and Keer [6] is
proposed to determine the rigid body rotation of the rigid hypotrochoidal inho-
mogeneity. The solution obtained here can be conveniently employed as a Green’s
function to study the problem of a finite crack interacting with a rigid hypotro-
choidal inhomogeneity. Previous studies on the crack-inhomogeneity interaction
problem can be found in [15–17].

2. Complex variable formulation

We begin by establishing a Cartesian coordinate system {xi} (i = 1, 2, 3).
For the in-plane deformations of an isotropic elastic material, the three in-plane
stresses (σ11, σ22, σ12), two in-plane displacements (u1, u2) and two stress func-
tions (ϕ1, ϕ2) are given in terms of two analytic functions φ(z) and ψ(z) of the
complex variable z = x1 + ix2 as [7]:

(2.1)
σ11 + σ22 = 2[φ′(z) + φ′(z)],

σ22 − σ11 + 2iσ12 = 2[z̄φ′′(z) + ψ′(z)],

and

(2.2)
2µ(u1 + iu2) = κφ(z)− zφ′(z)− ψ(z),

ϕ1 + iϕ2 = i[φ(z) + zφ′(z) + ψ(z)],

where κ = 3 − 4ν for plane strain and κ = (3− ν)/(1 + ν) for plane stress,
µ and ν (0 ≤ ν ≤ 1/2) are the shear modulus and Poisson’s ratio, respectively.
In addition, the stresses are related to the two stress functions through [18]:

(2.3)
σ11 = −ϕ1,2, σ12 = ϕ1,1,

σ21 = −ϕ2,2, σ22 = ϕ2,1.
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3. Closed-form solution

As shown in Fig. 1, we consider a rigid hypotrochoidal inhomogeneity em-
bedded in an infinite isotropic elastic matrix subjected to an edge dislocation
with the Burgers vector (b1, b2) located at an arbitrary position z = z0. Let S1

and S2 denote the rigid inhomogeneity and the elastic matrix, respectively, which
are perfectly bonded across the hypotrochoidal interface L. The matrix is not
subjected to any remote loading and the rigid body rotation at infinity is zero.

x
1

x
2

Rigid hypotrochoidal inhomogeneity S
1

z=z
0

Elastic matrix S
2

L

Edge dislocation

Fig. 1. A rigid hypotrochoidal inhomogeneity embedded in an infinite isotropic elastic
matrix subjected to an edge dislocation located at an arbitrary position.

We first introduce the following conformal mapping function [7]:

(3.1) z = ω(ξ) = R

(
ξ +

m

ξN

)
, ξ = ω−1(z), R > 0, 0 ≤ m ≤ 1

N
, |ξ| ≥ 1,

where N is an integer greater than 1.
As shown in Fig. 2, using the mapping function in Eq. (3.1), the exterior of

the hypotrochoidal inhomogeneity is mapped onto |ξ| ≥ 1, the hypotrochoidal
interface L is mapped onto |ξ| = 1, and the position of the edge dislocation at
z = z0 is mapped onto the point ξ = ξ0 with ξ0 = ω−1(z0). When mn(n+1) = 2,
the hypotrochoidal inhomogeneity resembles a regular polygonal inhomogeneity
[12, 14].

The continuity of displacements across the perfect hypotrochoidal interface L
can be expressed in terms of φ(ξ) = φ(ω(ξ)) and ψ(ξ) = ψ(ω(ξ)) for |ξ| ≥ 1 as

(3.2) κφ(ξ)− ω(ξ)φ′(ξ)

ω′(ξ)
− ψ(ξ) = 2iµ$21ω(ξ), |ξ| = 1,
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Fig. 2. The image ξ-plane.

where $21 = 1
2(u2,1 − u1,2) is the unknown rigid body rotation of the hypotro-

choidal inhomogeneity to be determined.
For the convenience of the ensuing analysis, we introduce the following ana-

lytic continuation

(3.3) φ(ξ) =
ω(ξ)φ̄′

(
1
ξ

)
κω̄′
(

1
ξ

) +
1

κ
ψ̄

(
1

ξ

)
, |ξ| ≤ 1.

In view of the analytic continuation in Eq. (3.3), the principal part of φ(ξ)
for |ξ| ≤ 1, denoted as φsi(ξ), and the principal part of φ(ξ) for |ξ| ≥ 1, denoted
as φso(ξ), are given, respectively, by:

(3.4)
φsi(ξ) =

A

κ
ln
ξ − ξ̄−1

0

ξ
− Ā[ω(ξ̄−1

0 )− ω(ξ0)]

κξ̄2
0ω
′(ξ0)(ξ − ξ̄−1

0 )
+

N−1∑
n=1

λnξ
−n, |ξ| ≤ 1,

φso(ξ) = A ln(ξ − ξ0), |ξ| ≥ 1,

where λn (n = 1, . . . , N − 1) are N − 1 unknown complex constants to be deter-
mined and are attributed solely to the non-elliptical shape of the inhomogeneity,
and

(3.5) A =
µ(b2 − ib1)

π(κ+ 1)
.

In view of the analytic continuation in Eq. (3.3), the interface condition in
Eq. (3.2) can be written in the equivalent form:

(3.6) φ−(ξ)− φ+(ξ) =
2iµ$21

κ
ω(ξ), |ξ| = 1,
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where the superscripts “+” and “−” indicate the values when approaching the
unit circle from inside and outside, respectively. Considering the principal parts
of φ(ξ) in Eq. (3.4), Eq. (3.6) can be rewritten in the form:

(3.7) φ+(ξ)−A ln(ξ − ξ0)− A

κ
ln
ξ − ξ̄−1

0

ξ
+
Ā[ω(ξ̄−1

0 )− ω(ξ0)]

κξ̄2
0ω
′(ξ0)(ξ − ξ̄−1

0 )

+
2iRµ$21

κ
ξ −

N−1∑
n=1

λnξ
−n

= φ−(ξ)−A ln(ξ − ξ0)− A

κ
ln
ξ − ξ̄−1

0

ξ
+
Ā[ω(ξ̄−1

0 )− ω(ξ0)]

κξ̄2
0ω
′(ξ0)(ξ − ξ̄−1

0 )

− 2iRmµ$21

κ

1

ξN
−
N−1∑
n=1

λnξ
−n, |ξ| = 1.

The left-hand side of Eq. (3.7) is analytic and single valued everywhere within
the unit circle, and the right-hand side of Eq. (3.7) is analytic and single valued
everywhere outside the unit circle including the point at infinity. Using Liouville’s
theorem, we arrive at:

(3.8)

φ(ξ) = A ln(ξ − ξ0) +
A

κ
ln
ξ − ξ̄−1

0

ξ
− Ā[ω(ξ̄−1

0 )− ω(ξ0)]

κξ̄2
0ω
′(ξ0)(ξ − ξ̄−1

0 )

− 2iRµ$21

κ
ξ +

N−1∑
n=1

λnξ
−n, |ξ| ≤ 1,

φ(ξ) = A ln(ξ − ξ0) +
A

κ
ln
ξ − ξ̄−1

0

ξ
− Ā[ω(ξ̄−1

0 )− ω(ξ0)]

κξ̄2
0ω
′(ξ0)(ξ − ξ̄−1

0 )

+
2iRmµ$21

κ

1

ξN
+

N−1∑
n=1

λnξ
−n, |ξ| ≥ 1.

The following remote asymptotic behavior of φ(ξ) can then be extracted from
Eq. (3.8)2:

(3.9) φ(ξ) ∼=

A ln ξ +

N−1∑
n=1

[
λn −

A(ξ̄−n0 + κξn0 )

κn
−
Āξ̄
−(n+1)
0

[
ω(ξ̄−1

0 )− ω(ξ0)
]

κω′(ξ0)

]
ξ−n

+O

(
1

ξN

)
, |ξ| → ∞.

By substituting the remote asymptotic behavior of φ(ξ) in Eq. (3.9) into
Eq. (3.3) and making use of the singular behavior of φ(ξ) for |ξ| ≤ 1 in Eq. (3.4)1,
we arrive at the following set of N − 1 linear algebraic equations:
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(3.10)

κλn+m(N−n−1)λ̄N−n−1

= m(N−n−1)

[
Ā(ξ

−(N−n−1)
0 +κξ̄N−n−1

0 )

κ(N−n−1)
+
Aξ
−(N−n)
0 [ω(ξ̄−1

0 )−ω(ξ0)]

κω′(ξ0)

]
,

n = 1, . . . , N−2,

κλN−1 = mĀ.

The set of linear algebraic equations in Eq. (3.10) does not contain the un-
known $21. The N −1 complex constants λn (n = 1, . . . , N −1) can be uniquely
determined by analytically solving the linear algebraic equations in Eq. (3.10) as:

(3.11)

λn =

m(N−n−1)


−Am(ξ̄−n0 +κξn0 )

κ +
A[mξ̄−N0 (|ξ0|2N−1)−ξ−1

0 (|ξ0|2−1)]

ξN−n0 −mNξ−(n+1)
0

+
Ā(ξ
−(N−n−1)
0 +κξ̄N−n−1

0 )
N−n−1 − Āmn[mξ−N0 (|ξ0|2N−1)−ξ̄−1

0 (|ξ0|2−1)]

κ(ξ̄n+1
0 −mNξ̄n−N0 )


κ2−m2n(N−n−1)

,

n = 1, . . . , N−2,

λN−1 =
mĀ

κ
.

The remaining original analytic function ψ(ξ) can be obtained from the an-
alytic continuation in Eq. (3.3) as:

(3.12) ψ(ξ) = κφ̄

(
1

ξ

)
−
ω̄
(

1
ξ

)
φ′(ξ)

ω′(ξ)
, |ξ| ≥ 1.

At this stage, the original pair of analytic functions φ(ξ) and ψ(ξ) for |ξ| ≥ 1
still contains the single unknown $21. The elastic field in the matrix is known
once $21 is determined. The remote asymptotic behavior of ψ(ξ) is:

(3.13) ψ(ξ) ∼= Ā ln ξ +
c

ξ
+O

(
1

ξ2

)
, |ξ| → ∞,

where c is real-valued (i.e., Im{c} = 0) in order to satisfy the condition that the
resultant moment about the origin on the disk |z| =∞ is zero.

Substituting the following asymptotic behaviors of φ(ξ) extracted from
Eq. (3.8) into Eq. (3.12):

φ(ξ) ∼= A ln ξ(3.14a)

+

N−1∑
n=1

[
λn−

A(ξ̄−n0 +κξn0 )

κn
− Āξ̄

−(n+1)
0 [ω(ξ̄−1

0 )−ω(ξ0)]

κω′(ξ0)

]
1

ξn

+

[
2iRmµ$21

κ
−A(ξ̄−N0 +κξN0 )

κN
− Āξ̄

−(N+1)
0 [ω(ξ̄−1

0 )−ω(ξ0)]

κω′(ξ0)

]
1

ξN

+O

(
1

ξN+1

)
, ξ →∞;
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φ(ξ) ∼=
N−1∑
n=1

λnξ
−n−A

κ
ln ξ(3.14b)

−
[
Aξ−1

0 +
Aξ̄0

κ
−
Ā
[
ω(ξ̄−1

0 )−ω(ξ0)
]

κω′(ξ0)
+

2iRµ$21

κ

]
ξ

+O(ξ2), ξ → 0,

and imposing the condition that Im{c} = 0, we finally obtain

(3.15) $21 =

Im

(b2 − ib1)

mξ̄−N0 + κ(mξN0 − ξ̄0)− κ2ξ−1
0

− (κξN+1
0 +mN)[mξ̄−N0 (|ξ0|2N−1)−ξ−1

0 (|ξ0|2−1)]

ξN+1
0 −mN


2πR(κ+ 1)(κ+m2N)

,

which is independent of the shearmodulus of thematrix and λn (n=1, . . . , N − 1).
As a check, when N = 1 for a rigid elliptical inhomogeneity, Eq. (3.15) simply
recovers the result by Santare and Keer [6]. Here we have adopted a different
method from that used by Santare and Keer [6] to determine the rigid body
rotation of the rigid hypotrochoidal inhomogeneity.

When the edge dislocation lies on the x1-axis with ξ0 = ξ̄0, Eq. (3.15) reduces
to

(3.16)
$21R

b1
=
ξN+1

0 (κ+m2N)− ξ2
0m(N + 1)−mN(κ− 1)

2πξ0(ξN+1
0 −mN)(κ+m2N)

,

which is unaffected by b2 and which is illustrated in Figs. 3 and 4 for different
values of ξ0, N and κ. It is seen from Figs. 3 and 4 that: (i) $21 and b1 always
have the same sign; (ii) the magnitude of $21 decreases as ξ0 increases (i.e.,
the edge dislocation is further away from the interface); (iii) the magnitude of
$21 decreases as the Poisson ratio of the matrix increases (i.e., κ decreases) for
a finite value of N ; (iv) the magnitude of $21 increases as N increases; (v) as
N →∞, $21 becomes

(3.17)
$21R

b1
=

1

2πξ0
,

which is independent of the elastic property of the matrix and which is simply
the result for a rigid circular inhomogeneity with m = 0.

When the edge dislocation lies on the hypotrochoidal interface with ξ0 = eiγ ,
Eq. (3.15) becomes

(3.18)
$21R

b1
=
κ cos γ −m cos(Nγ) + ρ[κ sin γ +m sin(Nγ)]

2π(κ+m2N)
,
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Fig. 3. Variations of the rigid body rotation for different values of ξ0 = ξ̄0 ≥ 1 and N with
κ = 2, m = 1/N when the edge dislocation lies on the positive x1-axis.
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Fig. 4. Variations of the rigid body rotation for different values of ξ0 = ξ̄0 ≥ 1 and κ with
N = 3, m = 1/N when the edge dislocation lies on the positive x1-axis.

where

(3.19) ρ =
b2
b1
.

We illustrate in Fig. 5 the variations of $21 induced by an edge dislocation
lying on the hypotrochoidal interface. It is seen from Fig. 5 and Eq. (3.18) that:
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Fig. 5. Variations of the rigid body rotation for different values of γ and N with κ = 2,
m = 1/N , ρ = 0.5 when the edge dislocation lies on the hypotrochoidal interface L.

(i) $21 = 0 when the edge dislocation is located at two particular positions of the
hypotrochoidal interface; (ii) the curve becomes more wavy when N increases;
(iii) as N →∞, $21 becomes

(3.20) $21 =
b1 cos γ + b2 sin γ

2πR
,

which is independent of the elastic property of the matrix and which is simply
the result for a rigid circular inhomogeneity with m = 0.

We have now completely determined the pair of analytic functions φ(ξ) and
ψ(ξ) for |ξ| ≥ 1 characterizing the elastic field of stresses and strains in the
matrix. The elastic field of stresses, strains and rigid body rotation in the matrix
can be determined by substituting the obtained φ(ξ) and ψ(ξ) for |ξ| ≥ 1 into
Eqs. (2.1) and (2.2). For example, the mean stress σ11 + σ22 and the rigid body
rotation $(m)

21 = 1
2(u2,1−u1,2) within the matrix induced by the edge dislocation

are concisely and explicitly given by:

(3.21)
1

4
(σ11+σ22)+i

2µ$
(m)
21

κ+1

=

Aκ
ξ−ξ0 + A

ξ(ξ̄0ξ−1)
+

Ā[ω(ξ̄−1
0 )−ω(ξ0)]

ξ̄20ω
′(ξ0)(ξ−ξ̄−1

0 )2
−2iNRmµ$21ξ

−(N+1)−κ
N∑
n=2

(n−1)λn−1ξ
−n

Rκ(1−mNξ−(N+1))
,

|ξ| ≥ 1.
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Finally, we can further determine the image force acting on the edge dislo-
cation using the Peach–Koehler formula [6, 19].

4. Conclusions

We have solved the interaction problem of an edge dislocation near a rigid
hypotrochoidal inhomogeneity. A closed-form solution is derived. All of the N−1
complex constants λn (n = 1, . . . , N −1) and the rigid body rotation of the rigid
inhomogeneity are determined analytically in Eqs. (3.11) and (3.15), respectively.
The determination of λn (n = 1, . . . , N − 1) is uninfluenced by $21; conversely,
the determination of $21 is also unaffected by λn (n = 1, . . . , N − 1).

Acknowledgements

The authors are grateful to three reviewers for their very helpful comments
and suggestions. This work is supported by a Discovery Grant from the Natural
Sciences and Engineering Research Council of Canada (Grant No: RGPIN-2023-
03227 Schiavo).

References

1. J. Dundurs, T. Mura, Interaction between an edge dislocation and a circular inclusion,
Journal of the Mechanics and Physics of Solids, 12, 177–189, 1964.

2. J. Dundurs, G.P. Sendeckyj, Edge dislocation inside a circular inclusion, Journal of
the Mechanics and Physics of Solids, 13, 141–147, 1965.

3. L. Stagni, On the elastic field perturbation by inhomogeneities in plane elasticity, Journal
of Applied Mathematics and Physics, 33, 315–325, 1982.

4. L. Stagni, R. Lizzio, Shape effects in the interaction between an edge dislocation and an
elliptical inhomogeneity, Applied Physics A, 30, 217–221, 1983.

5. W.E. Warren, The edge dislocation inside an elliptical inclusion, Mechanics of Materials,
2, 319–330, 1983.

6. M.H. Santare, L.M. Keer, Interaction between an edge dislocation and a rigid elliptical
inclusion, ASME Journal of Applied Mechanics, 53, 382–385, 1986.

7. N.I. Muskhelishvili, Some Basic Problems of the Mathematical Theory of Elasticity,
P. Noordhoff Ltd., Groningen, 1953.

8. J.Y. Shi, Z.H. Li, The interaction of an edge dislocation with an inclusion of arbitrary
shape analyzed by the Eshelby inclusion method, Acta Mechanica, 161, 31–37, 2003.

9. Z. Li, Y. Li, J. Sun, X.Q. Feng, An approximate continuum theory for interaction
between dislocation and inhomogeneity of any shape and properties, Journal of Applied
Physics, 109, 11, 113529, 2011.



Interaction between an edge dislocation. . . 153

10. C. Zhang, S. Li, Z.H. Li, The interaction of an edge dislocation with an inhomogeneity
of arbitrary shape in an applied stress field, Mechanics Research Communications, 48,
19–23, 2013.

11. P. Li, X. Zhang, D. Lyu, X. Jin, L.M. Keer, A computational scheme for the interac-
tion between an edge dislocation and an arbitrarily shaped inhomogeneity via the numerical
equivalent inclusion method, Physical Mesomechanics, 22, 164–171, 2019.

12. A.H. England, Complex Variable Method in Elasticity, John Wiley and Sons, New York,
1971.

13. Z. Suo, Singularities interacting with interfaces and cracks, International Journal of Solids
and Structures, 25, 1133–1142, 1989.

14. C.Q. Ru, Analytic solution for Eshelby’s problem of an inclusion of arbitrary shape in
a plane or half-plane, ASME Journal of Applied Mechanics, 66, 315–322, 1999.

15. E.M. Patton, M.H. Santare, The effect of a rigid elliptical inclusion on a straight
crack, International Journal of Fracture, 46, 71–79, 1990.

16. Z.M. Xiao, K.D. Pae, The interaction between a penny-shaped crack and a spherical
inhomogeneity in an infinite solid under uniaxial tension, Acta Mechanica, 90, 91–104,
1991.

17. Z.M. Xiao, J. Bai, On piezoelectric inhomogeneity related problems-part II: a circu-
lar piezoelectric inhomogeneity interacting with a nearby crack, International Journal of
Engineering Science, 37, 961–976, 1999.

18. T.C.T. Ting, Anisotropic Elasticity: Theory and Applications, Oxford University Press,
New York, 1996.

19. J. Dundurs, Elastic interaction of dislocations with inhomogeneities, in: Mathematical
Theory of Dislocations, T. Mura [ed.], pp. 70–115, American Society of Mechanical Engi-
neers, New York, 1969.

Received January 3, 2024; revised version April 2, 2024.
Published online May 13, 2024.




