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1. Introduction

In the presented work the problem of trajectory planning for 
mobile manipulators consisting of a nonholonomic platform 
and a holonomic arm is considered. The task of this type requ-
ires a number of limitations to be considered resulting from 
the nature of the robot task, its mechanical construction and 
the presence of the obstacles in the workspace. In the litera-
ture several approaches to solving such a problem have been 
presented. Some of the solutions omit dynamic parameters of 
the robot, however, the algorithms taking into account the 
dynamics of the system seem to be more interesting. Such 
methods can be divided into two groups: in the first one the 
manipulator arm and the platform are treated as two separate 
subsystems, in the other group the whole robot is considered 
as one integrated system.

The solution based on the decomposition of the task into 
two independent sub-tasks has been proposed by [14]. In this 
approach the effector follows the path described relative to the 
base and the platform moves along a certain flat curve. The 
proposed solution leads to a system with two controllers: the 
kinematic controller enables tracking the path by both subsys-
tems and the dynamic one ensures the convergence of the robot 
velocities to velocities obtained from the kinematic controller. 
A similar approach, using the decentralized control for the task 
of tracing the end-effector trajectory, was also described by 
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[4] and [23]. The solution of the task for mobile robot moving 
between initial and final configurations provided in a complex 
environment has been presented in [13]. The authors have focu-
sed on planning the shortest collision-free trajectory, they have 
not considered state and control constraints and have obtained 
smooth trajectories using cubic polynomials.

In addition to solutions where the arm and the platform 
are treated as separate subsystems, there are also approaches 
where the mobile manipulator is considered as one integrated 
system. Such a solution for mobile manipulators operating in 
a limited workspace has been presented by [8]. The authors 
have paid particular attention to maintaining the stability of 
the system by the appropriate coordination of the movements 
of the platform and the manipulator. An approach that inte-
grates motion planning with the control of the mobile mani-
pulator as well as control of the nonholonomic trolley has been 
suggested by [21]. Article [6] has offered a class of controllers 
solving the trajectory tracking problem subject to control-
-dependent constraints. The trajectory of the robot has been 
determined in such a way as to minimize the instantaneous 
energy and provide collision-free motion. In [18] the authors 
have used attractive and repulsive potential functions to plan 
the trajectory of the mobile manipulator equipped with a car-
-like platform. The proposed method enables planning the 
collision-free motion between initial and final positions, taking 
into account mechanical singularities and velocity limitations, 
still the dynamics of this system is not considered. The Simu-
lated Annealing algorithm has been applied in [1] to solve the 
time optimal trajectory planning task. The author has focused 
on maximizing the reachability of the target point introdu-
cing a new singularity avoidance metric named Manipulability 
Percentage Index. The limitations on generalized coordinates, 
velocities and accelerations have been analyzed, but control 
constraints have not been considered. A systematic review of 
motion planning approaches of mobile manipulators has been 
undertaken by [19].
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In the method of trajectory planning outlined in this paper 
the mobile manipulator is treated as one integrated system. 
The presented approach solves the point-to-point trajectory 
planning problem and takes into account both state and con-
trol constraints, moreover, it provides a sub-optimal solution, 
minimizing the instantaneous manipulability measure depen-
dent index. As a result, the method generates the trajectories 
which avoid singular configurations and provides high mani-
pulability measure of the manipulator arm. Such an appro-
ach can be utilized to plan the trajectory of industrial mobile 
robots moving between multiple production workstations as 
well as space rovers equipped with a robotic arm. One of the 
typical task of such rovers is to move to the selected location 
to collect samples or take photos of the object specified by the 
operator. It seems that the method taking into account state 
and control constraints, the manipulability of the arm and 
collision avoidance conditions is suitable to plan the motion 
of such robots in these cases.

As opposed to similar approaches, the method suggested in 
this paper incorporates nonholonomic constraints in a Pfaffian 
form explicitly to the control algorithm, so it does not require 
transformation to a driftless control system. The effectiveness 
of the proposed algorithm allows it to be used in real-time 
trajectory planning. The solution of the primary robot task 
utilizes an extended Jacobian approach and it is based on 
previous works by the authors [16, 17], still the new approach 
considering the limitations resulting from physical abilities of 
actuators is put forward in this paper. In contrast to the works 
cited, where the fulfillment of controls limitations was achieved 
by scaling the whole robot trajectory, in this paper scaling is 
applied in certain time periods only.

As described in Section 4 such a novel approach significan-
tly improves the efficiency of the proposed algorithm as it 
does not significantly extend the time needed to complete the 
task, which was the biggest disadvantage of earlier solutions. 
Moreover, in this paper the condition for the existence of the 
solution in the presence of control limitations is formulated.

2. Problem formulation

In this paper the mobile manipulator composed of the non-
holonomic platform and the holonomic arm is considered. 
Introducing np-elemental vector qp consisting of configuration 
coordinates of the platform and na-elemental vector qa inclu-
ding configuration coordinates of the arm, the mobile manipu-
lator can be described by the n-elemental vector (n = np + na)  
of generalized coordinates in the form

	
TT T .p aq q q =   	 (1)

The task of the mobile robot is to move its end-effector to 
the specified location in the m-dimensional workspace. Such 
tasks are performed when the robot moves to another location 
to accomplish a specific task or transport an object held by its 
gripper. In such a case, it is assumed that at the initial time t = 0  
the robot is in a certain configuration q(0) = q0, which was 
achieved following the completion of the previous operation. 
The task is thus to find the trajectory q(t) ensuring, at the final 
moment t = T, reaching the final unknown configuration q(T) 
= qT, allowing to achieve the desired end-effector location pf

	 k(q(T)) − pf = 0, 	 (2)

where k : ℜn → ℜm denotes m-dimensional mapping descri-
bing the position and orientation of the robot end-effector in 
the workspace.

It is assumed that the initial configuration q0 is non-sin-
gular and collision free, moreover the mobile manipulator is 
motionless at the initial and final moment of the motion:

	 ( ) ( )0 0, 0.q q T= =  	 (3)

The robot motion is subject to various constraints. Due to 
nonholonomic of the platform its movement is limited by h 
phase constraints described in the Pfaffian form

	 ( ) 0,p pA q q = 	 (4)

where: A is (h × np) the Pfaffian full rank matrix.

The arm of the mobile robot should avoid singular confi-
gurations in which it loses its manipulative abilities. Hence, 
in this work, the maximization of manipulability measure was 
put forward. In this case, the manipulability of the holonomic 
arm is determined using the index based on [22] in the form

	
( ) ( ) ( )( )Tdet ,a a a a aq J q J qµ = 	 (5)

where matrix ( ) ( )/a a aJ q k q q= ∂ ∂  is the analytical Jacobian 
of the manipulator arm.

Additionally, due to mechanical limitations and constraints 
related to obstacles existing in the workspace, robot motion is 
limited by state inequality constraints in the form of

	 ( )( )0, 0, 1, ,i
M Mt T C q t i L∀ ∈ ≥ =    	 (6)

	 ( )( )0, 0, 1, ,i
O Ot T C q t i L∀ ∈ ≥ =    	 (7)

where LM and LO denote a total number of mechanical and 
collision avoidance constraints, i

MC  and i
OC  describe the alge-

braic distance of the i-th configuration from its limits and 
algebraic distance of the robot from i-th obstacle, respectively.

Moreover, the physical abilities of robot actuators imply the 
need of consideration of constraints connected to controls. It 
is a very important issue from a practical point of view, yet it 
significantly complicates the solution of the task. In the case 
of nonholonomic mobile manipulators, an additional problem 
related to the description of dynamics and the need to take 
into account the restrictions on platform movement needs to 
be considered. On the other hand, neglecting these limitations 
can lead to a solution which can be impossible to adopt by 
a real robot. Such constraints can be described in the general 
form as a set of (n − h) inequalities as

	 ( ) ( )min max0, , 1, ,i i it T t i n hτ τ τ∀ ∈ ≤ ≤ = −    	 (8)

where 
T1 n hτ τ τ − =    is the vector of control (torques/forces) 

and 
T1

min min min ,n hτ τ τ − =    
T1

max max max
n hτ τ τ − =    are lower and 

upper limits on .τ

3. Trajectory planning

3.1. Point-to-point trajectory planning
In order to solve the basic task of the robot (2), taking into 
account constraints (3) and (7) the approach based on the 
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method presented by the authors in [16] and [17] was applied. 
Due to the redundancy of the mobile manipulator considered 
in this work, the presented solution uses an extended Jacobian 
approach making it possible to take into account additional 
conditions specifying the way of task execution. To this pur-
pose, additional criteria in the following form are introduced

	
( ) ( ) ( )( )

1
,

ML
i i

a M M
i

H q q C qµ κ
=

= − + ∑ 	 (9)

where ( )i
Mκ ⋅  is any internal penalty function tending to infi-

nity if the configuration approaches i-th limit.

The minimization of criteria (9) allows for the determination 
of the configuration maintaining the high dexterity of the arm 
(maximizing the index (5)) and satisfying mechanical limita-
tions (6). Following the derivation method presented in [17] 
and introducing the Jacobian of the mobile manipulator as  
((m + h) × n) dimensional matrix in the form of

	 ( ) ( ) ( )
TT T, .q J q q =    	 (10)

where ( ) ( )/ ,J q k q q= ∂ ∂   the necessary condi-
tion of the minimum of criteria (9) can be determined. Finally, 
the condition introducing additional (n − m − h) dependen-
cies, supplementing the basic task of the robot and allowing 
to create the extended Jacobian, can be determined as

	 ( ) ( ) ( )( ) ( )
T-1

, , 0,q F R F q RH q q q H q− =  	 (11)

where ( ) ( )/ ,qH q H q q= ∂ ∂  R  is a square matrix constructed 
from (m + h) linear independent columns of ,  F  is 
a matrix obtained by excluding R  from   and Hq,F, Hq,R are 
vectors containing the elements of Hq corresponding to columns 
of the matrix ,R  ,F  respectively.

Using the dependency (11) the mapping  determi-
ning the distance between the current configuration q(t) and 
the permitted (non-singular, satisfying mechanical constraints) 
unknown final configuration qT, can be recorded as

	

( )

( )

( ) ( ) ( )( ) ( )
( )

T-1
, ,, .

f

q F R F q R

k q p

e q q H q q q H q
q q

− 
 

= − 
 
  





 


	 (12)

Introducing mappings eI and eII constructed from the com-
ponents of e in the following form

	
	

(13)
	
	

the dependencies specifying the trajectory of the robot to the 
final location pf satisfying constraints (3), (7) and maximizing 
the manipulability measure (5) are put forward as the follo-
wing system of differential equations

	
(14)

	                                     

where { }1diag , , ,
I I I

n h
V V V

−Λ = Λ Λ  { }1diag , , ,
I I I

n h
P P P

−Λ = Λ Λ   
 

{ }1diag , , h
II II IIΛ = Λ Λ  are matrices with positive gain coeffi- 

 
cients ensuring the stability of differential equations (14).

As discussed in [17], using the Lyapunov stability theory it 
is possible to show that the solution of the above system of 
equations is asymptotically stable for positive gain coefficients. 
Moreover, for coefficients of matrices ,

IVΛ  
IPΛ chosen as

			 
	

	 (15)

the solution is strictly monotonic. These properties imply that 
the mobile manipulator achieves the final desired location pf 
with zero velocity, moreover, for initial non-singular configura-
tion fulfilling mechanical limitations, the robot motion is free 
of singularities and fulfills constraints (6) in the course of task 
execution. Additionally, if the first constraint (3) is satisfied 
the Pfaffian phase constraints (4) are preserved during the 
whole robot movement.

Finally, after determining ,Ie  ,Ie  IIe  and substituting into 
(14), the trajectory of mobile manipulator can be written expli-
citly in the following form

	 		
	 	 (16)

where

		
 	   

( )
( )

1 , ,

Id e
dt qv q q
d q q

dt

  ∂ 
  ∂  =
 
 
 







 

	

( )
( )

( )
2 , .I I

I
V P I

II

e q e q
qv q q

q q

∂ Λ + Λ ∂=  
Λ  







3.2. Collision free motion
In order to take into account collision avoidance inequality 
constraints (7) the description of the mobile manipulator and 
its workspace should be provided. This paper assumes that the 
workspace is known and the surface of i-th obstacle is descri-
bed by smooth function :i m

OS ℜ → ℜ  ( ( ) 0i
OS p =  for each 

point p belonging to the Surface of the obstacle). In real-life 
applications information about the robot environment can be 
obtained from the sensors as a points cloud and transformed 
to analytical smooth functions describing the surfaces of 
obstacles. Examples of such solutions were given by [7, 10, 12] 
and a comprehensive overview of these methods was presented 
by [2].

In the presented work collision avoidance conditions were 
written using the techniques of obstacle enlargement as put 
forward by [20] with simultaneous discretization of surfaces 
describing the platform and the arm of the mobile manipula-
tor. To this purpose, each obstacle in the workspace is enlarged 
by a certain positive value  and the suitable discretization 
of robot components is determined. As shown by [5] for each 
ϵ  >  0 it is possible to choose discretization determining finite 
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set of points PM approximating the robot in such a way that if 
points from PM do not collide with enlarged obstacles then the 
robot does not collide with the original obstacles. Using this 
approach collision avoidance conditions (7) can be expressed 
as a finite number of inequalities in the form of

	 	 (17)

where j
Mp  is a j-th point from PM.

In order to obtain collision free motion, the method propo-
sed in [17] was used. In this approach the accelerations of the 
mobile manipulator are perturbed in the neighborhood of the 
obstacle by the continuous perturbation pushing the robot 
away from the obstacle

	

( )( )
	 (18)

where  is the positive coefficient determining the strength of 
the influence of perturbation, ( )i

Oκ ⋅   is any continuous, diffe-
rentiable interior penalty function equaling 0 outside the neigh-
borhood of the obstacle and increasing when the robot 
approaches the surface of the obstacle. It is worth noting that 
the first component of the dependency is responsible for 
pushing the robot away from the obstacle, and the second one 
reduces the velocity of the mobile manipulator in the obstacle 
proximity. As it presented in [17], using the Lyapunov stability 
theory it is possible to show that the perturbation (18) forces 
the mobile manipulator to escape from the obstacle.

In order to find collision free motion the trajectory (16) 
should be extended with perturbation (18). It is worth noting 
that such a solution can disturb the robot movement only 
in the proximity of the obstacles, when the perturbation is 
active. As a result, it affects the condition (11) and may lead 
to the decrease in the manipulability measure, however, it can 
only occur near the obstacle surface, when the change of the 
configuration is necessary to avoid the collision. Additionally, 
in order to prevent the violation of nonholonomic constraints 
the use of the projection operator onto the null space of the 
matrix  is proposed. Finally, the collision-free trajectory of 
the mobile manipulator is described by the dependency

	 	 (19)

where I is (n × n) the identity matrix and † = T( T)−1 is 
the pseudoinverse of the matrix .

It should be noted that the presented method if of a local 
character so it is possible to stuck in the local minima or saddle 
points. This disadvantage can be overcome by applying small 
perturbation if the mobile manipulator stops before reaching 
the final point. Such an algorithm, for convex shaped obstac-
les, was presented in [11]. The authors suggested perturbation 
forcing the motion of the robot along any of the basis vector 
of the tangential hyperplane of the obstacle boundary. As was 
shown, such an approach ensures leaving a saddle point in one 
iteration and it should be repeated several times if the mobile 
manipulator is stuck in the local minima.

4. Control constraints

The trajectory (19) considers all the conditions listed in Sec-
tion 2, except the control constraints (8) resulting from capa-
bilities of robot actuators. As was shown in previous works by 

the authors [16, 17] the control limitations can be considered 
by a suitable choice of gain coefficients 

IVΛ  and ,
IPΛ  the disa-

dvantage of such a solution, however, is significant increase in 
task execution time. In order to eliminate this disadvantage, 
in this paper the approach of scaling the trajectory only in 
certain time periods is proposed in this paper. To achieve it, 
an additional variable, called the virtual control and affecting 
the trajectory only if robot controls are close to their limita-
tions, is introduced. The preliminary idea of such an approach 
was presented in [15], but in this work the concept is signifi-
cantly extended and supplemented with the condition for the 
existence of the solution.

In order to take control constraints into account, it is neces-
sary to know the dynamic equations of the mobile robot, given 
in a general form as

	 	 (20)

where M(q) denotes (n × n) the positive inertia matrix, ( ),c q q  
is n-dimensional vector representing Coriolis, centrifugal, 
viscous, Coulomb friction and gravity forces, λ  is h-dimensio-
nal vector of the Lagrange multipliers corresponding to non-
holonomic constraints (4) and B is n × (n−h)) full rank matrix 
(by definition) describing which state variables of the mobile 
manipulator are directly driven by the actuators.

The extended Pffafian matrix (q) is the full rank, so there 
exists the full rank (n × (n − h)) matrix N(q), orthogonal to 

, which satisfies the relation (q)N(q) = 0. Thus, the equ-
ation (20) can be left-multiplied by NT(q) and written in the 
new form as

	 	 (21)

As shown in [3] it is possible to choose the configuration of 
motorization for any nondegenerate nonholonomic platform 
which provides full platform mobility and ensures a full rank 
of the matrix NT(q)B, so the controls of the mobile manipula-
tor can be determined from (21) as follows

	 ( )( ) ( ) ( ) ( ) ( )( )T T T , .N q B N q M q q N q c q qτ
−1

= +  	 (22)

It should be emphasized that the above transformation is 
necessary to determine the trajectory scaling coefficient, the 
remaining calculations are performed using a model expressed 
in generalized coordinates. Such trajectory scaling is carried 
out by introducing virtual control u(t), which takes on values 
between 0 and 1, affecting the trajectory in limited periods 
of time, in which control signals are close to constraints. To 
achieve it, the virtual control u(t) is introduced to trajectory 
(19) in such a way as not to change the character of the robot 
movement (the robot motion is slowed down when needed).

	 ( ) ( ) ( )( ) ( ) ( )1 †
1 2 .n Oq t q v u t v u t I q−= − + + −    	 (23)

Substituting (23) into (22) the robot controls can be written 
as a linear function of virtual control u(t) as follows 

	 ( ) ( ) ( ) ( ), , ,u a q q u t b q qτ = +  	 (24)

where 
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Due to the inaccuracy of the robot dynamic model the 
safety zones of size determined by ( )0, 1τε ∈  for τmin and τmax 
are introduced as follows

	

( )
( )

,min min max min

,max max max min

0.5
,

0.5
ε τ

ε τ

τ τ ε τ τ
τ τ ε τ τ

= + −
= − −

	 (25)

The trajectory of the mobile manipulator is scaled when any 
control exceeds τ

ε,min or τ
ε,max, which maintains a certain mar-

gin enabling the control systems to introduce corrections to 
the trajectory being realized. Finally, using dependency (24) 
the control constraints (8) can be written in the new form as

	 ( ) ( ) ( ),min ,max, ,a q q u t b q qε ετ τ≤ + ≤  	 (26)

According to the proposed method, the virtual control u(t) 
takes a value equal to 1 when the control signals of the mobile 
manipulator are within the range determined by the depen-
dencies (25). In this case, the trajectory is not scaled and the 
robot movement follows the original solution described by the 
dependency (23). If, at a given time instant, controls exceed 
the safety margins (25), it is necessary to find the û value to 
satisfy constraints (26). Hence, for each i-th control that exce-
eded its limit, value ûi should be determined in such a way as 
to satisfy the inequality

	 ,min ,maxˆ ,i i i i
ia u bε ετ τ≤ + ≤ 	 (27)

where ai, bi are i-th elements of vectors a(q, q˙) and b(q, q˙).

To find the value ûi, it is assumed that the coefficient ai is 
non-zero and four cases are considered

(a) ,max
,max ˆand 0 : ,

i
ii i i

i
i

b
a u

a
ε

ε

τ
τ τ

−
> > ≤

(b) ,min
,min ˆand 0 : ,

i
ii i i

i
i

b
a u

a
ε

ε

τ
τ τ

−
< < ≤

(c) ,max
,max ˆand 0 : ,

i
ii i i

i
i

b
a u

a
ε

ε

τ
τ τ

−
> < ≥  

(d) ,min
,min ˆand 0 : .

i
ii i i

i
i

b
a u

a
ε

ε

τ
τ τ

−
< > ≥

If at a given time instant only one control exceeds the assu-
med limit, then the virtual control û takes the value equal to 
the right side of corresponding inequality (a)−(d). If several 
control signals do not satisfy the limits then:

	− if there are only cases (a) or (b), then

	

,min,max
max ,

ˆ ˆ min , ,
ji

ji

i j
i j

bb
u u

a a
εε ττ −− = =  

  
	 (28)

−	 if there are only cases (c) or (d), then

	

,min,max
min ,

ˆ ˆ max , ,
ji

ji

i j
i j

bb
u u

a a
εε ττ −− = =  

  
	 (29)

−	 if both cases (a) or (b) and (c) or (d) occur, virtual control 
û has to satisfy dependency

	 min maxˆ ˆ ˆ .u u u≤ ≤ 	 (30)

In practice, it seems that in this case it is reasonable to cho-
ose û as the value closest to the virtual control determined 
at the previous time instant.

If there are only cases (a), (b) or (c), (d) then there is always 
û which ensures that constraints (26) are satisfied. If cases 
(a) or (b) and (c) or (d) occur simultaneously then the ful-
fillment of the inequality (30) is a condition for the existence 
of a solution.

At the time instants when the limits are exceeded the virtual 
control u(t) takes values û obtained according to the algorithm 
presented above. If the controls ( )tτ  decrease, and the trajec-
tory scaling is no longer needed, the virtual control u(t) should 
be enlarged to its maximum value equal to 1. In order to main-
tain the continuity of the control ( ) ,tτ  it is necessary to 
ensure the continuous change of the virtual control u(t). In 
order to do so, it is assumed that the u(t) increases asympto-
tically to its maximum value according to the dependency

	 ( ) ( )( )/ 1 ,du t dt u tρ= − 	  (31)

where ρ > 0 determines the convergence rate.

In order to satisfy the control constraints at the initial 
moment of the motion the appropriate initial value of the vir-
tual control u0 should be given. The dependencies (28)−(30) 
can be used to achieve it, but it should be noted that for initial 
generalized velocities equal to zero, component ( ),b q q  in (24) 
contains only the vector ( ),c q q  with non-zero elements related 
to gravity forces. Hence, u0 = 0 leads to controls balancing the 
gravity forces. It seems reasonable to assume that control con-
straints should not be less than these values. As shown in 
numerical examples, an additional advantage of such an initial 
value of virtual control is to ensure a smooth start of the robo-
tic system at the beginning of the task.

Finally, according to the proposed algorithm, u0 = 0 is assu-
med to be the initial value of the virtual control. Then u(t) is 
increased according to the dependency (31). If the control 
signals exceed the safety margins (25), a new value of û, ensu-
ring that the constraints are satisfied, is determined using 
(28)−(30). If the controls ( )tτ  decrease and limitations (26) 
are satisfied, the virtual control u(t) is increased according to 
the dependency (31).

5. Numerical example

In order to verify the effectiveness of the proposed algorithm, 
computer simulations involving the mobile manipulator shown 
in Fig. 1, consisting of nonholonomic platform of (2, 0) class 
and a 3-DoF 3R holonomic manipulator working in three-
-dimensional task space is considered. Kinematic parameters 
of the robot correspond to KUKA youBot mobile platform 
with an arm. However, in the simulations presented below, it 
is assumed that the platform is (2, 0) type and the arm has 
only three revolute joints (the last three links of the original 
KUKA arm form the single link of the manipulator) and the 
orientation of the end-effector is ignored. Finally, the parame-
ters of the robot used in the simulations are given as follows:

	− rectangular platform 0.456 m × 0.316 m × 0.046 m with 
wheels of radius 0.05 m,

	− manipulator with a base height 0.161 m and links: 
0.033  m, 0.155 m, 0.342 m,

	− mass of the platform 19.803 kg, wheel 1.4 kg,
	− mass of the manipulator base 0.961 kg, links:  
m1 = 1.39 kg, m2 = 1.318 kg, m3 = 2.496 kg.
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Fig. 2. Motion of mobile manipulator
Rys. 2. Ruch mobilnego manipulatora

The vector of generalized coordinates of such mobile mani-
pulator is described as

q = [x,  y,  θ,  φ1,  φ2,  q1,  q2,  q3]T,

and its kinematics is given as follows

where x, y are location of the platform center, θ is the plat-
form orientation, φ1, φ2 denotes the angles of driving wheels, 
q1, q2, q3 stand for configuration angles of the manipulator 
joints, cθ  =  cos(θ), cθ1 = cos(−θ + q1), cθ12 = cos(−θ + q1 + q2)  
+ cos(θ − q1 + q2), cθ123 = cos(−θ + q1 + q2 + q3) + cos(θ 
− q1 + q2 + q3), sθ = sin(θ), s2 = sin(q2), s23 = sin(q2 + q3),  
sθ1 = sin(−θ + q1), sθ12 = sin(−θ + q1 + q2) − sin(θ − q1 + q2),  
sθ123 = sin(−θ + q1 + q2 + q3) − sin(θ − q1 + q2 + q3).

The conditions (4) for the motion without lateral and lon-
gitudinal sleep, in this case, can be described as

1
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The task of the mobile manipulator is to move from non-
-singular, collision free configuration, fulfilling mechanical con-
straints

q0 = [ 0.0,  −0.5,  π/2,  0.0,  0.0,  0.0,  −0.17,  0.35 ]T rad

to the final end-effector position

pf = [ 3.5,  4.0,  0.16 ]T m,

maximizing the manipulability measure (5) and satisfying 
mechanical limitations (6):

qa,min = [−169π/180, −65π/180, −151π/180 ]T rad,

qa,max = [   169π/180,    90π/180,   145π/180 ]T rad,

and control limitations equal to:

τmin = [−1.5, −1.5, −1.0, −10.0, −5.0 ]Nm,

τmax = [   1.5,   1.5,   1.0,    0.0,    0.0 ]Nm.

The mobile manipulator operates in the workspace including 
three obstacles:
1.	 cylinder: radius 0.25 m, height 0.2 m,  

base center [0.15, 0.75, 0]Tm,
2.	 sphere: radius 0.15 m, center [1.25, 0.7, 0.45]Tm,
3.	 cylinder: radius 0.4 m, height 0.1 m,  

base center [1.25, 2.5, 0]Tm.

In order to formulate the collision avoidance conditions (17) 
each obstacle is enlarged by ϵ = 0.05 m. The discretization of 
the platform and the links of the manipulator, ensuring the 
avoidance of the collision with the sphere and the cylinders 
with parameters given above, is determined as 0.14 m. Within 
the proposed approach the obstacles in the workspace have to 
be approximated by smooth surfaces. In the presented simu-
lations solids described by superellipsoids, widely discussed 
by [9], are used. The parameters of superellipsoids (semidia-
meters ax, ay, az and coefficients χ1, χ2 determining the shape 
of the solids) representing the obstacles in the workspace are 
given in Tab. 1.

The sizes of neighborhoods in which perturbation affects 
the robot motion are equal to 0.35 m and 0.15 m for cylinders 
and sphere, respectively. The gain coefficients Λ used in the 
trajectory generator (23) are taken as
ΛPI

 = diag(1.75, 1.75, 1.75, 1.75, 1.75),
ΛVI

 = diag(2.78, 2.78, 2.78, 2.78, 2.78),
ΛII = diag(1.0,   1.0,   1.0,   1.0,   1.0).

Fig. 1. Model of mobile manipulator
Rys. 1. Model mobilnego manipulatora

Tab. 1. Parameters of superellipsoids 
Tab. 1. Parametry superelipsoid

nr ax ay az χ1 χ2

1. 0.25 m 0.25 m 0.10 m 0.1 1.0

2. 0.15 m 0.15 m 0.15 m 1.0 1.0

3. 0.40 m 0.40 m 0.05 m 0.1 1.0
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Fig. 3. Minimal distance between robot and obstacles for the first task
Rys. 3. Minimalna odległość między robotem i przeszkodami w pierwszym zadaniu

Fig. 4. Normalized arm joint angles for the first task
Rys. 4. Znormalizowane kąty konfiguracyjne ramienia w pierwszym zadaniu

Fig. 5. Arm manipulability measure for the first task
Rys. 5. Miara manipulowalności ramienia w pierwszym zadaniu

Fig. 6. Normalized wheels torques for the first task
Rys. 6. Znormalizowane momenty obrotowe kół w pierwszym zadaniu

Two cases of such a task are con-
sidered. In the first one control con-
straints (8) are ignored, in the other 
they are introduced in accordance with 
the approach presented in section 4. 
The way of performing the task in 
both cases is similar and it is shown 
in Fig. 2.

In the first case the final time of 
task execution is equal to 44.6 s. The 
minimal distance between the robot 
and the surface of obstacles is shown in 
Fig. 3. As it can be seen, this distance 
is greater than zero during the whole 
movement, so the robot motion is col-
lision-free. The dashed horizontal lines 
represent the boundaries of neighbor-
hoods surrounding the obstacles. It is 
evident that the robot maneuvers near 
obstacles most of the time, leaving the 
obstacles neighborhood for a short 
time of about 20 s and permanently 
in the final part of the movement. 
The motion in such a complex space 
leads to an increase in task execution 
time due to the second component of 
perturbation (18), which significantly 
reduces the velocity of the robot near 
the obstacles.

To improve readability, the values of 
arm joint angles are mean normalized, 
i.e. scaled to [−0.5, 0.5] in order to 
fit in the same range, and presented 
in Fig. 4. As it can be seen, mechani-
cal constraints are satisfied and joint 
angles remain far away from their limi-
tations (dashed red horizontal lines 
represent normalized limitations).

The analysis of changes in the mani-
pulability measure, presented in Fig. 5, 
makes it evident that the index gene-
rally increases during the task execu-
tion and the manipulator achieves the 
maximum dexterity after reaching the 
final point. However, a local decre-
ase in manipulability can be seen at 
the beginning of the motion. In this 
case there was a potential collision 
of the manipulator arm with the first 
obstacle, which forced a significant 
change of configuration leading to the 
decrease in arm manipulability. After 
passing the obstacle the influence of 
perturbation (18) decreases and the 
minimization of criteria (9) ensures an 
increase in manipulability measure.

Mean normalized control signals 
obtained in the first case, when the 
constraints (8) were ignored, are shown 
in Figs. 6 and 7. It can be seen that 
both the torques of platform wheels 
and arm joints exceed the assumed 
limitations (dashed red horizontal lines 
represent normalized limitations). It is 
especially evident at the beginning of 
the movement when the robot starts 
from the initial location and in the 
neighborhoods of the obstacles. Signi-
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ficant exceedance of the controls limits can 
be observed in the middle phase of the 
motion (18−20 s). In this stage the robot 
leaves the neighborhood of the second 
obstacle and begins to increase its velocity 
(wheels controls increase) and moves away 
from the obstacle. However, it quickly 
enters the safety zone of the third obstacle 
and, as a result, it must its reduce velo-
city, so the wheels controls decrease and 
they exceed the lower limits. Moreover, 
the potential collision with the robot arm 
exists, so it is necessary to change the first 
configuration angle and the corresponding 
control increases exceeding its limit.

In the second simulation the mobile 
manipulator preformed the same task as 
in the first case, but the control constra-
ints were considered. The way of task exe-
cution was similar to the first simulation, 
however, due to the reduction of controls, 
the final time slightly increased to 49.4 s. 
For the purposes of the virtual control 
method, proposed in this paper, the size 
of safety zones for τmin and τmax was 
taken as ε

τ
 = 0.1. The minimal distance 

between the robot and the obstacles, mean 
normalized joint angles and the manipula-
bility measure are presented in Figs. 8−10, 
respectively. 

Mean normalized control signals obta-
ined in this case for platform wheels, arm 
joints and virtual control scaling the tra-
jectory are shown in Figs. 11, 12 and 13, 
respectively. As it can be seen in Fig. 13, 
the value of the virtual control u(t) incre-
ases at the beginning of the motion leading 
to increase of controls, which quickly reach 
safety zones of their limits. As a result, the 
virtual control determination algorithm, 
described in Section 4, is activated and 
virtual control u(t) is modified according 
to dependencies (28)−(30), which results 
in reducing the controls in the first second 
of the motion. When the controls reach 
the safe values, the virtual control u(t) 
begins to raise again up to a maximum 
value equal to 1 in accordance withe the 
equation (31). Similar behavior of virtual 
control take place in the final (about 45 s) 
phase of the movement.

More complex changes are visible in the 
middle phase (time interval 18−20 s) when 
the robot maneuvers between two obstac-
les. After changing the direction near the 
first obstacle (controls reach their limits, 
virtual control decreases) the robot con-
tinues to move (controls decrease, virtual 
control increases), but soon comes clo-
ser to the second obstacle and changes 
its direction again (controls reach their 
limits, virtual control decreases). Finally, 
as simulation results show, the use of the 
proposed approach allows to fulfill control 
limitations at the cost of a relatively small 
increase in execution time (about 10 %).Fig. 10. Arm manipulability measure for the second task

Rys. 10. Miara manipulowalności ramienia w drugim zadaniu

Fig. 7. Normalized arm joints torques for the first task
Rys. 7. Znormalizowane momenty obrotowe przegubów ramienia w pierwszym zadaniu

Fig. 8. Minimal distance between robot and obstacles for the second task
Rys. 8. Minimalna odległość między robotem i przeszkodami w drugim zadaniu

Fig. 9. Normalized arm joint angles for the second task
Rys. 9. Znormalizowane kąty konfiguracyjne ramienia w drugim zadaniu
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Fig. 11. Normalized wheels torques for the second task
Rys. 11. Znormalizowane momenty obrotowe kół w drugim zadaniu

Fig. 12. Normalized arm joints torques for the second task
Rys. 12. Znormalizowane momenty obrotowe przegubów ramienia w drugim zadaniu

Fig. 13. Virtual control scaling trajectory for the second task
Rys. 13. Wirtualne sterowanie skalujące trajektorię w drugim zadaniu

6. Conclusion  

This paper presents a method of trajectory planning when 
the mobile manipulator has to reach a specified end-effector 
position within the workspace. This approach guarantees the 
fulfillment of mechanical and collision avoidance constraints, 
additionally, it ensures the movement far away from singular 
configurations by maximizing the manipulability measure of 
the robot arm. The fulfillment of control constraints is obta-
ined by introducing the so called virtual control scaling the 
trajectory in limited periods of time. As simulation results 
show, such an approach allows to obtain the trajectories ful-
filling control constraints without significantly increasing the 
time of the task execution. The effectiveness of the solution is 
confirmed by the results of computer simulations.
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Streszczenie: W pracy przedstawiono metodę planowania trajektorii dla manipulatorów mobilnych 
uwzględniającą ograniczenia wynikające z możliwości układów napędowych robota. Spełnienie 
ograniczeń na sterowana zostało osiągnięte poprzez wprowadzenie wirtualnego sterowania 
skalującego trajektorię robota w ograniczonych przedziałach czasu. Takie podejście pozwoliło na 
uzyskanie trajektorii spełniających ograniczenia na sterowania bez znaczącego wydłużenia czasu 
realizacji zadania. Zaproponowana metoda generuje sub-optymalne trajektorie maksymalizując miarę 
manipulowalności ramienia robota, zachowuje ograniczenia mechaniczne oraz warunki unikania 
kolizji i może być zastosowana do planowania trajektorii w czasie rzeczywistym. Skuteczność 
zaproponowanego rozwiązania została potwierdzona symulacjami komputerowymi wykonanymi 
z użyciem mobilnego manipulatora o parametrach odpowiadających robotowi KUKA youBot.

Słowa kluczowe: roboty mobilne, planowanie trajektorii, ograniczenia na stan, ograniczenia na sterowania, unikanie kolizji

Planowanie trajektorii dla manipulatorów mobilnych 
z ograniczeniami na sterowania
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