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Abstract 

 

Modern inventory control is anchored in vastly advanced and complex 
models, which require considerable computational efforts. In this paper, 

we use a mathematical model of an inventory system with large supply 

delay and control system  in order to optimize goods flow in inventory 
systems. The paper proposes the use of automatic control systems to 

control the system for supplementary orders. A discrete-time, dynamic 

model of the warehouse system is assumed for the analysis. For the given 
model, two automatic control systems: adaptive and classical non-adaptive 

periodic inventory systems , are analyzed. The non-adaptive control 

system is well known in the literature and the second one is its extension. 
The parameters of the control system are tuned by minimizing the cost 

function using a genetic algorithm for the assumed scenario for the market 

demand. Results of numerical simulations of the dynamical system and 
selected results in the objective space are presented in the paper. 

  

Keywords: inventory control, inventory system, delay system, discrete-
time systems, control systems, periodic inventory system. 

 

1. Introduction 
 

Nowadays, increase in the global competition in the world 

market what makes the supply chain management more critical 

and essential. The inventory management is one of the main 

pillars of supply chain policy. Acting as a buffer to smooth 

production in response to demand fluctuations is determined as the 

main role of inventory. In fact, there is a plenty of reasons for 

keeping inventories. The most significant is to satisfy the demand 

during the replenishment period in order to prevent lost sales. 

Predictability, fluctuations in demand, unreliability of supply, 

price protection, quantity discounts, lower ordering costs [19] are 

also important reasons for obtaining and holding inventory. It is 

utmost important to maintain the right balance between demand 

and orders with a view to minimizing costs. What is more, 

inventory is a protection against fluctuations in demand – facilitate 

satisfying customer demands. Inventory costs generally fall into 

ordering costs and maintenance costs [19]. 

The stabilizing effect of inventory in a supply chain was 

investigated by Baganha [4]. On the other hand, empirical data 

and experience with management games suggest that, in most 

industries, inventory management policies can have a destabilizing 

effect by increasing the volatility of demand as it passes up 

through the chain („the bullwhip effect”) Baganha [4]. The 

bullwhip effect has been noted and assigned to various causes 

across a range of academic disciplines [18]. The concept stems 

from Forrester’s Industrial Dynamics [14]. Forrester is  

a forerunner of the bullwhip effect. However, the term Bullwhip 

Effect was coined by Procter & Gamble management [7]. The 

traditional conceptual definition of bullwhip was described by Lee 

[16] as “the phenomenon where orders to the supplier tend to have 

larger variance than sales to the buyer (i.e., demand distortion), 

and the distortion propagates upstream in an amplified form (i.e., 

variance amplification). 

The phenomenon in which variance of demand is amplified 

when moving upstream – has attracted the attention of many 

researchers for the last few decades. The existence of the bullwhip 

effect in supply chains is identified in several papers: [5], [6]. It is 

shown that production is more variable than sales. It has been 

recognized that demand forecasting and ordering policies are two 

of the key causes of the Bullwhip Effect [7]. Identified five major 

causes of the bullwhip effect are pointed by Lee[16] i.e., 

forecasting, non-zero lead-time, order batching, supply shortages, 

and price fluctuations, and discussed the conditions under which 

the increase in order variance will not occur.  

The paper presents a comparative analysis of selected control 

algorithms involving supplementary orders to the inventory in the 

presence of high and variable time delays. The adopted tuning 

criterion of the control systems is minimizing the rate of cost 

which represents the weighted sum of lost sales due to shortages 

and total carrying costs. The profound research was conducted 

into optimization of control system structures: the classic periodic 

inventory system and the periodic inventory system with adaptive 

maximal inventory level. The two control systems are evaluated 

on the basis of the model proposed by Chołodowicz and Orłowski 

[11]. Parameters were selected for each of the control system 

structures through solving optimization tasks for a specific 

scenario of variable market demand using a genetic algorithm. To 

be precise, these solutions were obtained for the different weight 

coefficient and for classic and adaptive periodic inventory control 

system structures. The value of the bullwhip effect indicator is the 

additional criterion of the analysis. The bullwhip effect was 

measured for each tuned control system.  

The main achievement of this research is a comparison of two 

control strategies for the inventory goods flow. The profound 

research was conducted into parameter optimization of two control 

system structures: the classic periodic inventory system and the 

periodic inventory system with adaptive maximal inventory level. 

The concept of a classical periodic inventory system is excerpted 

from literature. Parameters are selected by solving optimization 

tasks for a specific scenario of variable market demand using  

a genetic algorithm in Matlab/Simulink. 

 

2. The mathematical model 
 

The number of products that could potentially be sold from the 

store is modelled as a certain, unknown in advance limited 

function of time: 0d(k)dmax, where dmax is the maximum number 

of products sold per unit of time. Instantaneous values of d(k) 

fluctuate in time and depend on the market demand. Demand for 

the products is generally variable in time. The number of products 

shipped from the inventory h(k) depends on the demand, as well as 

the available stocks y(k) and the following inequalities are held: 

 

    max0 h k d k d   ,   max0 y k y     (1) 

 

If the quantity of products in stock at time k is sufficiently large, it 

means that: d(k)= h(k). 

From the standpoint of controlling the flow of goods, it is 

important to maintain certain stocks in the inventory, regardless of 

transient changes in the customer demand, so as to avoid a 

situation in which the warehouse is empty or the quantity of the 

stored products is excessive, or even exceeds the storage capacity 

ymax. The product quantity stored in the inventory at the moment k, 

called the stock, is given by: 

 

       1 p sy k y k u k h k                    (2) 

 

where: : x(k)0, u(k)0, 
p  – production delay – related to the 

time required to produce or complete the orders, s  – forwarding 

delay – the time interval indispensable to transport the ordered 

products to the inventory without waiting time for transport. 
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Fig. 1.  Block diagram of the inventory system with control 

 

The block diagram of the analyzed system is shown in Fig.1. 

The system consists of three main blocks: production, transport 

and storage. 

 

3. Description of the control system 
 

There are many types of inventories. Each of them does not 

require same policy because the form of inventories depends upon 

its specific destiny. In this work, one type of product is considered 

and it is assumed that the supply chain is composed just of one 

manufacturer, a retailer and a customer. Due to the similarity 

between the considered class of systems and engineering 

processes, it is a natural choice to apply control-theoretic methods 

in the design and analysis of strategies governing the flow of 

goods. The main purpose of the control selection is to minimize 

the costs relating to occupation of the surface of the inventory and 

losses relating to shortages. Shortage is an extremely 

disadvantageous situation - the demand is greater than the amount 

of products, because orders have not keep up with the time-

variable changing needs of customers. For this purpose, there is 

formed a supply reserve (buffer) in order to avoid lack of products 

in subsequent periods. The control system determines a certain 

amount of products to be ordered on the basis of the market 

demand. The two basic questions of the fundamental problems of 

logistics are “in what” quantity and ― “when” to resupply stock 

[9]. There are several replenishment techniques attempt to answer 

this primary questions.  

As a result, a class of inventory models has been designed to 

cope with situations where the demand level fluctuates. The two 

classic systems for managing independent demand inventory are 

periodic review and perpetual review systems [17]. We use  

a conception of the classical periodic inventory system to create its 

modified version with adaptive stock level. To analyze the 

behavior, it is essential to create a mathematical description of the 

investigated control systems: 

 

A. Classical periodic inventory system (CPIS) 

 

The distinguishing feature of the classical periodic inventory 

system with one parameter is that the review period is fixed, but 

order quantity, demand rate and reorder point are variable. The 

order quantity is the maximum inventory level minus the 

inventory position on the review date. In this system, the inventory 

position is checked only at specified time intervals [17]. 

The control action can be described in the following way: 

 

 
   1 rem ,14 0

0

k y k for k
u k

otherwise

 
 


    (3) 

 

where rem(a,b) means the remainder of a after division by b. 

The auxiliary function rem occurring in equation (2) is used to 

achieve a constant cycle of procurement. The controller has only 

one parameter to tune – the maximal inventory level k1.The 

control system from the investigated case makes orders with  

a view of the time between the order and delivery. 

 

 
 

Fig. 2.  Block diagram of the control system for Periodic Inventory System with 

adaptive maximal inventory level 

 

B. Periodic inventory system with adaptive maximal 

inventory level (PIS-AMIL) 

 

The use of a control system with constant maximum inventory 

level is appropriate in a situation where the demand is constant or 

does not change significantly over time. The control system with 

adaptive setpoint was successfully used in the associate issues e.g. 

for packet flow control in computer networks with significant 

changes in available bandwidth over time [15]. This approach 

employs a linear relationship between the demand d(k) and the 

maximal inventory level ymax with connection to the classical 

periodic inventory system, which gives an opportunity to the 

adaption of the maximum level of inventory in stock. The 

additional factor k2 is introduced in order to enable adaptation 

depending on the market demand. Both factors k1, k2 make an 

affine function of the maximal inventory capacity depending on 

the market demand. The block diagram of the proposed control 

structure with adaptive maximal inventory level is shown in Fig. 2 

and is given in the following form: 

 

 
     1 2 rem ,14 0

0

k k d k y k for k
u k

otherwise

  
 


  (4) 

 

 

4. Optimization criterion 
 

The desired level of inventory can neither be high or low 

because high level inventory will lead to increase in carrying cost 

while low level of inventory will lead to increase in ordering costs. 

This process requires a special method, which provides a 

compromise between these two indicators. A numerical 

optimization is employed in order to find the solution. The 

optimization helps to fulfil the tasks of inventory management: 

looking after the amount of stock, the quantity of order and the 

order time to protect the regular and planned course of production 

against the random disturbance of running out of materials and 

goods. It is extremely important to use the simplest model for the 

optimization for a certain problem in numerical optimization 

issues – as simple as possible. Simplification of the optimization 

model not only contributes to reducing the calculation time but 

also enables you to find solutions closer to the global minimum 

repeatedly in the case of multimodal issues. 

The issue of optimal control requires a mathematical 

formulation of the process performance index to be optimal. 

Consider the problem of finding the optimal values of the 

parameters ki, i=1, 2 of a dynamical system with fixed structure 

from Fig. 2. For the inventory system, the indicators can be 

described by the following relations: 

 

    1

0

1 N

k n

j d k h k
N 

                        (5) 
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1 N

k n
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N

k


                             (6) 

 

where: n0=p+s is a cumulative delay, N is the length of the time 

horizon. 

Equation (5) represents lost sales due to shortages. In turn, 

expression (6) concerns the maintenance costs. In the present case, 

the weighted sum scalarization of the objective function is used: 

 

1 1 2 2j w j w j                             (7) 

 

where w1 and w2 are the weighting factors. 

For the given model (1)–(2), the control systems described by 

equations (3)–(4) and the cost function in the form of (5)–(7), the 

optimization problem can be defined in the following form: 

 

min j
k

                                     (8) 

 

where the optimization variables and constraints are dependent on 

the controller structure: 

 

 1 1,  0 kk k  for eq. (3) 

 

 1 2 1 2, ,  0,  0k kk k  k  for eq. (4) 

 

The proposed system is aimed at determining the optimal size of 

orders, which minimizes the weighted cost function, including the 

cost of stocking and maintenance costs and lost benefits, reducing 

the risk of shortages. 

 

5. Simulation research and analysis 
 

In this section we present computer simulations of material flow 

in the inventory. The structures of control systems from Section 3 

are applied. The main purpose of this section is to analyse 

properties of two different control structures: the classical 

periodic inventory system and its modification: the periodic 

inventory system with adaptive maximal inventory level. 

For the simulation of the inventory control systems described by 

equations (3)–(4) and the cost function in the form of (5)–(7), the 

following values of the system parameters are held: p=s=14, 

w1=60, or w1=530, w2=1, N=1000. 

 

 

 
 

Fig. 3.  Presumed function of the market demand for products – trapezoidal signal 

 

The sampling period is 1 day. Tuning the control system 

parameters is based on the criterion (8) and the time varying 

market demand signal plotted in Fig. 3. The optimization problem 

(8) is minimized using a genetic algorithm with parameters: 

population size 50, elite count: 2., crossover fraction: 0.8. The 

optimal controller parameters for the control system obtained for 

different weights are collected in Table 1. The genetic algorithm 

received great attention and was successfully applied to other 

problems in the supply chain environment: [13], [12], [20], [1]. 

 

 
 

Fig. 4.  Objective space for the two inventory control systems 

 

The Pareto front with shortages cost and holding cost calculated 

for 11 logarithmic spaced weights in the range <40, 1000> given 

in Table 1 and the signal from Fig. 3 is depicted in Fig. 4. The 

points of the Pareto front for the PIS-AMIL are marked by ‘x’ and 

the green smoothing line, whereas for the CPIS control system are 

marked by the red circles and the red smoothing line. It is clearly 

visible that the solutions of the CPIS control system are dominated 

by the solutions of the PIS-AMIL control system.  

 
Tab. 1. Optimal controller parameters for the control system 

 

w1 CPIS PIS-AMIL 

k1 [104] j [103] k1 k2 j [103] 

40 1.21 8.77 1.06e4 27.3 3.28 

60 1.24 9.79 44.6 27.5 3.61 

80 1.28 10.7 40.2 27.5 3.91 

110 1.44 11.9 32.4 27.7 4.34 

150 1.47 13.0 44.0 27.6 4.93 

200 1.47 14.2 439 31.4 6.13 

280 1.71 15.1 31.7 27.7 6.78 

380 1.98 16.0 395 36.9 7.66 

530 1.98 16.3 374 36.9 8.24 

730 2.09 16.5 392 36.9 8.99 

1000 2.09 16.5 413 36.8 9.99 

 

To highlight the comparison, we analyze the stock level 

response for different control systems, weights and consumers 

demands. All the solutions found for the CPIS in Fig. 4 are 

dominated by the PIS-AMIL solution. It means that the 

phenomenon of shortages and inventory redundancy occurs less 

than in the classical periodic inventory system.  

Let us now focus on the solutions for w1=60. The classical 

periodic inventory system has about 24 times higher inventory 

level than the periodic inventory system with adaptive maximal 

inventory level at the moment k=41. Therefore, the first shortage 

after delivery of the first order occurred between day 96 to 111 for 

the PIS-AMIL and day 375 for the CPIS control system. The 

cyclical short shortages appearing in the PIS-AMIL disappeared 

completely when the demand reached the constant level on day 

400 and the occurrence of linear falling demand.  

Despite the fact that at the time when demand is constant for 

k<400, 600> PIS-AMIL inventory level is higher about 3000 

units than CPIS. What is important, in PIS-AMIL in this period 

there is no shortage, while the CPIS from 400 to 700 day has 

shortages (lasting four days, appearing every 10 days, this 

situations continues for about 300 units). The period for k>700 is 

similar for both control systems, which is caused by a similar 

reference stock level. 
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Fig. 5.  The level of stocks of four control systems as a discrete time function for  

the presumed function of market demand, where w1=60 

 

The situation is similar in Fig. 6 for w1=530. The day 42 

highlighted the differences between the two systems. Similarly, 

CPIS has about 12 times larger stock than PIS-AMIL. Now the 

difference between stocks is 2 times lower, because the stock level 

increased 4 times for PIS-AMIL compared with w1=60. It is 

because the weight of the cost for shortages increased, so the 

control systems were made to store bigger stock to provide 

customer satisfaction as long as possible. It can be seen that for 

the higher weight w1=50 corresponding to the higher cost of 

shortages, the maximal stock level increased about 2 times for the 

CPIS, and about 4 times for the PIS-AMIL – shortages appearing 

after 41 days were eliminated completely. 

 

 
 

Fig. 6.  The level of stocks of four control systems as a discrete time function for the 

presumed function of market demand for trapezoidal signal, where w1=530 

 

The desired level of inventory can neither be high or low 

because high inventory level leads to increase in carrying cost 

while low level of inventory leads to increase in ordering costs. It 

means that a single proportional regulator (CPIS) cannot keep up 

with the adequate orders course with a view to the demand signal. 

In addition, we calculate the variance amplification for the 

analyzed systems, which is known in the literature [10] – measure 

of the bullwhip effect. The bullwhip effect is a wasteful 

phenomenon that occurs due to a lack of information across the 

supply chain. Two primary definitions of bullwhip effect 

measurement exist. The first measurement method consists in 

comparing the order variance with the demand variance [16] 

where order can also be explained as production release in  

a manufacturing setting. The second definition, used in most 

empirical studies, compares the variance of order receipts (or 

shipments) with the variance of sales. The bullwhip measurements 

based on these two definitions are usually a good approximation 

of each other (as the material flow more or less follows the 

information flow), but they differ in concept. 

We conduct a measure of bullwhip effect, which is defined as 

the ratio between the variance of order quantity and the variance 

of demand. Then we discuss the linkage between the bullwhip 

measure and weights of the cost function. For a detailed 

discussion on the different implications between the uncertainty 

propagation and variability propagation along the supply chain, 

we refer the readers to works: [2], [3], [8]. Fig. 7 shows how the 

weight of the cost function impacts the bullwhip effect measure. 

Marks are identical as those in Fig. 4. The values of bullwhip 

should be possibly small. Generally, the CPIS control system has 

the biggest BWE values for w1<150 (see Fig. 5). The PIS-AMIL 

control system has smaller values of BWE for w1>150. The point 

w1=150 is mutual. 

 

 
 

Fig. 7.  Impact of the weight of the cost function on bullwhip effect indicator 

 

 

6. Conclusions 
 

The proposed structures of the systems enable automatic order 

control for the inventory with a large 28 days delay in differ 

service quality. Our analysis shows that imposing a finite capacity 

to the system has a smoothing effect on the order variability. On 

the basis of the signal, we can decide how control systems react 

for the demand and verify the quality of the control system as well 

as test whether it is adequate to the demand signal. The empirical 

results shown in Figs. 5 and 6 reflect the differences between these 

two control inventory systems. The system response indicates the 

weaknesses of the CPIS structure. The system response of the 

CPIS in Figs. 5 and 6 is characterized by an inappropriately large 

increase in stock in the initial period of the simulation. The 

increase is almost 24 and 12 times larger than that in the structures 

PIS-AMIL. The use of this control algorithm for systems with 

long delays is not advisable. One the other hand, the time 

responses for the system PIS-AMIL show the adequate level of 

orders and stocks, also in a wide range of changes –keeping stock 

at the minimum level. 

On the basis of the investigation results, we tried to answer: how 

the structure of the control system impact on the properties of the 

control inventory control system. The structure of the CPIS – does 

not provide appropriate reaction for high varying demands, the 

reference inventory level is inappropriate. The system with 

adaptive reference stock level PIS-AMIL has much better 

performance. The simulation results indicate that the proposed 

approach can make an effective tracking of a given demand. 
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