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Relationship between the observability of standard
and fractional linear systems

TADEUSZ KACZOREK

The relationship between the observability of standard and fractional discrete-time and
continuous-time linear systems are addressed. It is shown that the fractional discrete-time and
continuous-time linear systems are observable if and only if the standard discrete-time and
continuous-time linear systems are observable.
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1. Introduction

The notion of controllability and observability of linear systems have been intro-
duced by Kalman [14, 15]. Those notions are the basic concepts of the modern control
theory [1, 6, 13, 16, 21, 24, 25]. They have been extended to positive and fractional
linear and nonlinear systems [2, 4, 5, 7-11, 22, 23]. The mathematical fundamentals of
fractional calculus are given in the monographs [18-20]. The positive fractional linear
systems have been introduced in [8, 11].

In the paper [17] it has been shown that the fractional discrete-time and continuous-
time linear systems are controllable if and only if the standard discrete-time and
continuous-time systems are controllable.

In this paper it will be shown that the fractional discrete-time and continuous-time
linear systems are observable if and only if the standard discrete-time and continuous-
time linear systems are observable.

The paper is organized as follows. In section 2 the basic definitions and theorems
concerning standard and fractional discrete-time and continuous-time linear systems
are recalled. The relationship between the observability of the standard and fractional
discrete-time linear systems is considered in section 3 and of continuous-time linear
systems in section 4. Concluding remarks are given in section 5.
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44?2 T. KACZOREK

The following notation will be used: R"*™ is the set of n x m real matrices and
R" = R, Z, is the set of nonnegative integers, I, is the n x n identity matrix.

2. Preliminaries
Consider the standard discrete-time linear system
Xi+1 = Ax; + Bu;, i€Z+:{0,1,...}, (la)

yi = Cxi, (1b)

where x; € R”, u; € R, y; € RP are state, input and output vectors and A € R,
B e RV C e RPH,
The solution to the equation (1a) is given by

i—1
xi=Axo+ Y A7/ Bu;. )
j=0

Substituting (2) into (1b) we obtain
. iil . .
yi=CA'xg+ Y CA™/"'Buj. (3)
j=0
Now let us consider the fractional discrete-time linear system

A(XXH_] =Ax;+Bu;, 0<a<2, (4a)

yi = Cx;, (4b)

where

Aax,- = i (—l)j < (X )Xl‘_j, (40)

a) |1 for j=0 4d)
j B —a(a_l)'jli!(a_jJrl) for j=1,2,...

is the fractional a-order difference of x; and x; € R”", u; € R, y; € RP are state, input
and output vectors and A € R, B € R C € RP*",
Substitution of (4c) into (4a) yields

i+1
Xipt = (A+Lo)xi+ Y cjxiojp1 +Bui, i€Z, (5a)
j=2
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where
: o
cjzc,-<oc>=<—1>f+‘< ) j=23,. (5b)
J
The solution to the equation (5a) has the form [11]
i+1
X1 = (A+Lo)xi+ Y. cjxiji +Buj, i€Zy, (6a)
j=2
where
j+l1
Dy =Dj(A+1L0)+ Y cxPj i1, Po=1, (6b)
k=2
and ¢y is defined by (5b).
Substituting (6a) into (4b) we obtain
i—1
yi=C®ixo+ Y CP;_;_Bu;. (7)
j=0

Consider the standard continuous-time linear system
x(t) = Ax(t) + Bu(t), (8a)

y(t) = Cx(t), (8b)

where x(¢) € R, u(t) € R™, y(r) € R? are state, input and output vectors and A € R"*",
B e RV C e RPH,
The solution to the equation (8a) has the form

t
x(t) = Mxo + / AV Bu(t)dn 9)
0
and
t
y(t) = CeMxo+ / Ce =Y Bu(t)dr. (10)
0
Now let us consider the fractional continuous-time linear system
dz);g) — Ax(t) +Bu(t), 0<a<?2 (11a)
¥(t) = Cx(1), (11b)
where .
o (n) n
dd:g) - F(nl— o) 0/ (r j r)‘s‘?l” dn, A0 = ddxr(f) (12)
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444 T. KACZOREK

is the Caputo fractional derivative of order n— 1 < a < n (n € N) of x(¢), ['(x) is the
Euler gamma function, x; € R", u; € R™, y; € R? are state, input and output vectors and
A e R Be RM C e RPH,

The solution of the equation (11a) is given by [11]

t
x(t) = Po(t)x0 + / O(1 — 1)Bu(t)dt, xo=x(0), (13a)
0
where
o0 Aktkot
Py(t) =)y —, (13b)
k;) ko +1)
o pky(k+1)o—1
D)=y ——— (13¢)
= Tl(k+1)0]
and
t
¥(t) = Co(t)x0 + / CO(t — T)Bu(t)dr. (14)
0
Theorem 4 (Cayley-Hamilton) Let A € R"*" and
det[lA —A] ="+ a, (A" '+ .. +aA+ap. (15)
Then
A'+a, A+ +aiA+agl, = 0. (16)
Proof Proof is given in [3, 12].
Theorem 5 (Kronecker-Capelli) The linear matrix equation
Ax=b, AcR"™", beR" 17)
has a solution x € R" if and only if
rank[A, b] = rank A. (18)

Proof Proof is given in [12].

3. Observability of standard and fractional discrete-time linear systems

It is well-known [1, 2, 7] that the observability of the standard and fractional linear
systems depends only of the pair (A,C) and it is independent of the matrix B.
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Definition 13 The standard linear discrete-time linear system (1) is called observable
in the interval [0, q| if knowing the output y; for i = 0,1,...,q— 1, g < n, it is possible to
find the unique xg of the system.

Theorem 6 The standard linear discrete-time linear system (1) is observable if and only
if
C

CA
rank . =n. (19)

CAnfl

Proof Proof is given in [1, 6, 13].

Definition 14 The fractional discrete-time linear system (4) is called observable in the
interval |0,q| if knowing the output y; for i =0,1,...,q — 1, g < n, it is possible to find
the unique xq of the system.

We shall show that the fractional discrete-time linear system (4) is observable in the
interval [0, ¢g| if and only if the standard linear discrete-time system (1) is observable in
the same interval.

From (7) for B= 0 and (6b) fori =0,1,...,g — 1 we have

Yo CPy

yi CP,
Yoqg = ) = ) Xo = OogXo, (20a)

yq—l C(I)q—l
where ~ _
C
C(A+1,0)

0oy = Cl(A+1,0)* + cal,)] : (20b)

ClA+LA) "™ + . 4 (00 + ..+ )] |

By Kronecker-Capelli theorem the equation (20a) has a unique solution xy for any given
Yogq if and only if
rank Oy, = n. (20c)

Therefore, the following theorem has been proved.

Theorem 7 The fractional discrete-time linear system (4) or equivalently (5a), (4b), is
observable in the interval [0,q] if and only if the condition (20c) is satisfied.
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It will be shown that the condition (20c) is equivalent to the condition (19). Note that

C
C(A+1,a)
OOq = C[(A—i-]n(l)z-i-CzIn]

ClA+L) "+ 4 (0 . ey 1))

i ] . } (2D
I, 0 0O --- 0 c
oy I, 0 0 cA
= (c2 +a?), 20, I, -~ 0
' ' C || cae
(cq_1—|—_._-|-(x‘1*1)]n e 8
since
(A+ 1o = AF 4 kod*~" + .+ a1, for k=2,3,....,q—1. (22)
From (21) it follows that
C
CA
rank O, = rank ] (23)
CA~!
since the matrix
[ I 0 0 - 0]
o, I, 0O --- 0
(c2 + o), 20, I, -~ O (24)
i (Cq71+--'+0(«q71)1n S A

is nonsingular for all values of a and ¢, k = 1,2,...,q — 1. Therefore, the following
theorem has been proved.

Theorem 8 The fractional discrete-time linear system (4) is observable in the interval
[0,g], ¢ < n, if and only if the standard discrete-time linear system (1) is observable in
the same interval [0, q].

Example 1 Consider the standard system (1) and the fractional system (4) for o = 0.5

with the same matrices
0 1
A= , C=[1 1]. 25
[_1 _3] Ty 25
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Using (19) and (25) for ¢ = 2 we obtain

rank ¢ = rank ! ! =2 (26)
CA -1 -2

and by Theorem 6 the standard system is observable in the interval [0,2].
For the fractional system with (25) using (20b) we obtain

¢ ]:rank[ ! ! ]:2, (27
C(A+ab) —0.5 —1.5

rank

By Theorem 7 the fractional system with (25) is also observable in the interval [0,2].

4. Observability of standard and fractional continuous-time linear systems

Definition 15 The standard continuous-time linear system (8) is called observable in
the interval [0,t] if knowing the output y(t) for t € [0,t;] it is possible to find the unique
Xo of the system.

Theorem 9 The standard continuous-time linear system (8) is observable if and only if

C

CA
rank . =n. (28)

CAnfl
Proof Proof is given in [1, 6, 13].

Definition 16 The fractional continuous-time linear system (11) is called observable in
the interval [0,1] if knowing the output y(t) fort € [0,ty] it is possible to find the unique
Xo of the system.

We shall show that the fractional continuous-time linear system (11) is observable
in the interval [0,#/] if and only if the standard continuous-time linear system (8) is
observable in the same interval.

Using the Cayley-Hamilton theorem (the equality (10)) it is possible to eliminate the
powers k = n,n+ 1, ... of the matrix A* in (13b) and we obtain

n—1
Do(t) = Y cr(t)Ar. (29)
k=0
The coefficients ¢ in (29) can be computed as follows.
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To simplify the calculations it is assumed the eigenvalues A; of the matrix A are
distinct, i.e. A; # A for i # j. In this case using (29) we obtain

Dy(M) co(?)
@0(7\42) ci(t
) =H . y (30)
CI)()O\.”) Cnfl(l‘)
where
1 M 7»’1’_1
1 A - ;Lgfl
H=| . ) . (3D
1 A At

If the eigenvalues are distinct, then the matrix (31) is nonsingular and from (30) we have

C()(l‘) CP()(}\.[)
Cl(l‘) _ H_l @o(‘xz) . (32)
cn1(t) Do (An)

The coefficients cx(t), k = 0,1,...,n — 1 can be also found using the well-known
Lagrange-Sylvester formula [3, 12].
Substitution of (29) into (14) for B = 0 yields

n—1

(1) = CPy(1)xo = Y ck(t)CA* = [ co(t) ci(t) -+ canr(t) ] . | X (33
k=0 :
CAnfl

From (33) it follows that it is possible to find y(r) for given r € [0,¢¢], if and only if
C
CA
rank . =n (34)
CAn—l

since cx(t) # 0 for ¢ € [0,17]. Therefore, the following theorem has been proved.
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Theorem 10 The fractional continuous-time linear system (11) is observable in the in-
terval [0,y if and only if the standard continuous-time linear system (8) is observable
in the same interval.

Example 2 Consider the standard system (8) and the fractional system (11) with the
same matrices

0 1
A= , C=|1 0] 35
[ 0 0 [ ] (35)
Using (28) and (35) we obtain
C 1 0
rank =rank =2 (36)
CA 0 1

and by Theorem 10 the standard system is observable. In this case for the fractional
system (11) with (35) we obtain

Ar® Ar® 1 £
0(?) 2+F(0c—|—1) 2+ o [0 ] ] co(t)h+ci(1)A, (37)
where
t(X
00(1)21, Cl(t):a. (38)

By Theorem 10 the fractional system is also observable.

5. Concluding remarks

The relationship between the observability of the standard and fractional discrete-
time and continuous-time linear systems has been addressed. It has been shown that:
1) the fractional discrete-time linear systems are observable if and only if the standard
discrete-time linear systems are observable (Theorem 8); 2) the fractional continuous-
time linear systems are observable if and only if the standard continuous-time linear
systems are observable (Theorem 10). The considerations have been illustrated by nu-
merical examples. The considerations can be extended to the standard and fractional
time-varying linear systems.
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