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Abstract: This work presents an analysis of guiding an anti-tank missile (ATGM) onto
a ground-based target. The concept presented here is the feasibility of bypassing
obstacles in the path of an ATGM when the obstacle coordinates are known prior to
firing the ATGM weapon. The ATGM contemplated here uses a homing algorithm to
calculate the stages of the ATGM flight path with the use of polynomial curves
(including third-degree polynomial curves). The start and end coordinates of the
polynomial curves are determined by the position of the obstacle(s) along the flight
path. A method is presented for calculating the factors of subsequent flight path stages,
along with a method of equating the ATGM kinematics and dynamics. A comparison is
made between the operating efficiency of various configurations of a traditional
proportional integral derivative (PID) controller, and at various gain factor values of the
PID controller stages. The applied mathematical model of the ATGM are used in
a series of numerical simulations for different take-off and in-flight conditions of the
projectile. The simulation results are presented in a graphical form.
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1. INTRODUCTION

The suitable selection of a controller and its settings are of major
importance to the performance of the controlled equipment. This selection
conditions the response time of the controlled object and the execution of its
programmed (pre-set) motion. The controller measures the offset values
between the pre-set values and actual values of execution in order to reduce the
offsets to negligible values.

The controlled object here is a simplified mathematical model of an
anti-tank guided missile (ATGM) moving in a three dimensional space and
guided onto its target according to a control algorithm [1], [2]. The algorithm
selected for this model is based on third-degree polynomial curves, which are
used to calculate the programmed flight path of the ATGM. The control factor
of the ATGM is the control force, Q. In computer simulations, the control force
emulates the lift from the air passing over the control surfaces of the ATGM
while in flight [3], [4]. The control forces were determined using a traditional
PID controller. If the missile flight velocity is low, a more efficient gas-dynamic
control system may be required [5].

2. MATHEMATICAL MODEL

The dynamic and kinematic equations were derived from the coordinate
systems shown in the figure below.

Vs

Fig. 1. The ATGM with the assumed coordinate systems
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Fig. 1 legend: Sxgysz; — a coordinate system with the ATGM as the origin
and parallel to the launch system; S& ¢ — a coordinate system with the ATGM
as the origin and formed by rotation of the coordinate system Sxgy,z, by angles
v, 4 and ¢ (respectively: yaw, pitch and roll, in [rad]); Sxyz— a velocity
coordinate system related to the air stream flows generated by rotation of the
coordinate system Sxgy,zq by angles yand y and (ATGM flight angles, in [rad]);
a, B, — respectively: attack angle and sideslip angle, in [rad]; G — gravity force
vector; V. — ATGM velocity vector; & — control force vector; M — vector of

the total moments of force acting on the ATGM; P — rocket engine thrust
vector; A — vector of the resultant of aerodynamic forces.

Given the assumption that the ATGM is a non-deformable body with
a constant mass [6], without rotation around its centreline (¢ = 0), and moving
in dense atmospheric layers (i.e. right above the ground), the ATGM flight
dynamics equations can be defined by the following relations, [7][8][9]:
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with:
m — ATGM mass [kg];
Ji, Jok — ATGM’s main central moments of inertia relative to its centreline and
transverse axis [kgm?];
L — ATGM body length [m];
P — rocket engine thrust [N];
V, — ATGM velocity [m/s];
Qy, Q,, — ATGM flight control forces [N],
Mqe, Mgy, — moments imposed by the flight control forces [Nm];
Ax, Ay, Az, D123 — relative aerodynamic factors of force and moment [1/m] [6];
@z, o, o.—ATGM body angular velocities [rad/s];
Cx Cy, C, —aerodynamic force factors;

C, =M= Myﬂ — lift and drift moment factors;

C,=M{ =M/, C;=M} =M/ — damping moment factors from the ATGM
body angular velocities;
2

- [nf)
d — largest cross-sectional diameter of the ATGM [m];
Sy, S; — lift and drift surface areas [m?];
p — air density [kg/m?];
g — gravitational acceleration [m/s?];

S =

t —time [s].
The angles of attack and sideslip are determined by the relation:
Vn P V§
_ Y| - M3 2a
a arctar{ VJ Yij arcsm(vp] (2a)
Ve :Vp(cos,%oswcos;/cos;ﬁsin gsin y +cosdsiny sin ;() (2b)

V, =V, [(cosdsin y - cosysin ysin Isiny ) cosy cos zsin Icosy | (20)

V, :Vp(COSj/ COS y +C0SySin ;gcosw) (2d)

with: Vg, V,,, V— velocity vector projections on the bound system axes [m/s].
The moments from the ATGM flight control forces are formulated as follows:

Mo, =Qy €, Mo, =Q; e (3)

with: e — distance from the control force application point to the ATGM centre
of gravity [m].
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The homing kinematics, i.e. the equations of target LOS (line of sight)
motion are shown below [10]:
a_y [cosy. cosecos(o — z. )+siny. sing]—
dt ‘¢ Ve Xc e (4a)

~V, [cosy cosecos(o — x)+sin ysing]

de _Vp[cosysin &cos(o — z)—sin 7COS£]+

dt r
4b
_ Ve [cosy sin e cos(o — xc )—sin y. cose] (4b)

r

do _Vp[eosysin(o — x)]-Vc[cosye sin(o - ¢ )] 40)
dt r cose

with: ¢ — target LOS pitch [rad];, o — target LOS vyaw [rad];
Yo Xe — respectively: target velocity vector pitch and yaw [rad]; r — distance of
the ATGM to the target [m]; V. — target velocity [m/s].

The kinematic g-loads applied to the ATGM in flight are described by the
following relations [6]:

dv,

n,=-— %Hin 7C0S ¥ (5a)
V, dy

n, =—- —~—-cosy +cos 5b

y (g qt C08% 7} (5b)
Vv

n, =—pd—z—sin ysin y (5¢)
g dt

n=./n;+n;+n;
3. CONTROLLER TYPE

The analysis of guiding the ATGM onto the target was based on
a traditional proportional integral derivative (PID) controller. The PID
controller outputs were the ATGM flight control forces [11], [12]. The offsets
on the PID inputs were the differences between the programmed flight control
angles and the actual (executed) ATGM flight angles, as well as the differences
between the programmed and actual flight elevation and bearing of flight.
Hence this PID can be termed a “twin PID” (2xPID).
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However, the simulation included cases of shutting down specific stages of
the PID controller. The following relations describe the PID controller
equations:

de, % df, %
Q =Ky, +kyo = +yg [o, dtehyf,+ Mg+ he[f,dt (ea)
ty )

t
de, (
Q, =ke, +k22E+kz3{[ez dt+h,,f, + hzza

t

df f
Z +hz3'[ f, dt (6b)

ty

e)’:yo_}/’ ezz)(o_XI fy:y_va fZ:Z_ZP (60)

with: ey, e,, fy, f,, — control offsets; y — programmed ATGM elevation coordinate
at a given time [m]; z — programmed ATGM bearing coordinate [m]; y, — actual
ATGM elevation [m]; z, — actual ATGM bearing coordinate [m];
7, 1° — programmed ATGM flight angles [rad]; 5 x — actual ATGM flight
angles [rad]; Kyi23, K123, Ny12.3, Na123, — gain factors of specific PID controller
stages.

4. ATGM HOMING ALGORITHM

A homing algorithm is essential to determine any programmed position and
flight angle coordinates of the ATGM. This work applied a method to calculate
the specific ATGM flight path stages, expressed as third degree polynomial
curves [12], [13]. The start and end points of the polynomial curves were
determined by the points which the ATGM must cross in flight. The coordinates
of these point were known before launching the ATGM, e.g. from known actual
terrain obstacles. The final flight phase passed over the target, which is struck
from above. A simplified schematic diagram of attack for the ATGM is shown

in Fig. 2.
‘ Po(X3,Y2,75) )
Pilxpy,71) J—)—LK y=ax'+bx’ +ex+d
/ curve attack
Py(xpYp 7o) Clroye Y

Fig. 2. Simplified schematic diagram of attack for the ATGM, based on the application
of polynomial curves
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The symbols Py, P, and P, in the figure denote the three points the ATGM
must reach in flight. The fourth and final point is the target.

The programmed ATGM elevation and bearing coordinates were
calculated from a group of relations (7):

y=a,+b x> +c, x+d,, 2=a, X +h x> +c x+d, )
The control angles were calculated as follows:
o =arctan(3a, @+ 20 x+c, ), zo=arctan(3a, X} +2b,x+c,)  (8)

The equations (7) and (8) feature factors which explicitly defined the forms
of the individual third degree polynomial curves used to build the ATGM flight
path. The curve values were determined with the following equation systems for
both planes of space:

Ay Xs +0 X5 +e X +d, =Y,
3a,, X5 +2b, X, +C,, =tan(y,) (©)
Ay X by Xe +C X +d,, =y,

3a,,X; +2b, %, +c,, =tan(y,)

3 2
a><zXO + bszO + szXO + dxz = Z0
3a,X +2b,%, +C,, = tan(y,)

3 g2 d (9b)
aszk + szk +szXk + xz — Zk

3a,x? +2b,%, +c, =tan(y, )

with: Xo, Yo, Zo — polynomial curve start coordinates [m];
Xk Yk» Zx — Polynomial curve end coordinates [m];
7, Yo — Values of programmed ATGM flight angles at curve start [rad];
7 Yk— values of programmed ATGM flight angles at curve end [rad].
Now the matrix equations can be characterized as:

)
3 2
Xy Xo X X 1 Yo

X 5 tan
y :3x0 2% 1 0 (75) (10a)
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-1

a, X3oxE % 1 Zy

by | |3x5 2%, 1 0| |tan(y)

e - (10b)
dxz 3le 2Xk 10 tan(}(k )

Once these relations are solved, the determined factors have the following
forms:

a —_2Y=2Y¥ +(% =% Ntan(y, )+ tan(y, )

Y (Xk _Xo)3
tan(y,) - tan(y, )~ (3x¢ ~3x¢
b, — Vo )—tany, Xo —OXy Byy 1
Y 2%y — 2X, (11a)
c,y = tan(y, )—3x7a,, —2x.b,,
dxy =Y~ Xsaxy - lebxy - Xkcxy
a. =— 27, — 27, + (%, — X Ntan(x )+ tan(x,))
N (% =% )°
bxz — tan(ZO)_tan(Zk)_(3xg _3X5)axz (11b)

2Xg — 2%,
_ 2
Cx, = tan(lk)_3xk Ay _2Xkbxz

_ 3 2
dxz =7 —X@a,, — Xkbxz = XCy,

These factors are presented as cascading, i.e. each next factor is determined
by those preceding it. If the target is in motion, the coordinate values for the
ATGM final flight stage must be calculated in real time, since the relevant curve
end point changes position over time. The angle values x and y are calculated
as mean values from the slopes of the straight lines which connect the start and
end points of the current and next trajectories.

5. NUMERICAL SIMULATIONS

The numerical simulations were carried out for several selections of PID
settings [14]. The waypoints that the ATGM must reach in flight are shown in
Table 1 for each case. Point 6 was the original position of the target moving at
a velocity of V, = 30 [km/h] and an angle of . = 20 [deg].
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Geometric and mass characteristics assumed for the ATGM:
m =12.9 [kg]; L = 11 [m]; J = 1.53 [kgm?]; Jox = 0.0324 [kgm?];

D; =0.081 [1/m]; D, = 0.0821 [1/m]; D5 = 0.00041 [1/m];
Ax=0.000171 [1/m]; Ay = A, = 0.051 [1/m]; d= 0.12 [m], e = 0.45 [m].
ATGM rocket engine thrust values assumed: P = 3 500 [N] for a flight duration
of t < 0.5 [s] and P = 400 [N] for a flight duration of t >0.5 [s]. The values of
the PID controller gain factors were selected using the algorithm defined in [14]

Table 1. ATGM in-flight waypoint coordinates

Waypoint no. x [m] y [m] z[m]
1 50 5 0
2 150 20 30
3 250 10 -30
4 550 5 5
5 750 7 -5
6 1000 0 10

5.1. Case 1: P controller

In this case the PID controller had the integral and derivative stages off-
line in both spatial planes, and the input arguments only included the offset
values calculated as the difference between the programmed and actual

positions of the ATGM. Hence the control forces were:
Q =hyfy (12a)
Q, =huf, (12b)
Gain values: hy; = 80 000 [N/m] and h,; = 80 000 [N/m]. The numerical
simulation results are shown in Figs. 3 to 10.

2 1 I I I a0 T T
||~ Target path a0 i . [— Target path

— Actual ATGM flight path i |— Actual ATGM flight path
|~ Programmed ATGM flight path L [ S e !
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Fig. 3. Programmed vs. actual ATGM Fig. 4. Programmed vs. actual ATGM
flight path and the target path in the flight path and the target path in the
vertical plane horizontal plane
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5.2. Case 2: 2 x P controller

In this case the PID controller had the integral and derivative stages off-
line in both spatial planes; the input arguments were two types of offset, i.e. the
difference between the programmed and actual ATGM position, and the
difference between the programmed and actual ATGM flight angles. The
control forces were:

Q, =k, +hyf, (13a)
Qz = kzlez + hzl fz (13b)

Gain values: ky; = 80 000 [N/rad], k, = 800 000 [N/rad], hy; = 80 000 [N/m]
and h,; = 800 000 [N/m]. The numerical simulation results for these PID
settings are shown in Figs. 11 to 18.
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Fig. 18. ATGM in-flight g-loads

In this case the PID controller had all stages on-line in both spatial planes,
and the input arguments only included the offset values calculated as the
difference between the programmed and actual positions of the ATGM. The

control forces were:

df,
Q,=h,f,+h, ot + hy3j f, dt (14a)
)

t
df (

Qz = hzl fz + hde_; + thJ. fz dt (14b)
ty

Gain values: hy; = 900 [N/m], h,; = 900 [N/m], hy, = 50 [Ns/m],
h,, = 50 [Ns/m], hys = 2 500 [N/ms] and h,; = 2 500 [N/ms]. The numerical
simulation results for these PID settings are shown in Figs. 19 to 26.
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5.4. Case 4: 2 x PID controller

In this case the PID controller had all stages online in both spatial planes;
the input arguments were two types of offset, i.e. the difference between the
programmed and actual ATGM positions, and the difference between the
programmed and actual ATGM flight angles. The control forces were:

de, da, %
Q =k, +ho - hig [e, dtehy,f,+h, —+hyg [f,dt (15a)
to ty
de, % df, b (15b)
Q, =k.e, +kzza+k23'|.ez dt+hyf, +hzza+hz3j f, dt
to ty
Gain  values: ks, = 400 [N/rad], k; = 300 [N/rad],

kye = 320 [Ns/rad], k,, = 470 [Ns/rad], kys = 10 [N/rads], k,3 = 20 [N/rads],
hy: = 900 [N/m], h,; = 700 [N/m], hy, = 36 [Ns/m], h,, = 14 [Ns/m], h,s = 2300
[N/ms] and h,3 = 500 [N/ms]. The numerical simulation results for these PID
settings are shown in Figs. 27 to 34.
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Fig. 27. Programmed vs. actual ATGM Fig. 28. Programmed vs. actual ATGM
flight path and the target path in the flight path and the target path in the
vertical plane horizontal plane
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6. SUMMARY

The numerical simulations indicate that the application of a specific
controller configuration is highly critical in the determination of the flight
control forces for an anti-tank guided missile. In the first simulated case
(1 x P), the programmed and actual flight paths coincided in both spatial planes.
The charts of the ATGM flight angles also indicate that this control
configuration is smooth. However, the results were only satisfactory at
extremely high gain factors, which are impossible to generate in real life
conditions. Therefore, the control force values are also extremely high and
unrealistic. Adding a second P stage (see case no. 2) reduced the control forces,
especially in the vertical plane; however, the values remained extremely high
with equally extreme and unrealistic gain factors. Case no. 3 had all PID stages
on-line; however, with the input offset calculated only as the difference between
the programmed and actual ATGM positions, the differences between the
programmed and actual flight angles were significant, especially in the first
stage of flight. Here the control forces were much lower than in the two
previous cases, although the values remained relatively high. Only the fully
enabled 2 x PID controller (case no. 4) provided acceptable control force
values, as concluded from a cross-reference with [15]. The values for the angles
of attack and sideslip were also satisfactory. A drawback of the applied homing
algorithm is that high pitching of the control forces occur at the concatenation
points of the flight trajectory, which is a phenomenon more pronounced in
proportional controllers. The pitching is caused by the discontinuity between the

dy

angular velocities and (il_)t( This poses a problem which warrants

a solution yet to be solved.
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Wplyw typu regulatora na proces naprowadzania
przeciwpancernego pocisku rakietowego na cel naziemny

Fukasz NOCON, Konrad STEFANSKI

Streszczenie. W pracy zaprezentowana zostata analiza naprowadzania na cel naziemny
przeciwpancernego pocisku kierowanego (PPK). Idea polega na mozliwo$ci omijania
przeszkod przez PPK, ktorych wspotrzedne sa znane przed wystrzeleniem. Rakieta ta
ma zaimplementowany algorytm naprowadzania, ktory polega na obliczaniu odcinkoéw
lotu PPK wedlug krzywych wielomianowych (w tej pracy wykorzystano krzywe
trzeciego stopnia), ktorych wspotrzedne poczatku i konca sg wymuszone przez
potozenie przeszkody lub przeszkod. Zaprezentowany zostal sposdb obliczania
wspotczynnikow dla kolejnych odcinkéw toru lotu, jak réwniez roOwnania Kinematyki
i dynamiki pocisku. Przeprowadzone bgdzie takze porownanie skutecznosci dziatania
klasycznego regulatora proporcjonalno-catkujaco rdézniczkujacego w  roéznych
konfiguracjach i przy roznych wartosciach wspotczynnikéw wzmocnienia jego
poszczegdlnych czlonow. Zastosowany model matematyczny PPK postuzy do
przeprowadzenia szeregu symulacji numerycznych dla réznych warunkéw startu i lotu
przeciwpancernego pocisku kierowanego. Ich wyniki zostang przedstawione w postaci
graficznej.

Stowa kluczowe: mechanika, przeciwpancerny pocisk kierowany, cel, naprowadzanie,
regulator



