Poland Problems of Applied Sciences, 2019, Volpp0005 — 014 Szczecin

dr n. tech. Andrzej Antoni CZAJKOWSK 2P, dr inz. Wojciech Kazimierz OLESZAK?

#Higher School of Humanities of Common Knowledge i8tycin Szczecin, Faculty of Applied Sciences
Wyzsza Szkota Humanistyczna Towarzystwa Wiedzy Powsmgav Szczecinie, Wydziat Nauk Stosowanych

®Higher School of Technology and Economics in Szigdeaculty of Automotive Systems
Wyzsza Szkota Techniczno-Ekonomiczna w Szczecinie, Mdy®ystemow Automotive
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Abstract

Introduction and aims: The paper describes the method of solving firdeplinear differential
homogeneous differential equations usiWgthematicaprogram. The purpose of the work is to
provide algorithms for analytical and symbolic smos in Mathematicafor three selected
examples.

Material and methods: The work uses selected literature from first ordieear partial
differential equations. The method of charactersstivas used in analytical solutions, and the
Mathematica Jrogram in numerical solutions.

Results: The characteristics method was used in analytmatiens of selected examples of first
order linear partial differential equations. In @ to numerical solutions, graphic interpretatio
was given using spatial and contour charts.

Conclusion: Mathematicaprogram solves the first order linear partial eiéntial equations with
given boundary conditions using tlpele and DSolve proceduresMathematicaprogram also
allows for first order linear partial differentiabuations with boundary conditions to show some
geometric interpretation of their solutions usihg®lot3D andContourPlotcommands.

Keywords. Partial differential equations, linear, homogeneottse first order, solutions,
Mathematica.
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ROWNANIA RQZNICZKOWE CZ4STKOWE LINIOWE JEDNORODNE RZDU
PIERWSZEGO | PROGRAM MATHEMATICA

Streszczenie

Wskp i cele: W pracy opisano metedrozwigzywania rownéd rozniczkowych agstkowych
liniowych jednorodnych pierwszegoedts z wykorzystaniem programu Mathematica. Celem
pracy jest podanie algorytmow rozwe: analitycznych i symbolicznych w programie Ma-
thematica dla wybranych trzechzrg/ch przyktadow.

Materiat i metody:W pracy wykorzystano wybrariterature z rowna rozniczkowych agstko-
wych liniowych redu pierwszego. W rozg#aniach analitycznych zastosowano metduarakte-
rystyk, a w rozwizaniach numerycznych program Mathematica 5.

Wyniki: Metod: charakterystyk zastosowano w rozzéniach analitycznych wybranych przykia-
dow rownai rozniczkowych egstkowych liniowych edu pierwszego. Oprécz rozygei nume-
rycznych podano interpretacgraficzny stosugc wykresy przestrzenne i konturowe.

Whnioski: Program Mathematica rozwzuje liniowe jednorodne rownaniaadiczkowe czstkowe
pierwszego ru z zadanymi warunkami brzegowymi stgsygrocedury pde i DSolve. Program
Mathematica umdiwia rowniez dla réwnai rézniczkowych aegstkowych liniowych gdu pierw-
szego z warunkami brzegowymi pokazanie geometiyiczerpretacji ich rozwgza: za pomog
polece: Plot3D i ContourPlot.

Stowa kluczoweRownania réniczkowe czstkowe, liniowe, jednorodne,ga pierwszy, rozvg
zania, Mathematica.

(Otrzymano: 01.03.2019; Zrecenzowano: 15.03.20Hkeeptowano: 20.03.2019)
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1. Introduction
1.1. First order linear partial homogeneous differential equations

Homogeneous partial linear differential equation thwian unknown function
u = u(x, X..., Xn) has the form [1], [3]-[5]:

A A, My A U
0X4 0X, 0X,

0, (1)

where functions A A, ..., A,, are functions which are continuously differenigaim a cer-
tain area of n - dimensional space and dependamisariables x Xo,..., Xn.
The system of ordinary differential equations cgpanding to the partial equation (1.1) is
a system with the following form:
dx; _ dx dx
AT TA @
1 2 n
The general integral of the partial differentialuation (1) is found using the following

theorem.
Theorem 1

If n-1 of the compounds

qu(Xl’XZ’---’Xn) = Cl
qu(Xl,Xz,...,Xn) = C2

(3)

is the system of n-1 integrals of the first indeghemt system of ordinary equations (2), then
the composite function is given by:

U=DWy, ¥y, ..., W), (4)

where the symbob is any differentiable function, anél;, W, ..., W4, are the left sides of
the first integrals (3), is the general integrathod partial differential equation (1) [7], [8].

Algorithm 1.
To find the general integral of a partial lineadamomogeneous first order differential
equation we must:

(1a) write the system of ordinary differentials (®yresponding to this equation,

(1b) calculate as many first independent integi@lss there are equations written in the sys-
tem,

(1c) create a compound function (4), whegew,,..., W, _; are the left sides of the first inte-

grals determined in point (1b) [10]- [12].
1.2. Cauchy problem

Cauchy's problem is to designate such a solution, ug,..., X,) of this equation (1),

which for one of the variables,, :xﬁo) is equal to functiorb(xy, Xz,..., X,-1) Of other vari-
ables, i.e.
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U(Xg, X21eee X1y 1o XY = (X, X 210y X 1r1).- (5)

The above-mentioned problem is solved accordirthgscheme that shows algorithm 1.

Algorithm 2.

(2a) We write the system of ordinary differentigjluations corresponding to this equation.
It has the following form:

(2b) We find the n-1 of independent first integraf this system:
Wi(X1, X2, X1, Xn) = Cy
Wy (X1, X2, X q1: X ) = C5 7)

Wna(X1, X2, Xn1,Xn) = Chrog
(2c) We put in the equations ) = XS]O):

L|J:|_(Xl,)(2,...,Xn_1,)(%0)) = Cl
0)y —
LIJZ(X]_,XQ,...,Xn_l,X% )) _C2 @)

0)y —
Wna(Xg, Xp0ee X1, XT) = Cpg.
We then get a system of n-1 equations that we seityerespect to the other variables.
(2d) Values found at point (2c) fofy,Xo,...,X,—1We insert into the function:

U =0 (X1, X2,..., Xn-2) , 9)

which is given in the Cauchy problem.
We then obtain:

U=9(C.Cor...,Cppp)- (10)

(2e) To the function defined by the formula (10) pe in place @ C,, ..., G, the left side
of the corresponding first integrals (8), then vistain the required solution [17].

2. Examples of partial linear homogeneous differential equations of thefirst order
solved analytically and numerically in Mathematicaprogram

Example 1
Solve the equation [16]:
x% + yg—; =0 (11)
with condition
uLy) =y. (12)



A.A. Czajkowski, W.K. Oleszak

» Analytical method (a method of characteristics)
The ordinary differential equation for equation X has the form:

Xy
We determine the first integral of the equation)(¥3ter separating the variables we have:
dy _dx (14)
y X
Equation (14) is integrated on both sides with eespo the variables x and y:
Jd_y = I% (15)
y X
In|y$ In|x}+In|C|. (16)
where we get:
y=Cx, COL. (17)
After calculating the constant from equation (if7dakes the form:
c=Y. (18)

X
The general solution of the partial equation (149 the following form:

u(x,y) = F@ (19)

Let us look for a particular solution of the pargguation (11) with the condition (12). For
this purpose we put in the equation (17) x = 1.

We then receive:
y=C. (20)
After inserting (18) to equation (20) with the cdrmah (21) we get the particular solution
of equation (11) in the following form:
Vel
5

X

u(x,y) = (21)

e Numerical method (Mathematica)[2], [8], [9], [13]-[16]

In[1] : =pde=x*D{ u[ x, y], x] +ty*D u[ x, y], y] ==
sol uti on=DSol ve[ pde, u[ x, y], {x, y}]
fx_,y_l=u[x,y]/.solution[[1]]
resul t =DSol ve[ { pde, u[ 1, y] ==y”*2}, u[ X, y], {X, y}1]
Plot3D[u[x,y]/.result,{x,0.5,2},{y,-2,2}, Col or Functi on->Hue]
ContourPlot[u[x,y]/.result,{x,0.5,2},{y, -2, 2},
Col or Funct i on- >Hue]

Qut[1] = yu @V x, y] +xut O x, y] ==

Qut[2]= {{ulx,yl->q1][y/x]}}

8



Partial linear homogeneous differential equatiotishee first order and Mathematica

Qut[3]= q1][y/X]
Qut [4] = {{ulx, y]->y* x*}}
Qut[5] =
2 '2
Fig. 1. Graphical interpretation of the solutiod)®f differential equation (11)
for 0.5 <x < 2,=2 <y < 2 usingPlot3D command ifMathematica
Source: Elaboration of the Author

of ‘ ‘ : , :

1 L
Qut [ 6] = o

20

0.6 08 1 12 14 16 18 2
Fig. 2. Graphical interpretation of the solutiod)®f differential equation (11)

for 0.5 < x < 22 <y < 2 usingContourPlotcommand irMathematica
Source: Elaboration of the Author
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Example 2
Solve the equation [16]:

Yoo X = (22)
with condition
u(0y) = sin(y) . (23)

» Analytical method (a method of characteristics)
The ordinary differential equation for equation \22s the form:

dx _dy (24)
y X
We determine the first integral of the equatiod2After separating the variables we have:
ydy = xdx . (25)
Equation (25) is integrated on both sides with eespo the variables x and y:
J'ydy = dex. (26)
where we get:
2 2
Y X ic, cor 27)
2 2
Hence
%2
After calculating the constant from equation (28)akes the form:
C=1(p*-x%. (29)
The general solution of the partial equation (229 the following form:
1
u(x,y) = F[E v? —xz)} (30)

Let us look for the particular solution of parteuation (22) with the condition (23). For
this purpose we put in the equation (28) x = 0.

We then receive:
y =~2C, (31)

After inserting (29) the equation (30) we get tlaetioular solution of equation (22) in the
following form:

u(x,y) = —sin(x® - y?). (32)

10
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e Numerical method (Mathematica)[2], [8], [9], [13]-[16]

In[1]: =pde=y*Q u[ x, y], x] +x*D{ u[ x, y] , y] ==0
sol uti on=DSol ve[ pde, u[ x, y], {X, Y}]
fIx_,y_ 1=u[x,y]/.solution[[1]]
resul t =DSol ve[{pde, u[ 1, y] ==Si n[y~2] }, u[ X, y], {X, y}]
Plot3D[u[ x,y]/.result,{x,-Pi,Pi}, {y,0.001, Pi},
Col or Functi on- >Hue]
ContourPlot[u[x,y]/.result,{x,-Pi,Pi},{y,0.001, Pi},
Col or Functi on- >Hue]

Qut[1] = xu®Y[x, y] +yu*[x, y] ==0

Qut [ 2] = {{u[x, y]->C1][1/ 2(-x*+y?)]}}

Qut[3]= C[1][1/2 (-x*+y?)]

Qut[4] = {{u[x, y]->-Sin[x*y?’]}}

v

//‘4
/l%?’l‘ TN

\ il
Qut[5] = _0

i
\\\\\\\\\\\
1\

oV 2
S
W R

i
\ ‘,’,'/'l'"

Fig. 3. Graphical interpretation of the solutio2)®f differential equation (22)
for —Pi < x < Pi, 0.001 < y < Pi usirglot3D command irMathematica
Source: Elaboration of the Author

2.5

Qut[6] = 15

0.5

OL ‘ ‘ ‘ ‘
-1 0 1 2 3

Fig. 4. Graphical interpretation of the solutio2)®f differential equation (22)
for —Pi < x < Pi, 0.001 <y < Pi usingontourPlotcommand irMathematica
Source: Elaboration of the Author
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Example 3
Solve the equatiofil6]:
ou_ x% =0 (33)
ox oy
with condition
uLy) =y . (34)

» Analytical method (a method of characteristics)
The ordinary differential equation for equation \83as the form:
dx _dy

— = (35)
y —X
We determine the first integral of the equation)(28ter separating the variables we have:
ydy =— xdx. (36)
Equation (36) is integrated on both sides with eespo the variables x and y:
jydy:—jxdx (37)
where we get:
2 2
Y -_X.c coo, (38)
2 2
X2 (39)
y=+2,/C-"-.
2
After calculating the constant from equation (9jakes the form:
C=1(x*+y?). (40)
The general solution of the partial equation (38 the following form:
1
uxy) = F[E (0 + yz)}. (41)

Let us look for a particular solution of the pargguation (33) with the condition (34). For
this purpose we put in the equation (40) x = 1.tWén receive:

2
c=y*l (42)
2
and hence, after considering (40) in (42) we have:

y=4x2+y% -1 (43)

When we take into account (43), the condition {8é4)obtain the particular solution of the
equation (33) in the following form:

u(x,y) = x2 +y? -1. (44)

12
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e Numerical method (Mathematica)[2], [8], [9], [13]-[16]

In[1] : =pde=y*Dl u[x, y], x] -x*D[u[ x, y], y] ==0
sol uti on=DSol ve[ pde, u[ x, y], {X, Y}]
fIx_,y_ 1=u[x,y]/.solution[[1]]
resul t =DSol ve[ {pde, u[ 1, y] ==y*2}, u[ X, ¥], {X, y}1]
Plot3D[u[x,y]/.result,{x,-1,1},{y,-1, 1},
Col or Functi on- >Hue]
ContourPlot[u[x,y]/.result, {x,-1,1},{y,-1,1},
Col or Functi on- >Hue]

Qut[1] = -xu'®P[x, y] +yu™ [ x, y] ==

Qut[2]= {{u[x, y]-> 1] [ 1/ 2(x*+y*)]}}
Qt[3]= q1][1/2 (x*+y?)]
Qut[4]= {{u[x, y]->-1+x*+y?]}}
Qut[ 5] =
Fig. 3. Graphical interpretation of the solutiod)4f differential equation (33)
for-1 <x<1,-1<y<1using commandiot3Din Mathematica
Source: Elaboration of the Author
Qut[ 6] =

-1 -0.5 0 0.5 1

Fig. 4. Graphical interpretation of the solutiod)4f differential equation (33)
for -1 <x < 1,-1 <y <1 using commandontourPlotin Mathematica
Source: Elaboration of the Author

13
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3. Conclusions

» Mathematicaprogram solves thérst order linear partial differential equationgith given
boundary conditions using tipeleandDSolvecommands.

* Mathematicaprogram also allows for first order linear partihfferential equations with
boundary conditions to show a geometric interpi@tadf their solutions using thelot3D
andContourPlotcommands.
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